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Preface

This book is devoted to the study of value distribution of functions which are mero-
morphic on the complex plane or in an angular domain with vertex at the origin. We
characterize such meromorphic functions in terms of distribution of some of their
value points. The study, together with certain related topics, is known as theory of
value distribution of meromorphic functions. The theory is too vast to be justified
within a single work. Therefore we selected and organized the content based on their
significant importance to our understanding and interests in this book. I gladly ac-
knowledge my indebtedness in particular to the books of M. Tsuji, A. A. Goldberg
and I. V. Ostrovskii, Yang L. and the papers of A. Eremenko.

An outline of the book is provided below. The introduction of the Nevanlinna
characteristic to the study of meromorphic functions is a new starting symbol of
the theory of value distribution. The Nevanlinna characteristic is powerful, and its
thought has been used to produce various characteristics such as the Nevanlinna
characteristic and Tsuji characteristic for an angular domain. And from geometric
point of view, namely the Ahlfors theory of covering surfaces, the Ahlfors-Shimizu
characteristic have also been introduced. These characteristics are real-valued func-
tions defined on the positive real axis. Therefore, in the first chapter, we collect the
basic results about positive real functions that are often used in the study of mero-
morphic function theory. Some of these results are distributed in other books, some
in published papers, and some have been newly established in order to serve our
specific objectives in the book.

In the present book, we discuss value distribution not only in the complex plane,
but also in an angular domain. Therefore, we introduce, in the second chapter, var-
ious characteristics of a meromorphic function: The Nevanlinna characteristic for
a disk, the Nevanlinna characteristic for an angle, the Tsuji characteristic and the
Ahlfors-Shimizu characteristic for an angle. Although they were distributed in an-
other books, we collected all of them, and more importantly, we carefully compared
them with one another to reveal their relations that enabled us to produce new re-
sults and applications. We establish the first and second fundamental theorems for
the various characteristics and the corresponding integrated counting functions, and
provide an estimate of the error term related to the Nevanlinna characteristic for an
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angle in terms of the Nevanlinna characteristic in a larger angle. We discuss in an
angle the growth order of a meromorphic function and exponent of convergence of
its a-points by means of the Ahlfors-Shimizu characteristic. We establish unique
theorems in an angular domain with the help of the Tsuji characteristic, which is a
new topic, because this has never been touched before while only the case of the
whole complex plane was discussed.

After providing a brief overview of the characteristics in Chapter 2, we carefully
investigate, in the third chapter, a new singular direction of a meromorphic function
called T direction, which is different from the Julia, Borel and Nevanlinna direc-
tions. A singular direction is characterized essentially with the help of a property
that in any angle containing it, the function assumes abundantly any value possibly
except at most two values. The word “abundantly” is expressed by “infinitely often”
for the Julia directions and by the growth order of the function for the Borel direc-
tions. The definition of T directions is to compare the integrated counting function
in an angle to the characteristic and so it does not depend on the growth order, which
is different from the Borel directions. So we can naturally consider T directions of
meromorphic functions with zero order or infinite order. The second fundamental
theorem of Nevanlinna is considered as the background of T directions. The follow-
ing inequality

limsup
r→∞

N(r,C, f = a)
T (r, f )

> 0

always holds for all but at most two values of a. For a T direction, we consider
the above inequality in any angle containing it instead of the whole complex plane.
First we discuss the existence of T directions including the case of small functions
in our consideration, next do relationship with the Borel directions, then common
T directions of the function and its derivatives including the Hayman T directions.
The singular directions of meromorphic solutions of linear differential equations
possess some special properties, which are carefully studied and finally, we survey
the results on the uniqueness and singular directions of an algebroid function.

The book includes discussion of argument distribution as well as modulo dis-
tribution and their relations. In the fourth chapter, we reveal relations between the
numbers of deficient values and T directions. The results established there are new
and unpublished elsewhere. The essential idea for discussion of this topic comes
from observation that if the function assumes two values a and b at few points and
is in close proximity to a complex number c �= a,b at enough points in a bounded
domain, then it is close to c in the whole domain possibly outside a small set and
that if the function is analytic, in view of the two constant theorem for the harmonic
measure, we can use the modulo of the function on some part of the boundary of the
domain to control the function modulo inside the domain. In the final section, we
make a survey on this topic.

In the fifth chapter, we discuss the growth of the meromorphic functions that have
two radially distributed values and a Nevanlinna deficient value. We first consider
the growth of the meromorphic functions without any restriction imposed on their
order and then those with the finite lower order. We attain our purpose in terms of
the Nevanlinna characteristic for an angle, as Goldberg and Ostrovskii did, but our
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starting point is to establish an estimate of the Nevanlinna characteristic for a disk
centered at the origin in terms of Bα,β (r, f ) under an observation of the Nevanlinna
deficient value, and then Bα ,β (r, f ) is estimated by two Cα ,β (r,∗) which may deal
with the derivatives with help of fundamental inequalities for the Nevanlinna char-
acteristic for an angle, and finally, Cα ,β (r,∗) are replaced by the integrated counting
functions N(r,Ω ,∗) in terms of the relations between them. Thus the Nevanlinna
characteristic for a disk can be estimated by two N(r,Ω ,∗) and we reduce the study
of this subject to estimation of Bα,β in terms of Cα ,β . However, this comes from the
study of fundamental inequality for the Nevanlinna characteristic for an angle. As
we know, most of the fundamental inequalities for a disk can be validly and easily
transferred to the case of an angle and therefore, we give out a simple and elemen-
tary approach to the discussions of this subject. When the function is of the finite
lower order, we use the Baernstein spread relation to discuss the estimation of the
Nevanlinna characteristic for a disk in terms of Bα ,β (r, f ) and hence we can attain
deeper results for this subject.

In the sixth chapter, we collect and develop results about singularities of the
inverse of a meromorphic function. A transcendental meromorphic function is
equipped with a parabolic simply connected Riemann surface. The boundary points
of the Riemann surface correspond to transcendental singularities of the inverse of
the function, that is, asymptotic values of the function, and vice versa. We discuss re-
lationships between the number of direct singularities and the growth (lower) order.
The isolated transcendental singularity is logarithmic, and hence we observe that an
asymptotic value over which the singularity is not logarithmic is a limit of other sin-
gular values. For a meromorphic function of finite order, such an asymptotic value is
a limit point of critical values , which is the Bergweiler-Eremenko’s result. We show
Eremenko’s construction of a transcendental meromorphic function with the finite
given order which has every value on the extended complex plane as its asymptotic
value, and next discuss the fixed points of bounded-type meromorphic functions,
that is, meromorphic functions whose singular value set are bounded, from which
we obverse that meromorphic functions possess special characters if their singular
values are suitably restricted.

The final chapter is mainly devoted to the Eremenko’s proof of the famous
F. Nevanlinna conjecture on meromorphic functions with maximum total sum of
Nevanlinna deficiencies. The conjecture was proved first by David Drasin, but his
proof is very complicated. A. Eremenko used the potential theory to give a simple
proof to the conjecture, from which we see the power of the potential theory in the
study of value distribution of meromorphic functions. The theory to study subhar-
monic functions is the potential theory. The defence of two subharmonic functions is
called δ -subharmonic. The logarithm of modulo of a meromorphic function is a δ -
subharmonic function. Therefore, some problems about value distribution of mero-
morphic functions can be transferred to those about subharmonic functions. And
the limit functions of a sequence of subharmonic functions produced by the sub-
harmonic function in question are easier to be characterized than the meromorphic
functions. The property or behavior of the limit functions can be used to describe the
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meromorphic functions. This is one of the approaches in which the potential theory
are used to discuss problems about meromorphic functions.

For the benefit of readers, and for our intent to introduce and develop the po-
tential theory in value distributions, we introduce and gather the basic knowledge
about the potential theory including the normality of subharmonic function family
in the sense of Lloc and the Nevanlinna theory of subharmonic functions which con-
sist of works of Anderson, Baernstein, Eremenko, Sodin, and others. The works of
these mathematicians are very special and very important, and in our opinion, rep-
resent one aspect of value distribution theory which is worth further investigating
and developing.

The first draft of this book was finished at the end of 2006, and main content of
the book, except the seventh chapter was lectured in the summer course for post-
graduated students held at Jiang Xi Normal University in the summer of 2007. I am
indebted to Professor Yi Caifeng for her organizing the summer school, to Professor
He Yuzhan for his comments and offering me some important materials, and to Pro-
fessor Ye Zhuang for his support of this book. I would like to send many thanks to
others including my students who pointed out some mistakes or some tough state-
ments in the original draft when they read. This book has been partially supported
by the National Natural Science Foundation of China.

Jianhua Zheng
Beijing,

December, 2009
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Chapter 1

Preliminaries of Real Functions

Jianhua Zheng
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, P. R. China

jzheng@math.tsinghua.edu.cn

Abstract: The various characteristics of meromorphic functions are main tool in
the study of value distribution of meromorphic functions this book will introduce.
They are real-valued functions defined on the positive real axis. In this chapter, we
discuss certain properties of such real functions for application in later chapters.
We begin with the order and the lower order of such functions which include the
proximate order and the type function. We discuss the existence of the Pólya peak
sequence. Also, we identify a sequence of positive numbers with some of the Pólya
peak properties. We mainly introduce a result of Edrei and Fuchs for the regularity,
thereby, improving the lemma of Borel and quasi-invariance of inequalities of two
real functions under differentiation and integration. Finally, we exhibit the Green
formula and collect several integral inequalities.

Key words: Real functions, Proximate order, Pólya peak, Regularity, Quasi-
invariance

1.1 Functions of a Real Variable

In investigation of theory of meromorphic functions, we often meet the study of
some properties of functions of a real variable, because various characteristics of
meromorphic functions are such functions. Therefore, in this section, we collect the
main properties of such functions which will be frequently used in the sequel.

1.1.1 The Order and Lower Order of a Real Function

Let T (r) be a non-negative continuous function on [r0,∞) for some r0 � 0 and define
log+ x = logmax{1,x}. For T (r), we define its lower order μ and order λ in turn as
follows:
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μ = μ(T ) = liminf
r→∞

log+ T (r)
logr

and

λ = λ (T ) = limsup
r→∞

log+ T (r)
logr

.

We concentrate mainly on the function T (r) which tends to infinity as r does. The
order of a positive increasing continuous function can be characterized in term of an
integral value.

Lemma 1.1.1. Let T (r) be a continuous, non-decreasing and positive function on
[r0,∞). Then for each ρ < λ (T ), we have∫ ∞ T (t)

tρ+1 dt = ∞;

Conversely, if the above equation holds for certain ρ , then λ (T ) � ρ .

Proof. Suppose that the integral is finite, and then for all r � r0,

K >
∫ 2r

r

T (t)
tρ+1 dt � T (r)

(2r)ρ+1 r = 2−ρ−1T (r)r−ρ ,

where K =
∫ ∞

r0

T (t)
tρ+1 dt. This immediately deduces λ (T ) � ρ and the former half part

of the lemma follows.
If λ (T ) < ρ, then for each s with λ (T ) < s < ρ , we have T (r) < rs for all

sufficiently large r. Thus T (r)r−ρ−1 < r−(ρ−s)−1, which yields the integral
∫ ∞ T (t)

tρ+1 dt
is convergent.

This completes the proof of Lemma 1.1.1. ��
A continuous function may be too complicated to grasp, and thus sometime it

is necessary to modify it by preserving, roughly speaking, only the values of r at
which T (r) can be approximately written into rλ . The precise statement is as under

Theorem 1.1.1. Let T (r) be a continuous and positive function for r � r0 > 0 and
tend to infinity as r →∞ with λ = λ (T ) <∞. Then, there exists a function λ (r) with
the following properties:

(1) λ (r) is a monotone and piecewise continuous differentiable function for r �
r0 with lim

r→∞
λ (r) = λ ;

(2) lim
r→∞

λ ′(r)r logr = 0;

(3) limsup
r→∞

T (r)
rλ (r) = 1;

(4) for each positive number d,

lim
r→∞

U(dr)
U(r)

= dλ , U(r) = rλ (r). (1.1.1)



1.1 Functions of a Real Variable 3

We shall call the function λ (r) the proximate order of T (r) and the function
U(r) the type function of T (r). It is obvious that the proximate order and the type
function of a real function are not unique. As λ > 0, U(r) = eλ (r) logr is increasing
for all larger r. A simple calculation implies that a monotone increasing function
T (r) satisfying (1.1.1) must have μ(T ) = λ (T ) = λ . The formula (1.1.1) is the key
point of Theorem 1.1.1 and it makes sense essentially for the limit being finite. This
explains the necessity for the condition that a function T (r) in question is of finite
order. However, in the case of infinite order, we have the following

Theorem 1.1.2. Let T (r) be a continuous and positive function for r � r0 > 0
and tend to infinity as r → ∞ with λ = λ (T ) = ∞. Assume that ω(r) is a positive,
continuous and non-increasing function with

∫ ∞
1

ω(t)
t dt < +∞.

Then, there exists a function λ (r) with the following properties
(1) λ (r) is non-decreasing and continuous and tends to infinity as r → ∞;
(2) limsup

r→∞

T (r)
rλ (r) = 1;

(3) Set U(r) = rλ (r) and

lim
r→∞

U(r +ω(U(r)))
U(r)

= 1. (1.1.2)

The proofs of Theorem 1.1.1 and Theorem 1.1.2 can be found in Chuang [2].
The following result will be used often in the next chapters.

Lemma 1.1.2. Let T (r) be a non-negative and non-decreasing function in 0 < r <
∞. If

liminf
r→∞

T (dr)
T (r)

� c > 1

for some d > 1, then ∫ r

1

T (t)
t

dt � 2c logd
c−1

T (r)+O(1);

If

liminf
r→∞

T (dr)
T (r)

> dω

for some d > 1 and ω > 0, then∫ r

1

T (t)
tω+1 dt � K

T (r)
rω

+O(1),

where K is a positive constant.

Proof. Write s = c+1
2 and we can find a natural number N such that for r � r0 = dN ,

we have T (d−1r) < s−1T (r). Then for each r � r0 = dN , we have n � N such that
dn � r < dn+1, and let us estimate the following integral
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r0

T (t)
t

dt =
n−1

∑
k=N

∫ dk+1

dk

T (t)
t

dt +
∫ r

dn

T (t)
t

dt

�
n−1

∑
k=N

T (dk+1) logd +T (r) logd

= T (dn) logd
n−1

∑
k=N

T (dk+1)
T (dn)

+T (r) logd

< T (dn) logd
∞

∑
k=0

s−k +T (r) logd

� 2c logd
c−1

T (r).

This yields the first desired inequality.
Now, we come to the proof of the second part of Lemma 1.1.2. Under the given

assumption, for r � r0 = dN and some ε > 0 we have T (d−1r) < (d + ε)−ωT (r).
Thus, it follows that∫ r

r0

T (t)
tω+1 dt =

n−1

∑
k=N

∫ dk+1

dk

T (t)
tω+1 dt +

∫ r

dn

T (t)
tω+1 dt

�
n−1

∑
k=N

T (dk+1)
1
ω

(
1

dkω − 1
d(k+1)ω

)
+T (r)

1
ω

(
1

dnω − 1
rω

)
<

1
ω

T (dn)
n−1

∑
k=N

(d + ε)−ω(n−k−1)
(

1
dkω − 1

d(k+1)ω

)
+

1
ω

T (r)
dnω

<
dω −1
ω

T (dn)
(d + ε)nω

( d+ε
d

)(n+1)ω −1( d+ε
d

)ω −1
+

1
ω

T (r)
dnω

� K0
T (r)
dnω < K0dω T (r)

rω
,

where K0 = dω−1
ω

(d+ε)ω
(d+ε)ω−dω + 1

ω .
This completes the proof of Lemma 1.1.2. ��

1.1.2 The Pólya Peak Sequence of a Real Function

In this subsection, we consider the Pólya peak for a T (r), which was first introduced
by Edrei [6].

Definition 1.1.1. A sequence of positive numbers {rn} is called a sequence of Pólya
peaks of order β for T (r) (outside a set E) provided that there exist four sequences
{r′n}, {r′′n}, {εn} and {ε ′n} such that

(1) rn �∈ E, r′n → ∞, rn
r′n
→ ∞, r′′n

rn
→ ∞, εn → 0, ε ′n → 0 (n → ∞);
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(2) liminf
n→∞

logT (rn)
logrn

� β ;

(3) T (t) < (1+ εn)
(

t
rn

)β
T (rn), t ∈ [r′n,r′′n ];

(4) T (t)/tβ−ε ′n � KT (rn)/rβ−ε
′
n

n , 1 � t � r′′n and for a positive constant K.

Actually, it is easy to see that (2) follows from (4). It is obvious that any subse-
quence of a Pólya peak sequence is still a sequence of the Pólya peak. Please note
that the above definition of the Pólya peaks has some differences from that in other
literatures where a sequence of Pólya peak is only required to satisfy (1) and (3)
listed in Definition 1.1.1. The sequence {rn} is called a sequence of relaxed Pólya
peaks of order β for a constant C > 1, provided that (1), (2) and (4) in Definition
1.1.1 hold and (3) does for C in place of “(1 + εn)”. It is easily seen that for a se-
quence {rn} of Pólya peak and d � 1, {drn} must be a sequence of the relaxed Pólya
peak.

The following is a modifying version of well-known result which can be found
in Section 8.1 of Yang [12].

Theorem 1.1.3. Let T (r) be a non-negative and non-decreasing continuous func-
tion in 0 < r < ∞ with 0 � μ(T ) < ∞ and 0 < λ(T ) � ∞. Then for arbitrary finite
and positive number β satisfying μ � β � λ and a set F with finite logarithmic
measure, i.e.,

∫
F t−1dt < ∞, there exists a sequence of the Pólya peaks of order β

for T (r) outside F.

Proof. We choose a sequence of positive numbers {εn} with εn → 0 as n → ∞.
By induction, we seek the desired Pólya peak sequence {rn}. Suppose we have rn−1
and want to find rn.

First of all consider the case when β = λ (T ) < ∞. It is easy to see that for n,

limsup
t→∞

T (t)
tβ−εn

= ∞ and lim
t→∞

T (t)
tβ+εn

= 0.

Therefore, we can find a real number u > max{nε−1
n ,rn−1} such that

T (u)u−β+εn = max
1�t�u

{T (t)t−β+εn}

and a v � u such that

T (v)v−β−εn = max
t�u

{T (t)t−β−εn}.

We choose rn with u � rn � v such that

T (rn)r−β+εn
n = max

u�t�v
{T (t)t−β+εn} � T (u)u−β+εn .

Thus for t � v, we have

T (rn)r−β+εn
n � T (t)t−β+εn (1.1.3)
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and for t � rn

T (t)t−β−εn � T (v)v−β−εn � T (rn)r−β+εn
n v−2εn � T (rn)r−β−εn

n

and, therefore, for rn � t � rn/εn,

T (t)t−β+εn = T (t)t−β−εnt2εn � T (rn)r−β−εn
n t2εn

= T (rn)r−β+εn
n

(
t
rn

)2εn

(1.1.4)

�
(

1
εn

)2εn

T (rn)r−β+εn
n .

Combining (1.1.3) and (1.1.4) deduces that rn satisfies (4) for r′′n = rn/εn. This also
immediately yields

T (t) � e−2εn logεn

(
t
rn

)β
T (rn) for εnrn � t � ε−1

n rn. (1.1.5)

Now let us consider the case when μ � β < λ . Assume without any loss of
generalities that εn < λ −β . Then

limsup
t→∞

T (t)
tβ+εn

= ∞ and liminf
t→∞

T (t)
tβ+εn/2 = 0.

Application of a theorem of Edrei [6] deduces the existence of rn with rn >

max{rn−1,ε
− 2β+εn

εn
n } such that

T (t) �
(

t
rn

)β+εn

T (rn)

for 1 � t � r
β+εn
β+εn/2
n . This immediately implies (1.1.5) and rn satisfies (4), because

for 1 � t � ε−1
n rn(< r

β+εn
β+εn/2
n ), (

t
rn

)2εn

� e2εn| logεn|

and the quantity on the right side is bounded and tends to 1.
Thus, we have gotten a sequence {rn} satisfying (1.1.5) and (4) in Definition

1.1.1.
Put dn = 1+1/n and V = ∪∞

n=1[rn,dnrn]. V has the infinite logarithmic measure
and, therefore, there exist a subsequence of {[rn,dnrn]}, each member of which con-
tains at least a point outside F . Without any loss of generalities we can assume for
each n a r̂n ∈ [rn,dnrn]\F . Then for ε̂nr̂n � t � r̂n/ε̂n with ε̂n = dnεn, we have
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T (t) �
(

t
rn

)β+εn

T (rn) � (dn)β+εn

(
t
r̂n

)β+εn

T (r̂n)

� (dn)β+εn

(
1
ε̂n

)2εn
(

t
r̂n

)β
T (r̂n),

this implies that {r̂n} satisfies (3) in Definition 1.1.1. It is easy to show {r̂n} satisfies
other conditions of the Pólya peak.

This completes the proof of Theorem 1.1.3. ��
Chuang considered in [4] the type function and in [3] the Pólya peak sequence

of a continuous real function and revealed some relations between the type function
and the Pólya peak sequence by demonstrating their existence simultaneously start-
ing from a basic theorem, that is, Theorem 1 of [3] or Lemma 4.4 of [4]. In fact, we
easily obtain a sequence of the Pólya peak of order λ (T ) from the type function, for
an example, a careful calculation implies that a sequence of positive real numbers
{rn} with U(rn) = (1+o(1))T (rn) must be a Pólya peak sequence of T (r) of order
λ (T ). Drasin and Shea [5] obtained a necessary and sufficient condition for exis-
tence of a sequence of Pólya peaks of order β which satisfies only (1) and (3) listed
in Definition 1.1.1. Set

λ ∗(T ) = sup

{
τ : limsup

x,A→∞

T (Ax)
AτT (x)

= ∞

}

and

μ∗(T ) = inf
{
τ : liminf

x,A→∞

T (Ax)
AτT (x)

= 0
}

.

It is proved in [5] that μ∗(T ) � μ(T ) � λ (T ) � λ ∗(T ) and if μ∗ < ∞, then a se-
quence of Pólya peaks of order β satisfying only (1) and (3) listed in Definition
1.1.1 exists if and only if μ∗ � β � λ ∗ and β <∞. However, we do not know if this
condition is sufficient to the existence of our Pólya peak sequence. Usually, we call
λ ∗ and μ∗ respectively the Pólya order and Pólya lower order of T (r).

Generally, there exists no Pólya peak sequence of T (r) whose lower order is
of infinite order. However, we have the following, which will be often used in the
sequel.

Lemma 1.1.3. Let T (r) be an increasing and non-negative continuous function
with the infinite order and F a set of positive real numbers having finite logarith-
mic measure. Then given a sequence {sn} of positive real numbers, there exists an
unbounded sequence {rn} of positive real numbers outside F such that

T (t)
tsn

� e
T (rn)

rsn
n

, 1 � t � rn.

Proof. Since T (r) is of infinite order, for a fixed sn we have
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limsup
t→∞

T (t)
tsn

= ∞

and it is easy to see that we can find a sequence {r̂m} such that r̂m > 2nm and r̂m+1 >
e1/sn r̂m and

T (t)
tsn

� T (r̂m)
r̂sn

m
, 1 � t � r̂m.

Set

Fn =
∞⋃

m=1

[r̂m,e1/sn r̂m].

Then ∫
Fn

dt
t

=
∞

∑
m=1

∫ e1/sn r̂m

r̂m

dt
t

=
∞

∑
m=1

1
sn

= ∞

so that Fn \F has the infinite logarithmic measure. We can find a rn ∈ Fn \F such
that for some m, r̂m � rn � e1/sn r̂m and choose a r′n in [r̂m,rn] such that

T (r′n)
r′sn

n
= max

{
T (t)
tsn

: r̂m � t � rn

}
.

Thus for 1 � t � rn, we have

T (t)
tsn

� T (r′n)
r′sn

n
�
(

rn

r′n

)sn T (rn)
rsn

n
� e

T (rn)
rsn

n
.

The desired sequence {rn} has been attained. ��

1.1.3 The Regularity of a Real Function

We first of all consider the density and the logarithmic density of a Lebesgue mea-
surable set on the positive real axis. However, we begin with a general case, which
will bring us some benefits.

An absolutely continuous function ψ(r) on an interval [a,b] has finite derivative
almost everywhere in the sense of Lebesgue and ψ ′(r) ∈ L1([a,b]) and for each
r ∈ [a,b]

ψ(r) = ψ(a)+
∫ r

a
ψ ′(t)dt

and an indefinite integral of a function in L1([a,b]) is absolutely continuous. A con-
vex function is absolutely continuous and its right (left) derivative is non-decreasing.
We say that an increasing function ψ(r) is a convex function of another increasing
ϕ(r) if the right (left) derivative dψ(t)/dϕ(t) exists and is non-decreasing.

We denote by m the Lebesgue measure on the positive real axis. Let E be a
Lebesgue measurable subset of the positive real axis and ψ(r) a positive and ab-
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solutely continuous function of r for r � r0. Following Barry [1], we define the
ψ-measure of E(r) = E ∩ [r0,r] by

ψ−m(E(r)) =
∫

E(r)
ψ ′(t)dt

and the upper and lower ψ-densities, respectively, of E by

ψ−densE = lim
r→∞

sup
inf

ψ−m(E(r))
ψ(r)

.

When ψ(r) is taken to be r, we obtain the definition of the upper and lower den-
sities of E, denoted by densE and densE and when ψ(r) is logr, we have the
upper and lower logarithmic densities of E, denoted by logdensE and logdensE.
When ψ−densE = ψ−densE, it is said that E has a ψ-density and we use nota-
tion ψ−densE to denote the common value and in this case, specially we have the
definition of the density and logarithmic density of a set.

It is easy to see that for a set E on the positive real axis with the finite logarith-
mic measure, i.e.,

∫
E t−1dt < ∞, we have densE = 0. Actually, it follows from the

following equation

m(E(r)) = m(E(
√

r))+m(E ∩ [
√

r,r]) �
√

r + r
∫

E∩[
√

r,r]
t−1dt = o(r).

The following is Lemma 1 of Barry [1].

Lemma 1.1.4. Let ψ(r) and ϕ(r) be positive, increasing, unbounded and absolutely
continuous functions of r, and ψ(r) a convex function of ϕ(r) for r � r0. Then

ψ−densE � ϕ−densE � ϕ−densE � ψ−densE.

Proof. According to the definition of the upper ψ-density of a set, given arbitrarily
ε > 0, for t � r1(ε) > r0, we have

ψ−m(E(t)) < (ψ−densE + ε)ψ(t).

Noticing that dψ(t)/dϕ(t) is non-decreasing in t, in view of the formula for inte-
gration by parts, we have for r > r1

ϕ−m(E(r)) =
∫

E(r)
dϕ(t) =

∫
E(r)

(
dψ(t)
dϕ(t)

)−1

dψ(t)

=
∫ r

r0

(
dψ(t)
dϕ(t)

)−1

dψ−m(E(t))

= ψ−m(E(t))
(

dψ(t)
dϕ(t)

)−1 ∣∣∣r
r0

+
∫ r

r0

ψ−m(E(t))d

[
−
(

dψ(t)
dϕ(t)

)−1
]
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< (ψ−densE + ε)ψ(r)
(

dψ(r)
dϕ(r)

)−1

+
∫ r1

r0

ψ−m(E(t))d

[
−
(

dψ(t)
dϕ(t)

)−1
]

+
∫ r

r1

(ψ−densE + ε)ψ(t)d

[
−
(

dψ(t)
dϕ(t)

)−1
]

= O(1)+(ψ−densE + ε)

[
ψ(r)

(
dψ(r)
dϕ(r)

)−1

−ψ(t)
(

dψ(t)
dϕ(t)

)−1 ∣∣∣r
r1

+
∫ r

r1

(
dψ(t)
dϕ(t)

)−1

dψ(t)

]
= O(1)+(ψ−densE + ε)(O(1)+ϕ(r)).

Thus

limsup
r→∞

ϕ−m(E(r))
ϕ(r)

� ψ−densE.

The remainder inequality follows from this by taking complements. ��
Specially, from Lemma 1.1.4 we get

densE � log− densE � log− densE � densE,

for r is a convex function of logr.
Generally, a monotone continuous function may be complicated in the sense of

its regular behavior and such an irregular behavior may cause difficulties to our
discussion. However, fortunately, after a small set is ignored, such a function pos-
sess some regularities which are sufficient in certain discussions. The following is a
fundamental lemma of E. Borel.

Lemma 1.1.5. Let T (r) be a non-decreasing continuous function in [r0,+∞) such
that T (r0) � 1. Then with possible exception of values of r in a set with measure at
most 2, we have

T
(

r +
1

T (r)

)
< 2T (r).

The following is Lemma 10.1 of Edrei and Fuchs [7], a modified version of the
Borel Lemma 1.1.5.

Lemma 1.1.6. Let ψ(r) and ϕ(r) be two positive functions on the positive
real axis. Assume that for r � r0 � 0, ψ(r) is non-decreasing while ϕ(r) is non-
increasing and that for some r1(> r0) and a given positive number c, ψ(r1) > r0 +c.
Set

E = {r � r1 : ψ(r +ϕ(ψ(r))) � ψ(r)+ c}.
Then we have
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m(E(a,A)) � 1
c

∫ ψ(A)

ψ(a)−c
ϕ(t)dt,

provided that r1 � a < A < +∞, where E(a,A) stands for the intersection of E with
the interval (a,A).

Proof. Under the assumption that ψ(r1) > r0 +c, it is easy to see that ψ(r)−c > r0
and ϕ(t) is non-increasing for t � ψ(r)− c and r � r1.

Assume conversely that Lemma 1.1.6 is false, that is,

m(E(a0,A)) � ε +
1
c

∫ ψ(A)

ψ(a0)−c
ϕ(t)dt, (1.1.6)

for three fixed numbers ε > 0, a0 and A with r1 � a0 < A < ∞.
Put

λ(x) = inf
r∈E(x,A)

{r}

and in view of the definition of the infimum we can find b1 ∈ E(a0,A) with λ (a0) �
b1 < λ (a0)+ ε

2 . Set a1 = b1 +ϕ(ψ(b1)) and since b1 ∈ E,

ψ(a1) � ψ(b1)+ c.

Next we want to get the similar estimate from below of m(E(a1,A)) to (1.1.6).
Notice that if a1 � A, m(E(a1,A)) = m(E(a0,A))−m(E(a0,a1)), and to the end
we respectively estimate m(E(a0,A)) and m(E(a0,a1)) as follows: as ϕ(r) is non-
increasing, we have

m(E(a0,a1)) � a1 −λ (a0) = (a1 −b1)+(b1 −λ (a0))

� ϕ(ψ(b1))+
ε
2

� 1
c

∫ ψ(b1)

ψ(b1)−c
ϕ(t)dt +

ε
2

and in view of (1.1.6) and A � b1 � a0, we have

m(E(a0,A)) � ε +
1
c

∫ ψ(A)

ψ(a0)−c
ϕ(t)dt

= ε +
1
c

∫ ψ(A)

ψ(b1)
ϕ(t)dt +

1
c

∫ ψ(b1)

ψ(a0)−c
ϕ(t)dt

� ε +
1
c

∫ ψ(A)

ψ(b1)
ϕ(t)dt +

1
c

∫ ψ(b1)

ψ(b1)−c
ϕ(t)dt

� ε
2

+
1
c

∫ ψ(A)

ψ(b1)
ϕ(t)dt +m(E(a0,a1)).

This implies that E(a1,A) is not empty and a1 < A so that,
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m(E(a1,A)) � ε
2

+
1
c

∫ ψ(A)

ψ(a1)−c
ϕ(t)dt > 0.

Starting from this inequality we may repeat our previous construction with a0 re-
placed by a1 and ε by ε/2 and thus such construction can be repeated infinitely to
obtain a sequence of intervals [bk,ak] such that

a0 � b1 < a1 � b2 < a2 � · · · < A

and bk ∈ E. Since ψ(r) is non-decreasing, we have

ψ(bk+1) � ψ(ak) > ψ(bk)+ c,

so that ψ(A) � ψ(bk+1) � ψ(b1) + kc. This is impossible and therefore Lemma
1.1.6 is proved. ��
Corollary 1.1.1. Under the same assumption as in Lemma 1.1.6, assume, in addi-
tion, that ∫ ∞

ϕ(t)dt < ∞.

Then E has only finite measure. In particular, let T (r) be a continuous non-
decreasing function of r with T (r) > 1. Then for ε > 0

T (reα(r)) � ecT (r), α(r) =
1

(logT (r))1+ε

holds for all r possibly outside a set of finite logarithmic measure.

Proof. The first part is obvious and we provide proof for the latter part only.
Set

ψ(r) = logT (er), ϕ(r) =
1

r1+ε .

It is obvious that ψ(r) and ϕ(r) satisfy the assumption of the first part. Since

ψ(logr +ϕ(ψ(logr))) = logT (reα(r)) and ψ(logr)+ c = logecT (r),

the first part implies that

E = {x = logr : T (reα(r)) � ecT (r)}

has finite measure and therefore F = {r : logr ∈ E} has finite logarithmic measure
by the formula for integration by substitution. Thus, the latter part has been proved.

��
In the theory of value distribution, we have to often avoid some exceptional sets

from the situation we consider, whence the following result is useful in treating this
case.
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Lemma 1.1.7. Let ψ(r) and ϕ(r) be non-decreasing positive functions. Assume
that

ψ(r) � ϕ(r)

for all r possibly outside a set E with densE < 1. Then for each k with
(1−densE)−1 < k < +∞, for all sufficiently large r we have

ψ(r) � ϕ(kr).

If E is of finite measure or of finite logarithmic measure, then for each k > 1 and all
sufficiently large r the above inequality is true.

Proof. Suppose for some (1− densE)−1 < k < +∞ there exists an unbounded
sequence {rn} such that ψ(rn) > ϕ(krn). Set F =

⋃∞
n=1[rn,krn]. Then

densF � limsup
n→∞

1
krn

m(F(krn)) � limsup
n→∞

1
krn

(krn − rn) =
k−1

k
> densE.

This asserts an existence of a r ∈ F \E and so for some n, rn � r � krn. Therefore
in view of the monotonicity of ψ and ϕ , we have

ψ(rn) � ψ(r) � ϕ(r) � ϕ(krn).

This contradicts the hypothesis about rn and Lemma 1.1.7 follows. ��
We remark that from Lemma 1.1.7 it follows that if log− densE < 1, then for

k > (1− log− densE)−1 and all sufficiently large r we have

ψ(r) � ϕ(rk).

The following is due to Hayman [9].

Lemma 1.1.8. Let T (r) be a non-negative, non-constant and non-decreasing con-
tinuous function for r � a with the order λ and lower order μ . Given two real
numbers C1 and C2 greater than 1, set

G = G(C1,C2) = {r : T (C1r) � C2T (r)}.

Then
logdensG � λ

logC1

logC2
and logdensG � μ

logC1

logC2
.

Proof. Set r1 = inf{r � 1 : r ∈ G}. Suppose that rn has been chosen. Take rn+1 =
inf{r �C1rn : r ∈G}, and thus we inductively obtain a sequence of positive numbers
{rn} such that G ⊂⋃∞

n=1[rn,C1rn]. For r � r1 with r ∈ G, we have rq � r < C1rq for
some q � 1. This implies that

log− m(G(r)) =
∫

G(r)

dt
t

�
q

∑
k=1

∫ C1rk

rk

dt
t

= q logC1.
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where G(r) = G∩ [1,r].
Now we want to estimate q. Generally it is easy to see that

T (rn+1) � T (C1rn) � C2T (rn)

so that
T (rn) � Cn−1

2 T (r1)

and therefore,

q � 1+
1

logC2
log

T (rq)
T (r1)

� 1+
1

logC2
log

T (r)
T (1)

.

This deduces that

log− m(G(r))
logr

� logC1

logr
+

logC1

logC2

logT (r)− logT (1)
logr

,

from which the desired inequalities follows directly by letting r → ∞. ��

1.1.4 Quasi-invariance of Inequalities

We begin the subsection with quasi-invariance of inequality under differentiation,
that is to say, establish the following, the first part of which was proved in Barry [1].

Lemma 1.1.9. Let ψ(r) be non-decreasing and ϕ(r) non-constant, non-decreasing
and convex for r � a. Assume that

0 � ψ(r) � ϕ(r), r �∈W

for a subset W of [a,∞) with τ = ϕ−densW < 1. Then for arbitrary K > 1/(1− τ),
we have

densE � K −1
K

− τ , E = {r : ψ ′(r) � Kϕ ′(r)}.
Further, if ψ(r) is convex, for all sufficiently large r we have

ψ ′(r) � Kϕ ′(dr), d >
K

(1− τ)K −1
> 0. (1.1.7)

Proof. From the convexity of ϕ(r), it is easy to see that ϕ(r) → ∞ as r → ∞ and
ϕ ′(r) is non-negative and monotone non-decreasing and ϕ(r) is absolutely continu-
ous. Set

F = {r : ψ ′(r) � Kϕ ′(r)}
and r′ = sup{x ∈ F \W : x � r} for r � a. Then, for r > a, we have
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F(r)

ϕ ′(t)dt =
∫

(F\W )(r)
ϕ ′(t)dt +

∫
W (r)

ϕ ′(t)dt

=
∫

(F\W )(r′)
ϕ ′(t)dt +

∫
W (r)

ϕ ′(t)dt

� K−1
∫

F(r′)
ψ ′(t)dt +

∫
W (r)

ϕ ′(t)dt

� K−1
∫ r′

a
ψ ′(t)dt +

∫
W (r)

ϕ ′(t)dt

� K−1(ψ(r′)−ψ(a))+
∫

W (r)
ϕ ′(t)dt

� K−1ϕ(r′)−K−1ψ(a)+
∫

W (r)
ϕ ′(t)dt

� K−1ϕ(r)−K−1ψ(a)+
∫

W (r)
ϕ ′(t)dt

and, thus, ϕ−densF � K−1 +τ and in view of Lemma 1.1.4 we get densF � K−1 +τ
and equivalently densE � 1−K−1 − τ .

(1.1.7) follows from application of Lemma 1.1.7, for ψ ′(r) is non-decreasing
under the assumption of convexity of ψ(r) and (1−densF)−1 < (1−K−1−τ)−1 =

K
(1−τ)K−1 . ��

Hayman and Stewart [10], and Hayman and Rossi [11] investigated the case of
any order derivatives. The following result was obtained in [10]: if ψ(r) and ϕ(r)
and their derivatives up to n−1 order are non-negative, non-decreasing and convex
for r � a, then from 0 � ψ(r) � ϕ(r) for all r � a, we have

ψ(n)(r) � Kn!
( e

n

)n
ϕ(n)(r) (1.1.8)

on a set E of r with positive lower density depending only on K, n and ϕ but not on
ψ and furthermore, Hayman and Rossi [11] proved that densE � ( n

√
K−1)/( n

√
K−

1 + n). What we should emphasize is that in Hayman and Stewart’s result, the in-
equality (1.1.8) holds on the above fixed set E for any function ψ(r) satisfying those
assumptions determined by a given function ϕ(r). Naturally we ask whether the set
E in Lemma 1.1.9 is independent of ψ(r), which concerns a question posed in page
256 of [10].

Finally, we consider quasi-invariance of inequality under integration. Here are
two non-negative, non-decreasing real functions A(r) and B(r). If for all r in
[r0,+∞) but outside a subset E, we have

A(r) � B(r), (1.1.9)

then could we compare
∫ r

r0
A(t)dt to

∫ r
r0

B(t)dt? This is an important question in the
value distribution of meromorphic functions. In terms of (1.1.9), we have
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r0

A(t)dt =
∫

[r0,r]\E
A(t)dt +

∫
E∩[r0,r]

A(t)dt

�
∫

[r0,r]\E
B(t)dt +

∫
E∩[r0,r]

A(t)dt

�
∫ r

r0

B(t)dt +
∫

E∩[r0,r]
A(t)dt.

Obviously, we cannot directly control
∫

E∩[r0,r] A(t)dt in terms of
∫ r

r0
B(t)dt, but we

can hope to use
∫ r

r0
A(t)dt to control it. The following result realizes this purpose,

which is a generalization of Lemma 9 of Eremenko and Sodin [8] but the basic idea
is due to them.

Lemma 1.1.10. Let E be a measurable subset of [r0,+∞) and ε > 0 and let ϕ(x)
be a positive non-increasing function in [r0,+∞) such that

∫ ∞ϕ(t)dt = +∞. Then
there exists a subset E∗ of [r0,+∞) with∫

E∗(r)
ϕ(t)dt � 2

ε

∫
E(r)

ϕ(t)dt (1.1.10)

such that for any non-negative, non-decreasing function ψ(x) and r �∈ E∗ and any
τ < r, we have ∫

E(τ,r)
ψ(t)dt < 2ε

∫ r

τ
ψ(t)dt. (1.1.11)

Proof. Define

E∗ =
{

r � r0 : ∃x = x(r) < r such that
∫

E(x,r)
ϕ(t)dt � ε

∫ 2r−x(r)

x(r)
ϕ(t)dt

}
.

It is obvious that s is the center point of the interval (x(s),2s−x(s)) and so for a fixed
r � r0, {(x(s),2s−x(s)) : s ∈ E∗(r)} is a covering of E∗(r). As E∗(r) is a bounded,
closed set, there exist finitely many intervals {(x(s j),2s j − x(s j)) : 1 � j � q} to
cover E∗(r) and each point in E∗(r) is covered at most two times. Thus, as s j ∈ E∗,
we have ∫

E∗(r)
ϕ(t)dt �

q

∑
j=1

∫ 2s j−x(s j)

x(s j)
ϕ(t)dt

� 1
ε

q

∑
j=1

∫
E(x(s j),s j)

ϕ(t)dt

� 2
ε

∫
E∩(∪q

j=1(x(s j),s j))
ϕ(t)dt

� 2
ε

∫
E(r)

ϕ(t)dt.

Now let us prove (1.1.11). For r �∈ E∗ and for all r0 � t � r, we set η(t) =∫
E(t,r)ϕ(t)dt and, then, have
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η(t) < ε
∫ 2r−t

t
ϕ(x)dx.

Noting that for t < r, ϕ(2r− t) � ϕ(t) and η(t) is non-increasing, but ψ(t)
ϕ(t) is non-

decreasing, we have

2ε
∫ r

τ
ψ(t)dt −

∫
E[τ ,r]

ψ(t)dt

� ε
∫ r

τ

ψ(t)
ϕ(t)

(ϕ(2r− t)+ϕ(t))dt −
∫

E[τ,r]
ψ(t)dt

=
∫ r

τ

ψ(t)
ϕ(t)

d
(
−ε

∫ 2r−t

t
ϕ(x)dx

)
+
∫ r

τ

ψ(t)
ϕ(t)

dη(t)

=
∫ r

τ

ψ(t)
ϕ(t)

d
(
η(t)− ε

∫ 2r−t

t
ϕ(x)dx

)
� ψ(t)

ϕ(t)

(
η(t)− ε

∫ 2r−t

t
ϕ(x)dx

)r

τ
−
∫ r

τ

(
η(t)− ε

∫ 2r−t

t
ϕ(x)dx

)
d
ψ(t)
ϕ(t)

=
ψ(τ)
ϕ(τ)

(
ε
∫ 2r−τ

τ
ϕ(x)dx−η(τ)

)
+
∫ r

τ

(
ε
∫ 2r−t

t
ϕ(x)dx−η(t)

)
d
ψ(t)
ϕ(t)

� 0.

This yields (1.1.11). ��
We make a remark on Lemma 1.1.10. If

∫
E ϕ(t)dt < +∞, then

∫
E∗ ϕ(t)dt < +∞

and hence if ϕ(t) ≡ 1 or ϕ(t) = 1/t, that is to say, E is of finite measure or of finite
logarithmic measure, then so is E∗ in turn. Further, we can take into account the
density of E and E∗ in view of (1.1.10). Set φ(t) =

∫ t ϕ(x)dx. Then we have

φ−densE∗ � 2
ε
φ−densE

so that when φ−densE = 0, we have φ−densE∗ = 0. What we should stress is that
E∗ in Lemma 1.1.10 does not rely on ψ(r).

Now let us turn to answer the question mentioned before Lemma 1.1.10. Assume
(1.1.9) holds for all r outside a set E with the properties

∫
E ϕ(t)dt < +∞ for a

ϕ(x) stated in Lemma 1.1.10. Take a sequence of positive numbers {ε j} such that
0 < ε j � 1 and ε j → 0 as j → ∞. In view of Lemma 1.1.10, we have E∗

j for each ε j
such that

∫
E∗

j
ϕ(t)dt < +∞ and for r �∈ E∗

j∫
E(τ ,r)

ψ(t)dt � ε j

∫ r

τ
ψ(t)dt (1.1.12)

for any non-negative, non-decreasing function ψ(x). There exist a sequence of pos-
itive numbers {r j} such that r j−1 < r j → ∞ and
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E∗

j ∩[r j ,∞)
ϕ(t)dt <

1
2 j .

Define

E∗ = (E∗
1 ∩ [r0,r1])∪

∞⋃
j=1

E∗
j ∩ [r j,r j+1]. (1.1.13)

Then we have ∫
E∗
ϕ(t)dt �

∫
E∗

1∩[r0,r1]
ϕ(t)dt +

∞

∑
j=1

∫
E∗

j ∩[r j ,r j+1]
ϕ(t)dt

<

∫
E∗

1∩[r0,r1]
ϕ(t)dt +1

< +∞.

Now define a function ε(r) by ε(r) = ε j for r j � r < r j+1 ( j = 1,2, · · ·) and ε(r) = ε1
for r0 � r < r1. Obviously, ε(r) → 0 as r → ∞. For r �∈ E∗, we have r j � r < r j+1
for some j ∈ N but r �∈ E∗

j and thus (1.1.12) holds. Further, in terms of (1.1.9), we
can get ∫ r

τ
A(t)dt =

∫
[τ,r]\E

A(t)dt +
∫

E∩[τ ,r]
A(t)dt

�
∫

[τ,r]\E
B(t)dt + ε j

∫ r

τ
A(t)dt

so that
(1− ε(r))

∫ r

τ
A(t)dt �

∫ r

τ
B(t)dt. (1.1.14)

Now we consider the case when φ−densE = 0 and φ(r) → ∞ as r → ∞. Then
there exists a set E∗

j for each ε j such that φ−densE∗
j = 0 and for r �∈ E∗

j we have
(1.1.12). Take a r j by induction on j such that r j > r j−1 and for r � r j , we have

1
φ(r)

∫
E∗

j (r)
ϕ(t)dt <

ε j

2 j

and φ(r j−1)
φ(r) < ε j. Define E∗ by (1.1.13). Then for r �∈ E∗, (1.1.14) holds.

Below we prove φ−densE∗ = 0 for this case. For arbitrary ε > 0, there exists a
N ∈ N such that for all j > N, ε j < ε . For r � rN , we have rM � r < rM+1 for some
M ∈ N with M � N and therefore
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1
φ(r)

∫
E∗(r)

ϕ(t)dt =
1

φ(r)

M−1

∑
j=1

∫
E∗

j [r j ,r j+1])
ϕ(t)dt

+
1

φ(r)

(∫
E∗

1 (r1)
ϕ(t)dt +

∫
E∗

M [rM ,r]
ϕ(t)dt

)
<

M−1

∑
j=1

φ(r j+1)
φ(r)

ε j

2 j +
φ(r1)
φ(r)

ε1

2
+

εM

2M

<
M−2

∑
j=1

εM
ε j

2 j +
εM−1

2M−1 +
1
2
εM +

εM

2M

< εM +
εM−1

2M−1 +
1
2
εM +

εM

2M < 3ε

taking note that φ (r j+1)
φ (r) � φ(rM−1)

φ(r) < εM for 1 � j � M−2. This implies φ−densE∗ =
0.

For the case when φ−densE = 0, we can attain the corresponding result whose
proof is left to the reader. Let us formulate the above result as a lemma stated as
follows.

Lemma 1.1.11. Let E and ϕ(x) be given as in Lemma 1.1.10. Then there exists a
set E∗ such that if (1.1.9) holds for r �∈E, we have (1.1.14) for r �∈E∗ with properties
that:

(1) if
∫

E ϕ(t)dt < +∞, then
∫

E∗ ϕ(t)dt < +∞;
(2) if φ−densE = 0 (φ−densE = 0, respectively), then φ−densE∗ = 0 (φ−densE∗ =

0), where φ(t) =
∫ t ϕ(x)dx.

1.2 Integral Formula and Integral Inequalities

For completeness and in order to bring the reader convenience in their readings, this
section recall the Green formula and collect several integral inequalities. They are
useful in the sequel and certain proofs will be provided taking into account that they
are not easy to find or not well-known in the general literatures.

1.2.1 The Green Formula for Functions with Two Real Variables

Various characteristics, except the Ahlfors-Shimizu’s, of a meromorphic function,
we introduce in the next chapter, stem from the Green formula for functions with
two real variables.

Let U be a domain in C surrounded by finitely many piecewise differentiable
simple curves and let X(x,y) and Y (x,y) be two continuous differentiable functions
in the closure of U . Then we have the Green formula
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U

(
∂Y
∂x

− ∂X
∂y

)
dσ =

∫
∂U

Xdx+Y dy

where dσ is the area element. We mean by ds the arc element, and by n the inner
normal of ∂U with respect to U , and by Δ the Laplacian.

Assume further that X(x,y) and Y (x,y) are the second order continuous differ-
entiable functions in the closure of U . In view of the Green formula, we have the
following∫

∂U
Y
∂X
∂n

ds =
∫
∂U

Y
(
∂X
∂x

cosα +
∂X
∂y

cosβ
)

ds

= −
∫
∂U

(
Y
∂X
∂x

dy−Y
∂X
∂y

dx
)

= −
∫ ∫

U
YΔXdσ −

∫ ∫
U

(
∂X
∂x

∂Y
∂x

+
∂X
∂y

∂Y
∂y

)
dσ ,

where n = (cosα,cosβ ). Thus∫ ∫
U
(XΔY −YΔX)dσ =

∫
∂U

(
Y
∂X
∂n

−X
∂Y
∂n

)
ds. (1.2.1)

This formula is known as the second Green formula. We have two special formulae:
If X(x,y) and Y (x,y) are harmonic in U , that is, ΔX = 0 = ΔY , then∫

∂U

(
X
∂Y
∂n

−Y
∂X
∂n

)
ds = 0 (1.2.2)

and ∫
∂U

∂X
∂n

ds = 0. (1.2.3)

Furthermore, if U is doubly connected and Γ is the outer boundary and γ the inner
boundary, then ∮

Γ

(
X
∂Y
∂n

−Y
∂X
∂n

)
ds =

∮
γ

(
X
∂Y
∂n

−Y
∂X
∂n

)
ds. (1.2.4)

These formulae will be used often in the next chapter.

1.2.2 Several Integral Inequalities

Let (X ,A ,μ) be an arbitrary measure space. For a positive real number p, Lp(X ,A ,μ)
is the set of all real-valued A -measurable function f defined μ-a.e. on X such that∫

X | f (x)|pdμ(x) exists and is finite. We write Lp for Lp(X ,A ,μ) where confusion
seems impossible. Define for f ∈ Lp
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|| f ||p =
(∫

X
| f (x)|pdμ(x)

)1/p

.

Hölder Inequality For f ∈ Lp and g ∈ Lq with p > 1 and 1
p + 1

q = 1, we have∣∣∣∣∫
X

f gdμ
∣∣∣∣� ∫

X
| f g|dμ � || f ||p||g||q. (1.2.5)

For p = q = 2, the inequality (1.2.5) is called Schwartz inequality.
Minkowski Inequality For f , g ∈ Lp with 1 � p < ∞, we have

|| f +g||p � || f ||p + ||g||p.

The following lemma is very intuitive.

Lemma 1.2.1. Let ψ(x) be even, real and integrable in (−a,a) and non-increasing
in (0,a) (withψ(0) = +∞ allowed). Assume that E is a measurable subset of (−a,a)
with measE = 2b. Then ∫

E
ψ(x)dx �

∫ b

−b
ψ(x)dx.

Proof. Set E1 = E ∩ (−b,b), E2 = E \E1 and E3 = (−b,b) \E1. It is easy to see
that for all x ∈ E2 and y ∈ E3 we have ψ(x) � ψ(b) � ψ(y). Therefore, by noting
measE2 = 2b−measE1 = measE3 we deduce∫

E2

ψ(x)dx � ψ(b)measE2 = ψ(b)measE3 �
∫

E3

ψ(x)dx

and adding
∫

E1
ψ(x)dx to the both sides implies the desired inequality. ��

As an application of Lemma 1.2.1 we establish the following:

Lemma 1.2.2. Let E be a measurable set of [−π ,π) with measE = δ � π and
a ∈ C. Then for r � R we have∫

E
log

R
|reiθ −a|dθ � δ

(
log

πR
δ r

+1
)

<
R+2r

r
δ
(

1+ log+ 1
δ

)
.

Proof. In view of Lemma 1.2.1 and writing a = |a|eiφ we have the estimation∫
E

log
R

|reiθ −a|dθ =
∫

E−φ
log

R
|reiθ −|a||dθ

�
∫ δ/2

−δ/2
log

R
|reiθ −|a||dθ

�
∫ δ/2

−δ/2
log

R
r|sinθ |dθ
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� 2
∫ δ/2

0
log

πR
2rθ

dθ

= δ
(

log
πR
δ r

+1
)

,

where E−φ = {θ−φ : θ ∈E}. Thus, the first inequality we intend to prove follows.
Since

1 < log
πR
r

+1 <
R+2r

r
,

this easily deduces the second desired inequality. ��
Finally, we take into account the Jensen’s general inequality for a convex function

in the sense of integral.

Lemma 1.2.3. Let ψ(x) be a convex function in an interval I. For two integrable
functions f (x) and g(x) in an interval [a,b] such that f ([a,b]) ⊂ I, g(x) � 0 and
A =

∫ b
a g(x)dx �= 0, then we have

ψ
(

1
A

∫ b

a
f (x)g(x)dx

)
� 1

A

∫ b

a
ψ( f (x))g(x)dx.

The inequality for the case g(x) ≡ 1 is known as Jensen’s inequality.

Proof. Set

m =
1
A

∫ b

a
f (x)g(x)dx.

Since ψ(x) is convex, we can find a real number α such that for all x ∈ [a,b],

ψ( f (x)) � α( f (x)−m)+ψ(m).

Therefore∫ b

a
ψ( f (x))g(x)dx � α

∫ b

a
( f (x)−m)g(x)dx+ψ(m)

∫ b

a
g(x)dx = Aψ(m),

from which the desired inequality follows. ��
For the sake of application in the sequel, we consider the special case, that is,

ψ(x) = − logx is convex in (0,∞) and f (x) and g(x) are both non-negative. Set
f∧(x) = max{ f (x),1}. Then

1
A

∫ b

a
[log+ f (x)]g(x)dx =

1
A

∫ b

a
[log f∧(x)]g(x)dx

� log
(

1
A

∫ b

a
f∧(x)g(x)dx

)
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� log
(

1
A

∫ b

a
( f (x)+1)g(x)dx

)
� log+

(
1
A

∫ b

a
f (x)g(x)dx

)
+ log2,

that is,

1
A

∫ b

a
[log+ f (x)]g(x)dx � log+

(
1
A

∫ b

a
f (x)g(x)dx

)
+ log2. (1.2.6)
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Chapter 2

Characteristics of a Meromorphic Function

Jianhua Zheng
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, P. R. China
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Abstract: We characterize meromorphic functions in terms of points at which they
assume some values. The purpose is realized by using their characteristics. In this
chapter, we introduce the Nevanlinna’s characteristic in a domain (especially in a
disk centered at the origin), the Nevanlinna’s characteristic in an angle and the
Tsuji’s characteristic in terms of the generalized Poisson formula, Carleman formula
and Levin formula respectively. These formulae are derived from the second Green
formula. Similarly, the introduction of the Ahlfors-Shimizu characteristic originates
from the second Green formula from the point of view of analysis. We exhibit the
first and second fundamental theorems for every type of characteristics and the es-
timates of error terms, especially that of corresponding error terms to the Nevan-
linna’s characteristic in an angle. The relationship among various characteristics and
among the integrated counting functions are found out. These relationship make us
to produce new results and applications. We compare the characteristics of mero-
morphic functions and their derivatives. Next in terms of the Ahlfors-Shimizu’s
characteristic for an angle, we make a careful discussion of value distribution of
functions meromorphic in an angle, especially theorems of the Borel-type. Then
we discuss deficiency and deficient values which includes an introduction to Baern-
stein’s spread relation along with related results. Finally, we establish a series of
unique theorems of meromorphic functions in an angle in terms of Tsuji’s charac-
teristic. This is a new topic.

Key words: Nevanlinna characteristic, Tsuji characteristic, Ahlfors-Shimizu char-
acteristic, Angular domain, Unique theorem

The main object to study in this book is transcendental meromorphic functions on
the complex plane or in an angular domain. A meromorphic function on the com-
plex plane is transcendental if it has ∞ as its unique essential singular point, in other
word, it is not a rational function, and equivalently it can assume infinitely often on
the complex plane all but at most two values on the extended complex plane. This
can be characterized by its characteristic on the complex plane. By a transcenden-
tal meromorphic function, we mean a transcendental meromorphic function on the
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complex plane. Similarly, we shall define transcendental meromorphic function in
an angular domain in terms of the corresponding characteristics in the angular do-
main. Actually, in study of value distribution of meromorphic functions, one of im-
portant topics is to characterize meromorphic functions in terms of points at which
they assume some values. Then the characteristic functions of a meromorphic func-
tion play a crucial role in such discussions. This is realized by several fundamental
theorems, that is, the characteristic can be controlled by means of the integrated
counting functions of the number of points of several values assumed. In this chap-
ter, we shall introduce characteristics for several different domains in an analogue
approach originated from the Green formulae.

2.1 Nevanlinna’s Characteristic in a Domain

We confine our discussion in the complex plane. By C we denote the complex plane
and by Ĉ the extended complex plane. Let D be a domain on C surrounded by
finitely many piecewise analytic curves. Then for any a ∈ D, there exists the Green
function, denoted by GD(z,a), for D with singularity at a ∈ D which is uniquely
determined by the following conditions:

(1) GD(z,a) is harmonic in D\{a};
(2) in a neighborhood of a, GD(z,a) = log 1

|z−a| + ω(z,a) for some function
ω(z,a) harmonic in D;

(3) GD(z,a) ≡ 0 on the boundary of D.
By Γ we denote the boundary of D and n the inner normal of Γ with respect to

D. Since for z ∈ D, GD(z,a) > 0 and for z ∈ Γ , GD(z,a) = 0, from the definition
of directional derivative it follows that the directional derivative of GD(z,a) on Γ in
the inner normal is non-negative, that is, ∂G

∂n � 0 (G = GD(z,a)). From the Green
formula, in view of the Green function, we can establish the following formula,
which is an extension of the Poisson formula for a disk (For a generalization of the
formula, the reader is referred to Theorem 1.1 of [11]).

Lemma 2.1.1. Let u(z) be a harmonic function in D and have the second or-
der continuous differentiation on ∂D except at most finitely many points {ak}q

k=1.
Assume that in a neighborhood of ak, we have

u(z) = dk log |z−ak|+uk(z)

for some second order continuous differentiable uk(z). Then

u(z) =
1

2π

∫
∂D

u(ζ )
∂GD(ζ ,z)

∂n
ds.

Proof. Given arbitrarily a point z ∈ D, choose a ε > 0 such that {ζ : |ζ −z|� ε} ⊂
D and in this disk we can write
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GD(ζ ,z) = log
1

|ζ − z| +ω(ζ ,z)

where ω(ζ ,z) is harmonic in ζ in D. Set Γε = {ζ : |ζ −z|= ε}. Taking a sufficiently
small δ > 0, put Dδ = D \∪q

k=1B(ak,δ ). Noting that GD(ζ ,z) ≡ 0, z ∈ ∂D and in
view of (1.2.2), (1.2.3) and (1.2.4), we have∫

∂D
u(ζ )

∂GD(ζ ,z)
∂n

ds =
∫
∂D

(
u(ζ )

∂GD(ζ ,z)
∂n

−GD(ζ ,z)
∂u
∂n

)
ds

= lim
δ→0

∫
∂Dδ

(
u(ζ )

∂GD(ζ ,z)
∂n

−GD(ζ ,z)
∂u
∂n

)
ds

=
∫
Γε

(
u(ζ )

∂GD(ζ ,z)
∂n

−GD(ζ ,z)
∂u
∂n

)
ds

=
∫
Γε

(
−u(ζ )

∂ log |ζ − z|
∂n

− log
1

|ζ − z|
∂u
∂n

)
ds

= −
∫
Γε

u(ζ )
∂ log |ζ − z|

∂n
ds−

∫
Γε

log
1
ε
∂u
∂n

ds

=
∫
Γε

u(ζ )
1

|ζ − z|ds =
1
ε

∫
Γε

u(ζ )ds

=
∫ 2π

0
u(z+ εeiθ )dθ = 2πu(z).

This yields the desired formula. ��
In particular, given u(z) being a constant, we deduce

1
2π

∫
∂D

∂GD(ζ ,z)
∂n

ds = 1 (2.1.1)

for all z ∈ D. From Lemma 2.1.1, we deduce the following, which is our starting
point to introduce the characteristic of a meromorphic function on a domain.

Theorem 2.1.1. Let f (z) be a meromorphic function on D. Then for arbitrary
z ∈ D such that f (z) �= 0,∞, we have

log | f (z)| =
1

2π

∫
Γ

log | f (ζ )|∂GD(ζ ,z)
∂n

ds

− ∑
am∈D

GD(am,z)+ ∑
bn∈D

GD(bn,z), (2.1.2)

where Γ = ∂D, and am is a zero of f (z) and bn a pole of f (z), and am and bn appear
often in (2.1.2) according to their multiplicities.

Proof. Set

u(z) = log | f (z)|+ ∑
am∈D

GD(am,z)− ∑
bn∈D

GD(bn,z).
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It is easy to see that u(z) satisfies the conditions of Lemma 2.1.1. Application of
Lemma 2.1.1 to the u(z) implies the desired result by noticing that GD(am,ζ ) = 0
and GD(bn,ζ ) = 0 on Γ . ��

We can also consider the case when f (z) = 0 or ∞. In this case, we use Theorem
2.1.1 to the function log | f (w)|−mGD(w,z) to obtain the formula (2.1.2) replacing
log | f (z)| in the left side of (2.1.2) with

lim
w→z

(log | f (w)|−mGD(w,z)) = log |c(z)|−mωD(z,z),

where c(z) is the coefficient of the first term in Laurent series of f (w) centered at z,
and when f (z) = 0, m is negative multiplicity of zero of f (w) at z; when f (z) = ∞,
m is multiplicity of pole of f (w) at z .

The formula (2.1.2) with D being a disk is known as the Poisson-Jensen formula.
Let us introduce several notations according to the formula (2.1.2). Define

N(D,a, f ) = ∑
bn∈D

GD(bn,a)+n(0,a, f )ωD(a,a), (2.1.3)

where a is a point in D, and bn a pole of f (z) appearing often according to their
multiplicities, and n(0,a, f ) is the multiplicity of pole of f (z) at a; N(D,a, f ) is the
sum in (2.1.3) counting all distinct bn in D and with n(0,a, f ) replaced by 1 when
f (a) = ∞;

m(D,a, f ) =
1

2π

∫
Γ

log+ | f (ζ )|∂GD(ζ ,a)
∂n

ds. (2.1.4)

Define
T (D,a, f ) = m(D,a, f )+N(D,a, f ), (2.1.5)

which is called Nevanlinna Characteristic of f (z) with the center at a for D. From
the formula (2.1.2) and the equality logx = log+ x− log+ 1

x , x > 0, it immediately
follows that for a ∈ D such that f (a) �= 0,∞, we have

T (D,a, f ) = T
(

D,a,
1
f

)
+ log | f (a)|. (2.1.6)

In view of the remark following the proof of Theorem 2.1.1, for f (a) = 0 or ∞,
(2.1.6) holds for f (a) replaced by the coefficient of the first term of the Laurent
series of f (z) at a.

We have to stress that ωD(a,a) may not be non-negative and so N(D,a, f ) may
be negative. However, for D⊂U , we have GD(a,z) � GU (a,z), ωD(a,a) �ωU (a,a)
and so N(D,a, f ) � N(U,a, f ). It is easy to prove the following basic inequalities:
for p functions f j ( j = 1,2, · · · , p) meromorphic on D, we have

m(D,a,
p

∑
j=1

f j) �
p

∑
j=1

m(D,a, f j)+ log p,
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m(D,a,
p

∏
j=1

f j) �
p

∑
j=1

m(D,a, f j)

and when f j(a) �= ∞(1 � j � p−1),

N(D,a,
p

∑
j=1

f j) �
p

∑
j=1

N(D,a, f j),

N(D,a,
p

∏
j=1

f j) �
p

∑
j=1

N(D,a, f j),

and, therefore, when f j(a) �= ∞(1 � j � p−1),

T (D,a,
p

∑
j=1

f j) �
p

∑
j=1

T (D,a, f j)+ log p,

T (D,a,
p

∏
j=1

f j) �
p

∑
j=1

T (D,a, f j).

Now we can establish the Nevanlinna first fundamental theorem.

Theorem 2.1.2. Let f (z) be a meromorphic function on D. Then for a fixed com-
plex number b and arbitrary a ∈ D such that f (a) �= b,∞, we have

T
(

D,a,
1

f −b

)
= T (D,a, f )− log | f (a)−b|+ ε(b,D), (2.1.7)

where |ε(b,D)| � log+ |b|+ log2.

Proof. Using the formula (2.1.6) implies that

T
(

D,a,
1

f −b

)
= T (D,a, f −b)− log | f (a)−b|
� T (D,a, f )+T (D,a,b)+ log2− log | f (a)−b|
= T (D,a, f )+ log+ |b|+ log2− log | f (a)−b|, (2.1.8)

where the equality T (D,a,b) = log+ |b| follows from (2.1.5) and (2.1.1). By the
same argument as above, we can deduce

T (D,a, f ) � T
(

D,a,
1

f −b

)
+ log+ |b|+ log2+ log | f (a)−b|.

Set

ε(b,D) = T
(

D,a,
1

f −b

)
−T (D,a, f )+ log | f (a)−b|.

Then the equality (2.1.7) holds for ε(b,D) with the desired property. ��
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We extend Theorem 2.1.2 to prove the following result.

Theorem 2.1.3. Let f (z) be a meromorphic function on D and R(z) = P(z)
Q(z) a

rational function with degree d = max{degP,degQ}. Then for f (a) �= 0,b j and ∞,
we have

T (D,a,R( f )) = dT (D,a, f )−
q

∑
j=1

nj log | f (a)−b j|+υ(R,D), (2.1.9)

where n j is the multiplicity of zero b j of Q(z), q the number of distinct poles of R(z)
and υ(R,D) is a bounded quantity independent of f (z) and a.

Proof. First of all, we discuss the case when R(z) is a non-constant polynomial.

We can write R(z) = c
d
∏
j=1

(z−a j), and so we have

T (D,a,R( f )) �
d

∑
j=1

T (D,a, f −a j)+ log+ |c|

� dT (D,a, f )+d log2+
d

∑
j=1

log+ |a j|+ log+ |c|. (2.1.10)

Now we consider the case when R(z) is a rational function and can write R(z) =
P1(z)+ R1(z) with a polynomial P1(z) and a proper rational function R1(z), and so

we have the form R1(z) =
q
∑
j=1

Q j

(
1

z−b j

)
, where Qj(w) is a polynomial in w with

degree n j = degQ j, b j a pole of R(z) and q the number of distinct poles of R(z). It

is obvious that degR = degP1 +
q
∑
j=1

degQ j. Then applying the above result (2.1.10)

about polynomial yields that

T (D,a,R( f )) � T (D,a,P1( f ))+T (D,a,R1( f ))+ log2

� degP1T (D,a, f )+
q

∑
j=1

T (D,a,Q j

(
1

f −bj

)
)+O(1)

� degP1T (D,a, f )+
q

∑
j=1

degQ jT
(

D,a,
1

f −b j

)
+O(1)

� dT (D,a, f )−
q

∑
j=1

degQ j(log | f (a)−b j|− ε(b j,D))+O(1),

where O(1) is independent of f (z) and a.
On the other hand, we want to establish the reversal of the inequality. There

exists a K > 1 such that for |z| > K, |R(z)| > c|z|p, p = degP− degQ (If R(z) is

a proper rational function, this case does not occur). Write Q(w) = α
q
∏
j=1

(w−b j)n j
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with
q
∑
j=1

n j = degQ. Then for |w− b j| < δ , δ = 1
2 min{|bi − b j| : 1 � i �= j � q},

we have Kj > 0 such that |R(w)| >
Kj

|w−b j |n j . Set E = {ζ ∈ Γ : | f (ζ )| > K} and

Fj = {ζ ∈ Γ : | f (ζ )−bj|< δ} ( j = 1,2, · · · ,q).We can assume that E ∩Fj = ∅ for
each j. Then

m(D,a,R( f )) � 1
2π

∫
E

log+ |R( f )(ζ )|∂GD(ζ ,a)
∂n

ds

+
q

∑
j=1

1
2π

∫
Fj

log+ |R( f )(ζ )|∂GD(ζ ,a)
∂n

ds

� 1
2π

∫
E

log+{c| f (ζ )|p}∂GD(ζ ,a)
∂n

ds

+
q

∑
j=1

1
2π

∫
Fj

log+ Kj

| f (ζ )−b j|n j

∂GD(ζ ,a)
∂n

ds

� p
2π

∫
E

log | f (ζ )|∂GD(ζ ,a)
∂n

ds− log+ 1
c

+
q

∑
j=1

n j

2π

∫
Fj

log
1

| f (ζ )−b j|
∂GD(ζ ,a)

∂n
ds−

q

∑
j=1

log+ 1
Kj

� p
2π

∫
E

log
| f (ζ )|

K
∂GD(ζ ,a)

∂n
ds+

p logK
2π

∫
E

∂GD(ζ ,a)
∂n

ds− log+ 1
c

+
q

∑
j=1

(
n j

2π

∫
Fj

log
δ

| f (ζ )−b j|
∂GD(ζ ,a)

∂n
ds−n j log+ δ − log+ 1

Kj

)
� pm

(
D,a,

f
K

)
+

q

∑
j=1

njm
(

D,a,
δ

f −b j

)
−

q

∑
j=1

n j log+ δ +O(1)

� pm(D,a, f )− p log+ K +
q

∑
j=1

n jm
(

D,a,
1

f −b j

)
−

q

∑
j=1

n j log+ 1
δ
−

q

∑
j=1

n j log+ δ +O(1)

= pm(D,a, f )+
q

∑
j=1

n jm
(

D,a,
1

f −bj

)
−

q

∑
j=1

n j

(
log+ 1

δ
+ log+ δ

)
+O(1). (2.1.11)

It is obvious that
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N(D,a,R( f )) = N(D,a,P1( f ))+N
(

D,a,
1

Q( f )

)
= pN(D,a, f )+

q

∑
j=1

n jN
(

D,a,
1

f −b j

)
. (2.1.12)

From Theorem 2.1.2, combination of (2.1.11) with (2.1.12) yields that

T (D,a,R( f )) � pT (D,a, f )+
q

∑
j=1

n jT
(

D,a,
1

f −b j

)
+O(1)

= dT (D,a, f )−
q

∑
j=1

n j log | f (a)−b j|+O(1).

Thus we complete the proof of Theorem 2.1.3. ��
The following result is called the Nevanlinna second fundamental theorem with

the center at a for D.

Theorem 2.1.4. Let f (z) be a meromorphic function on D and a j ( j = 1,2, · · · ,q)
be q distinct finite complex numbers and δ = min

1�i�= j�q
|ai −a j|. Then for a ∈ D with

f (a) �= 0,a j and ∞, we have

(q−1)T (D,a, f ) � N(D,a, f )+
q

∑
j=1

N
(

D,a,
1

f −a j

)
−N1(D,a, f )+S(D,a, f ), (2.1.13)

where

S(D,a, f ) = m
(

D,a,
f ′

f

)
+

q

∑
j=1

m
(

D,a,
f ′

f −a j

)
+q(log+ 2q

δ
+ log+ δ

2q
+ log2)+ logq− log | f ′(a)|

+
q

∑
j=1

(log | f (a)−a j|+ ε(a j,D)) (2.1.14)

and

N1(D,a, f ) = 2N(D,a, f )−N(D,a, f ′)+N
(

D,a,
1
f ′

)
.

Proof. Set

F(z) =
q

∑
j=1

1
f (z)−a j

.

From Theorem 2.1.2, we have following estimation
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m(D,a,F) � m
(

D,a,
1
f ′

)
+m(D,a, f ′F)

= T (D,a, f ′)−N
(

D,a,
1
f ′

)
− log | f ′(a)|+m(D,a, f ′F)

= N(D,a, f )+N(D,a, f )+m(D,a, f ′)

−N
(

D,a,
1
f ′

)
− log | f ′(a)|+m(D,a, f ′F)

� T (D,a, f )+(N(D,a, f )−N
(

D,a,
1
f ′

)
)− log | f ′(a)|

+m
(

D,a,
f ′

f

)
+

q

∑
j=1

m
(

D,a,
f ′

f −a j

)
+ logq. (2.1.15)

On the other hand, from (2.1.11) we want to estimate m(D,a,F) from below. For
z with |z−a j| < δ

2q and for i �= j, we have

|z−ai| � |ai −a j|− |z−a j| � δ − δ
2q

> (2q−1)|z−a j|

so that ∣∣∣∣∣ q

∑
j=1

1
z−a j

∣∣∣∣∣= 1
|z−a j|

(
1−∑

i�= j

|z−a j|
|z−ai|

)
>

q
2q−1

1
|z−a j| .

In view of (2.1.11), we obtain

m(D,a,F) �
q

∑
j=1

m
(

D,a,
1

f −a j

)
−

q

∑
j=1

log+ 1
Kj

−q(log+ 2q
δ

+ log+ δ
2q

),

where Kj = q
2q−1 . Thus the inequality (2.1.13) is shown by combining the above

inequality with (2.1.15) and then by using Theorem 2.1.2. ��
It is an important step to take the derivatives of meromorphic functions into ac-

count, as H. Milloux did. We can also establish the following Milloux inequality,
whose proof will be omitted.

Theorem 2.1.5. Let f (z) be a meromorphic function on D. Then for a ∈ D with
f (a) �= 0,∞ and f (n)(a) �= 1 and f (n+1)(a) �= 0, we have

T (D,a, f ) � N(D,a, f )+N
(

D,a,
1
f

)
+N

(
D,a,

1
f (n) −1

)
−N

(
D,a,

1
f (n+1)

)
+S(D,a, f ), (2.1.16)

where
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S(D,a, f ) = m

(
D,a,

f (n)

f

)
+m

(
D,a,

f (n+1)

f

)
+m

(
D,a,

f (n+1)

f (n) −1

)

+ log

∣∣∣∣∣ f (a)( f (n)(a)−1)
f (n+1)(a)

∣∣∣∣∣+ log2. (2.1.17)

Now we come to consider the monotone increasing property of T (D,a, f ) with
respect to the domain D in the inclusion sense, which is indeed confirmed by the
following result.

Theorem 2.1.6. Let f (z) be a meromorphic function on D. Then

T (D,a, f ) =
1

2π

∫ 2π

0
N
(

D,a,
1

f − eiθ

)
dθ + log+ | f (a)|,

where log+ | f (a)| will be replaced by log |c(a)| when f (a) = ∞, and c(a) is the
coefficient of first term of the Laurent series of f (z) at a.

Proof. For any complex number w, applying (2.1.2) to f (z) = z−w in the unit
disk {z : |z| < 1} yields that

1
2π

∫ 2π

0
log |w− eiθ |dθ = log+ |w|.

First of all we assume f (a) �= ∞. From the formula (2.1.6), we have

N
(

D,a,
1

f − eiθ

)
=

1
2π

∫
Γ

log | f (ζ )− eiθ |∂GD(ζ ,a)
∂n

ds

+N(D,a, f )− log | f (a)− eiθ |.

Integrating in θ both sides of the above equality yields, from the Fubini Theorem,
that

1
2π

∫ 2π

0
N
(

D,a,
1

f − eiθ

)
dθ =

1
2π

∫
Γ

1
2π

∫ 2π

0
log | f (ζ )− eiθ |dθ ∂GD(ζ ,a)

∂n
ds

+N(D,a, f )− log+ | f (a)|
=

1
2π

∫
Γ

log+ | f (ζ )|∂GD(ζ ,a)
∂n

ds

+N(D,a, f )− log+ | f (a)|
= T (D,a, f )− log+ | f (a)|.

Next, we consider the case when f (a) =∞. Then from the above result it follows
that
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T
(

D,a,
1
f

)
=

1
2π

∫ 2π

0
N
(

D,a,
1

1/ f − eiθ

)
dθ

=
1

2π

∫ 2π

0
N
(

D,a,
1

f eiθ −1

)
dθ

=
1

2π

∫ 2π

0
N
(

D,a,
1

f − eiθ

)
dθ

and

T
(

D,a,
1
f

)
= T (D,a, f )− log |c(a)|.

This completes the proof of Theorem 2.1.6. ��
According to the increase of the Green function with respect to the domain in the

inclusion sense, we have for D ⊂ U , N(D,a, f ) � N(U,a, f ) and, therefore, from
Theorem 2.1.6, it follows that T (D,a, f ) � T (U,a, f ).

If f (a) �= ∞, then N(D,a, f ) and T (D,a, f ) is non-negative, while for the case
f (a) = ∞, T (D,a, f ) may be negative. Consider the function f (z) = 1/(2zp), and
in view of Theorem 2.1.6, we have T (D,0, f ) = − log2 for D = {z : |z| < 1} as
N(D,0,1/( f − eiθ )) = 0; It is obvious that when ωD(a,a) � 0, N(D,a, f ) � 0 and
so T (D,a, f ) � 0.

In what follows, we consider some special domains. First of all, we need to calcu-
late the Green function for a simply connected domain. Let D be simply connected.
There exists the Riemann mapping φa(z) : D → {w : |w| < 1} such that φa(a) = 0.
Then it is easy to see that

GD(z,a) = − log |φa(z)|.

Along the boundary ∂D of D, we have

φa(z)′

φa(z)
dz = i

∂
∂n

GD(z,a)ds (2.1.18)

by the Cauchy-Riemann condition which says that for two orthogonal directions s
and n such that s becomes n after s is rotated π/2 anticlockwise, we have

∂u
∂s

=
∂v
∂n

and
∂u
∂n

= − ∂v
∂s

if u(z)+ iv(z) is analytic. Indeed, (2.1.18) follows from the following calculation

dlogφa(z) =
∂
∂s

logφa(z)ds = i
∂
∂s

argφa(z)ds

= −i
∂
∂n

log |φa(z)|ds = i
∂GD(z,a)

∂n
ds.

In this way, we can obtain the Green functions for some special domains.
(1) For D = {z : |z| < R} and |a| < R, we have
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φa(z) =
R(z−a)
R2 − āz

, GD(z,a) = log
∣∣∣∣ R2 − āz
R(z−a)

∣∣∣∣
and

∂
∂n

GD(ζ ,z)ds =
R2 −|z|2
|Reiθ − z|2 dθ = Re

Reiθ + z
Reiθ − z

dθ

where ζ = Reiθ . R2−|z|2
|Reiθ−z|2 is the Poisson kernel.

(2) For D = {z : |z| < R, Imz > 0} and a ∈ D, we have

φa(z) =
R(z−a)
R2 − āz

R2 −az
R(z− ā)

, GD(z,a) = log
∣∣∣∣ R2 − āz
R(z−a)

R(z− ā)
R2 −az

∣∣∣∣ .
Then on ∂D,

∂GD

∂n
(z,a)ds = −i

(
log

R(z−a)
R2 − āz

R2 −az
R(z− ā)

)′
dz

= −i
(

1
z−a

− 1
z− ā

− a
R2 −az

+
ā

R2 − āz

)
dz

= −i(a− ā)
[

1
(z−a)(z− ā)

− R2

(R2 −az)(R2 − āz)

]
dz

= −i
(

R2 −|a|2
(z−a)(R2 − āz)

− R2 −|a|2
(z− ā)(R2 −az)

)
dz. (2.1.19)

Thus on the upper half circle {ζ = Reiθ : 0 < θ < π}, for z ∈ D we have

∂GD

∂n
(ζ ,z)ds =

(
R2 −|z|2
|ζ − z|2 − R2 −|z|2

|ζ − z̄|2
)

dθ (2.1.20)

and on the segment {ζ = t : −R < t < R} and z = reiφ ,

∂GD

∂n
(ζ ,z)ds = 2

(
r sinφ
|z− t|2 − R2r sinφ

|R2 − zt|2
)

dt. (2.1.21)

When D involved is a disk {z : |z−a| < r}, we briefly write m(r,a, f ), N(r,a, f )
and T (r,a, f ) for m(D,a, f ), N(D,a, f ) and T (D,a, f ), and if a = 0, then we write
m(r, f ), N(r, f ) and T (r, f ) for m(r,0, f ), N(r,0, f ) and T (r,0, f ). Thus

m(r, f ) =
1

2π

∫ 2π

0
log+ | f (reiθ )|dθ

and
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N(r, f ) = ∑
bn∈D

log
r

|bn| +n(0, f ) logr

=
∫ r

0
log

r
t

d(n(t, f )−n(0, f ))+n(0, f ) logr

=
∫ r

0

n(t, f )−n(0, f )
t

dt +n(0, f ) logr, (2.1.22)

by noticing that ωD(0,0) = logr, where n(r, f ) denotes the number of poles of f in
{z : |z| < r}, and the Nevanlinna characteristic with center at the origin for the disk
D = {z : |z| < r} is

T (r, f ) = m(r, f )+N(r, f ).

We want to stress that Theorems 2.1.2∼2.1.6 still hold for m(r,a, f ), N(r,a, f )
and T (r,a, f ) without restriction imposed on the primitive value of f (z) at a, as
long as we consider the coefficient of the first terms of the Laurent series of suitable
functions at a.

Throughout this book, for an unbounded subset X of the complex plane, we de-
note by n(r,X , f = a) and n(r,X , f = a) the number of, respectively, the roots re-
peated according to their multiplicities and distinct roots of f (z) = a, a ∈ Ĉ in
X ∩{z : |z| < r} and define N(r,X , f = a) and N(r,X , f = a) in the same way as
in (2.1.22). We shall use breviate notation N(r, f = a) for N(r,C, f = a) and then
N
(

r, 1
f−a

)
= N(r, f = a) and N

(
r, 1

f−a

)
= N(r, f = a).

There exist relations of some delicacy between N(D,a, f ) and the number, de-
noted by n(D, f ), of poles of f (z) in D, and those among other pairs of n(∗) and
N(∗) for example, n(r,X , f = a) and N(r,X , f = a).

By means of the basic properties of the Green function, we compare N(D,a, f )
with n(D, f ). Let RD(a) = sup{|ζ −a| : ζ ∈ Γ }, Γ = ∂D. Since GD(z,a)+ log |z−
a| − logRD(a) is harmonic in D and non-positive on Γ , it follows from the basic
property of harmonic function that GD(z,a)+ log |z− a|− logRD(a) is negative in
D, that is,

GD(z,a) < log
RD(a)
|z−a| . (2.1.23)

Thus

N(D,a, f ) = ∑
bn∈D

GD(bn,a)

� ∑
bn∈D

log
R

|bn −a|

=
∫ R

0

nD(t,a, f )
t

dt, R = RD(a), (2.1.24)

when f (a) �= ∞, where bn is a pole of f (z) and nD(t,a, f ) is the number of poles of
f (z) in D∩{z : |z−a|< t}. Let rD(a) = dist(a,Γ ). By the same argument as above,
we have
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GD(z,a) > log
rD(a)
|z−a| . (2.1.25)

Thus

N(D,a, f ) = ∑
bn∈D

GD(bn,a)

� ∑
bn∈D

|bn−a|<r

log
r

|bn −a|

=
∫ r

0

nD(t,a, f )
t

dt, r = rD(a), f (a) �= ∞. (2.1.26)

Important is the choice of a in the above estimation of N(D,a, f ) from below, which
is related to the structure of D.

However, the following Boutroux-Cartan Theorem is often used in estimation of
N(D,a, f ) in terms of n(D, f ).

Lemma 2.1.2. Let a j, j = 1,2, · · · ,n, be n complex numbers. Then the set of the
point z satisfying

n

∏
j=1

|z−a j| < hn

can be contained in several disks, denoted by (γ), the total sum of whose diameters
does not exceed eh.

We shall call (γ) Boutroux-Cartan exceptional disks for these n complex numbers
and h. Lemma 2.1.2 holds for the chordal metric, either. The chordal distance of two
points a and b on the extended complex plane, denoted by |a,b|, is

|a,b| = |a−b|√
1+ |a|2

√
1+ |b|2 , when a,b �= ∞, and |a,∞| = 1√

1+ |a|2 .

From Lemma 2.1.2 we can immediately obtain the following basic inequality,
which is often used in the sequel. For n complex numbers a j ( j = 1,2, · · · ,n) in D
and for 1 � q � n, in view of Lemma 2.1.2, we have

q

∏
j=1

R
|a j −a| � RqR̂n−q

n

∏
j=1

1
|a j −a| � RqR̂n−q

(
1
h

)n

=
(

R
h

)n( R̂
R

)n−q

,

and therefore
q

∑
j=1

log
R

|a j −a| � n log
R
h

+(n−q) log
R̂
R

, (2.1.27)

where R̂ = max{|aj − a| : q + 1 � j � n} and a is chosen outside the Boutroux-
Cartan exceptional disks for these n complex numbers and h < R. Thus from (2.1.24)
and (2.1.27), we have

N(D,a, f ) � n(D, f ) log
R
h

.
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On the other hand, we always have the inequality

N(r,X , f = a) =
∫ r

0

n(t,X , f = a)−n(0,X , f = a)
t

dt +n(0,X , f = a) logr

�
∫ r

1

n(t,X , f = a)
t

dt � n(dr,X , f = a) log
1
d

, 0 < d < 1

for 1 < dr and

N(r,X , f = a) =
∫ r

1

n(t,X , f = a)
t

dt +O(1) � n(r,X , f = a) logr +O(1).

Next we establish the estimations of log | f (z)| in a disk or a sector in terms of
Theorem 2.1.1, because from (2.1.2) it follows that for z ∈ D with f (z) �= ∞, we
have

log | f (z)| � m(D,z, f )+N(D,z, f )

and since the quantity in the right side is non-negative, we have

log+ | f (z)| � m(D,z, f )+N(D,z, f ). (2.1.28)

Lemma 2.1.3. Let f (z) be a meromorphic function on {z : |z|� R}. By (γ) we mean
Boutroux-Cartan exceptional disks for the poles of f (z) in {z : |z| < R̃}, R̃ < R and
h. Then for z �∈ (γ) with |z| = r < R̃, we have

log+ | f (z)| �
(

R̃+ r
R̃− r

+
(

log
R
R̃

)−1

log
R̃
h

)
T (R, f ). (2.1.29)

If f (z) is analytic, then for each z with |z| = r < R, we have

log+ | f (z)| � R+ r
R− r

T (R, f ).

Proof. Set D = {z : |z| < R̃}. Then

m(D,z, f ) =
1

2π

∫
∂D

log+ | f (ζ )|∂GD(ζ ,z)
∂n

ds

=
1

2π

∫ 2π

0
log+ | f (R̃eiθ )| R̃2 − r2

|R̃eiθ − z|2 dθ

� R̃+ r
R̃− r

m(R̃, f )

and

N(D,z, f ) � n(R̃, f ) log
R̃
h

�
(

log
R
R̃

)−1

log
R̃
h

N(R, f ).

In view of (2.1.28), combining the two above inequalities immediately yields
(2.1.29). ��
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It is natural to consider analogy of Lemma 2.1.3 for an angular domain, which is
basic in the investigation of argument distribution of a meromorphic function.

Lemma 2.1.4. Let f (z) be a meromorphic function on {z : |z| � R and Im z � 0}.
By (γ) we mean Boutroux-Cartan exceptional disks for the poles of f (z) and h. Then
for z �∈ (γ) with |z| = r < R and δ < φ = argz < π−δ , 0 < δ < π/2, we have

log+ | f (z)| � 1
πr sinφ

R+ r
R− r

∫ R

−R

(
1−

( t
R

)2
)

log+ | f (t)|dt

+
sinφ

π(1− cosδ )
R+ r
R− r

∫ π

0
log+ | f (Reiθ )|sinθdθ

+n(DR, f ) log
2R
h

, (2.1.30)

where n(DR, f ) is the number of poles of f (z) counting the multiplicities in DR =
{z : |z| < R and 0 < argz < π}. If f (z) is analytic, then for any z we have (2.1.30)
without the final term n(DR, f ) log 2R

h .

Proof. In view of (2.1.2), (2.1.19), (2.1.20) and (2.1.21) we easily get the following
formula

log | f (z)| =
z− z̄
2π i

∫ R

−R
log | f (t)|

{
1

|z− t|2 − R2

|R2 − zt|2
}

dt

+
R2 −|z|2

2π

∫ π

0
log | f (Reiθ )|

{
1

|Reiθ − z|2 − 1
|Re−iθ − z|2

}
dθ

− ∑
|am|<R

Imam>0

log
∣∣∣∣ R2 − āmz
R(z−am)

R(z− ām)
R2 −amz

∣∣∣∣
+ ∑

|bm|<R
Imbm>0

log
∣∣∣∣ R2 − b̄mz
R(z−bm)

R(z− b̄m)
R2 −bmz

∣∣∣∣ . (2.1.31)

A straightforward calculation derives the following basic equalities and inequalities
for z = reiφ ∈ DR, δ < φ < π−δ ,

|R2 − tz|2 −R2|t − z|2 = (R2 − t2)(R2 −|z|2), (2.1.32)

|Re−iθ − z|2 −|Reiθ − z|2 = (z̄− z)(Reiθ −Re−iθ ) = 4Rr sinθ sinφ , (2.1.33)

R2 − r2

|R2 − zt|2 � R+ r
R2(R− r)

, |z− t| � r sinφ ,

and, δ < θ +φ < 2π−δ ,
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2Rr
|Re−iθ − z|2 =

2Rr
R2 + r2 −2Rr cos(θ +φ)

� 2Rr
R2 + r2 −2Rr cosδ

� 1
1− cosδ

.

We therefore have

log+ | f (z)| � r sinφ
π

∫ R

−R
log+ | f (t)| (R

2 − t2)(R2 − r2)
|z− t|2|R2 − zt|2 dt

+
R2 − r2

2π

∫ π

0
log+ | f (Reiθ )| 4Rr sinθ sinφ

|Reiθ − z|2|Re−iθ − z|2 dθ

+ ∑
|bm|<R

Imbm>0

log
∣∣∣∣ R2 − b̄mz
R(z−bm)

R(z− b̄m)
R2 −bmz

∣∣∣∣ (2.1.34)

� 1
πr sinφ

R+ r
R− r

∫ R

−R

R2 − t2

R2 log+ | f (t)|dt

+
sinφ

π(1− cosδ )
R+ r
R− r

∫ π

0
log+ | f (Reiθ )|sinθdθ

+ ∑
|bm|<R

Imbm>0

log
∣∣∣∣ R2 − b̄mz
R(z−bm)

∣∣∣∣ .
� 1

πr sinφ
R+ r
R− r

∫ R

−R

(
1−

( t
R

)2
)

log+ | f (t)|dt

+
sinφ

π(1− cosδ )
R+ r
R− r

∫ π

0
log+ | f (Reiθ )|sinθdθ

+ ∑
|bm|<R

Imbm>0

log
2R

|z−bm| .

This immediately implies the desired result. ��
The following lemma will be often used in the sequel, which is Lemma C of [8].

Lemma 2.1.5. Let f (z) be a meromorphic function on C. With each r(> 0) we
associate a measurable set I(r) (of values of θ ) of measure mesI(r) � π. Then for
1 � r < R, we have∫

I(r)
log+ | f (reiθ )|dθ � 14R

R− r
T (R, f )mesI(r)

[
1+ log+ 1

mesI(r)

]
. (2.1.35)

Proof. Take a R̃ with r < R̃ < R and consider D = {z : |z| � R̃}. For z = reiθ with
f (z) �= ∞, we have
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m(D,z, f ) � R̃+ r
R̃− r

m(R̃, f )

and

N(D,z, f ) = ∑
bn∈D

GD(z,bn) = ∑
bn∈D

log
∣∣∣∣ R̃2 −bnz
R̃(z−bn)

∣∣∣∣ � ∑
bn∈D

log
R̃+ r
|z−bn| .

In view of (2.1.28) and the above inequalities, letting δ = mesI(r) � π and then
applying Lemma 1.2.2, we have∫

I(r)
log+ | f (reiθ )|dθ � R̃+ r

R̃− r
m(R̃, f )δ + ∑

bn∈D

∫
I(r)

log
R̃+ r

|reiθ −bn|dθ

� R̃+ r
R̃− r

m(R̃, f )δ +
R̃+3r

r
n(R̃, f )δ

(
1+ log+ 1

δ

)
�
(

R̃+ r
R̃− r

+
R(R̃+3r)
r(R− R̃)

)
T (R, f )δ

(
1+ log+ 1

δ

)
,

where the final inequality results from the following inequality

n(R̃, f ) �
(

log
R
R̃

)−1

N(R, f ) � R
R− R̃

N(R, f ).

Now let R̃ = min{R+r
2 ,2r}. If R̃ = R+r

2 � 2r and R
r � 3, then

R̃+ r
R̃− r

+
R(R̃+3r)
r(R− R̃)

=
R+3r + R

r R+7R
R− r

� 14R
R− r

;

If R̃ = 2r � R+r
2 , then 2

R−r � 1
R−2r and

R̃+ r
R̃− r

+
R(R̃+3r)
r(R− R̃)

� 3+
5R

R−2r
� 13R

R− r
.

Thus the above inequalities immediately produce the desired inequality (2.1.35).
��

For the case of entire functions, Hayman and Rossi [18] obtained the following
result, which is produced from a combination of Theorem 3 and Theorem 5 of [18]:
Let f (z) be an entire function on C. For any ε > 0, there exists a set F with densF <
ε such that for any measurable subset I of [0,2π), we have∫

I
log+ 1

| f (reiθ )−a|dθ � K(logM(r, f ))mesI log+ 4π
mesI

, r �∈ F,

where K is a constant only depending on ε and a. This inequality is essentially
a more precise estimation than (2.1.35), as in view of Lemma 2.1.3 we have
logM(r, f ) � R+r

R−r T (R, f ).
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The following is a transfiguration of the Nevanlinna second fundamental theorem
for a disk, whose proof can be obtained from the proof of Theorem 3.3, that is,
essentially Lemma 6.4, of Yang [36].

Lemma 2.1.6. Let f (z) be a meromorphic function in {z : |z| < R} (0 < R < +∞)
and let

N = n(R, f = a)+n(R, f = b)+n(R, f = c)

for three distinct a,b and c in Ĉ. If 0 �∈ (γ),(γ) is the set of Boutroux-Cartan excep-
tional disks corresponding to these N a,b,c-value points and poles and h � R−r

32e ,
then

T (r, f ) < C
R

R− r

(
N log+ 2R

h
+ log

R
R− r

)
+ log+ | f (0)|,

where C is a constant only depending on a,b and c.

Now it is turn of estimation of the number of valued-points. Let us present a
modified format of the basic theorem of Valiron’s [32] [33], which is important in
discussion of value distribution of meromorphic functions and whose proof will be
completed in view of Lemma 2.1.6.

Lemma 2.1.7. Let f (z) and g(z) be both meromorphic functions in {z : |z| < R}
(0 < R < +∞) and g is allowed to be a value in Ĉ. Set

N = n(R, f = a)+n(R, f = b)+n(R, f = c) and p = n(R,g)

for three distinct a,b and c in Ĉ. Then for 0 < r < R, we have

n(r, f = g) < C
R2

(R− r)2

(
(N + p) log+ 2R

h
+ log

1
| f (z0),g(z0)|

+ log
R

R− r
+(m(τ ,z0,g)− log+ |g(z0)|)

)
, (2.1.36)

for each z0 ∈ {z : |z| < R−r
5 }\ ((γ)∪ (γ)′), where (γ) is the set of Boutroux-Cartan

exceptional disks for h and those N a,b,c-value points in {z : |z| < R} and (γ)′ for
the poles of g(z), τ = r +2(R− r)/5 and C is a constant only depending on a,b and
c. If g ≡ ∞, then we have

n(r, f = ∞) < C
R2

(R− r)2

(
N log+ 2R

h
+ log

R
R− r

+ log+ | f (z0)|
)

.

Proof. Assume that g �≡ ∞. Obviously we may assume f (z0) �= g(z0). A routine
calculation yields the inclusion relation

{z : |z| < r} ⊂ {z : |z− z0| < r +(R− r)/5} ⊂ {z : |z− z0| < τ} ⊂ {z : |z| < R},

τ = r +2(R− r)/5. It is easily seen from f (z0) �= g(z0) that
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n(r, f = g) � n
(

r +
R− r

5
,z0, f = g

)
� 5R

R− r
N
(
τ ,z0,

1
f −g

)
� 5R

R− r
T
(
τ ,z0,

1
f −g

)
=

5R
R− r

(
T (τ ,z0, f −g)+ log

1
| f (z0)−g(z0)|

)
.

Below we estimate the characteristic T -function in the above brace in view of
Lemma 2.1.6. Then from g(z0) �= ∞, we have

T (τ,z0, f −g) � T (τ ,z0, f )+T (τ ,z0,g)+ log2

� CR
R− r

(
(N + p) log+ 2R

h
+ log

R
R− r

)
+ log+ | f (z0)|

+m(τ ,z0,g)+ log2.

Noting that

log+ | f (z0)|+ log+ |g(z0)|+ log
1

| f (z0)−g(z0)| � log
1

| f (z0),g(z0)| ,

we get (2.1.36). The same argument as above yields the desired result for the case
when g ≡ ∞. Thus we complete the proof of Lemma 2.1.7. ��

Applying Lemmas 2.1.7 and 2.1.6, we establish the following result in [41],
which will be often used in the sequel and is of independent significance.

Theorem 2.1.7. Let f (z) be a meromorphic function in {z : |z|< R} (0 < R < +∞)
and let

N = n(R, f = 0)+n(R, f = 1)+n(R, f = ∞).

(γ) is the set of Boutroux-Cartan exceptional disks corresponding to these N zeros,
one-value points and poles and h = R

K ,K > 32e. Given a ∈ Ĉ, (γ)a is the set of
Boutroux-Cartan exceptional disks corresponding to a-value points in {z : |z|� 4R

5 }
and h. Then for any z0 �∈ (γ) and z1 �∈ (γ)a with |z0| < R

5 and |z1| < R
5 , we have

log+ 1
| f (z1)−a| � CK,a

{
N +1+ log+ 1

| f (z0)−a|
}

, (2.1.37)

where if a = ∞, log+ 1
| f (∗)−a| is replaced by log+ | f (∗)|, and

log+ 1
| f (z1),a| � CK,a

{
N +1+ log+ 1

| f (z0),a|
}

, (2.1.38)

where CK,a is a constant only depending on K and a.
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Proof. Let F(z) = 1
f (z)−a for a ∈ C; F(z) = f (z) for a = ∞. From Lemma 2.1.7 it

follows that
n(

4R
5

,F = ∞) < C1{N +1+ log+ |F(z0)|},
where C1 is a constant only depending on a and K. It is easy to see that {z : |z−z0|<
4R
5 } ⊂ {z : |z| < R}. Since z0 �∈ (γ) and the number of 0,1,∞-value points of f (z) in
{z : |z− z0| < 4R

5 } does not exceed N, from Lemma 2.1.6 we have

T (
3R
5

,z0,F) < C2{N +1}+ log+ |F(z0)|.

It is clear that |z1 − z0| < 2R
5 and {z : |z− z0| < 3R

5 } ⊂ {z : |z| < 4R
5 }. Let c j ( j =

1,2, · · · , p; p = n( 4R
5 ,F =∞)) be a-value points of f (z) in {z : |z|< 4R

5 } and c j ( j =
1,2, · · · , p1) are all points of {c j}p

j=1 in {z : |z− z0| < 3R
5 }. From Lemma 2.1.2, we

have
p

∏
j=1

|z1 − c j| > hp.

It is obvious that Rp−p1
p1
∏
j=1

|z1 − c j| > hp so that

K p =
(

R
h

)p

�
p1

∏
j=1

R
|z1 − c j| . (2.1.39)

By using the Poisson-Jensen Formula, that is, (2.1.2) with D = {z : |z− z0|< 3R/5}
and (2.1.39), we have

log+ |F(z1)| � 1
2π

∫
∂D

log+ |F(ζ )|∂GD(ζ ,z1)
∂n

ds+ ∑
c j∈D

GD(c j,z1)

�
3R
5 + 2R

5
3R
5 − 2R

5

m
(

3R
5

,z0,F
)

+
p1

∑
j=1

log

∣∣∣∣∣
( 3R

5

)2 − c j − z0(z1 − z0)
3R
5 (z1 − c j)

∣∣∣∣∣
� 5m

(
3R
5

,z0,F
)

+
p1

∑
j=1

log
R

|z1 − c j|

� 5m
(

3R
5

,z0,F
)

+ p logK

� C3

{
T
(

3R
5

,z0,F
)

+n
(

4R
5

,F
)}

� C4{N +1+ log+ |F(z0)|}.

This is the inequality (2.1.37). (2.1.38) follows from (2.1.37) by noting that

1
|b,a| �

√
1+ |a|2

(
1+

1+ |a|
|a−b|

)
and

1
|b,∞| � 1+ |b|
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and
1

|a−b| � 1
|a,b|

for a �= b.
Theorem 2.1.7 follows. ��
What we should emphasize is that (2.1.37) and (2.1.38) hold for all z1 without

any exception provided that f (z) �= a on {z : |z| � R}.
Finally we take into account the second Nevanlinna’s fundamental theorem for

small functions as targets. A meromorphic function a(z) is called small with re-
spect to another meromorphic function f (z) provided that T (r,a) = o(T (r, f )) as
r �∈ E → ∞ for a set E of finite measure and if no exceptional set E is considered,
then a(z) is called absolutely small. Nevanlinna proposed whether the second funda-
mental theorem for complex numbers could be extended to that for small functions
as targets. Recently, Yamanoi [34] completely solved the Nevanlinna’s question by
proving the following.

Theorem 2.1.8. Let f (z) be a transcendental meromorphic function and a j(z) ( j =
1,2, · · · ,q) be q distinct meromorphic functions small with respect to f (z). Then for
ε > 0,

(q−2− ε)T (r, f ) �
q

∑
j=1

N(r,a j, f )+o(T (r, f )), (2.1.40)

as r �∈ E → ∞ for a set E of finite measure.

Actually, the ε in the inequality (2.1.40) can be removed. Here we prove it. In
view of Theorem 2.1.8, there exist a r1 > 0 and a set E1 such that

∫
E1(r1,+∞) dt < 1

2 ,
and

(q−2)T (r, f ) �
q

∑
j=1

N(r,a j, f )+
1
2

T (r, f ), r �∈ E1.

Then we can find a sequence of positive numbers {rn} with rn < rn+1 → ∞ and a
sequence of sets {En} with

∫
En(rn,+∞) dt < 1

2n such that

(q−2)T (r, f ) �
q

∑
j=1

N(r,a j, f )+
1
n

T (r, f ), r �∈ En.

Set E = ∪∞
n=1En(rn,rn+1)∪ [0,r1) and define ε(r) by ε(r) = 1

n for rn � r < rn+1.
Obviously, ∫

E
dt =

∞

∑
n=1

∫
En(rn,rn+1)

dt +
∫ r1

0
dt <

∞

∑
n=1

1
2n + r1 = 1+ r1

and ε(r) → 0 as r → ∞. Then we have for r �∈ E

(q−2)T (r, f ) �
q

∑
j=1

N(r,a j, f )+ ε(r)T (r, f ).
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Namely,

(q−2)T (r, f ) �
q

∑
j=1

N(r,a j, f )+o(T (r, f )), as r �∈ E → ∞.

Chi-Tai Chuang [4] was the first one to make progress in study of the Nevan-
linna problem and confirmed this problem for the case of entire functions without
the bar over the letter N in (2.1.40), and, we should mention that he introduced the
Wronskian determinant into the investigation of value distribution of meromorphic
functions. This problem without the bar over the letter N in (2.1.40) was solved
by Frank and Weissenborn [10] for rational functions as targets and by, indepen-
dently, Osgood [28] and Steinmetz [30] for a general small functions. The methods
of Frank-Weissenborn and Steinmetz’s to solve the problem is a continuation of
Chuang’s method.

2.2 Nevanlinna’s Characteristic in an Angle

The Nevanlinna’s characteristic of a meromorphic function in an angle stems from
the following Carleman formula, which is similar to the formula (2.1.2). For a func-
tion f (z) meromorphic in the half ring Ω0,π(R,R0) = {z : R0 � |z| � R, Imz � 0},
we have

∑
m

(
1

|am| −
|am|
R2

)
sinφm −∑

n

(
1
|bn| −

|bn|
R2

)
sinθn

=
1

2π

∫ R

R0

(
1
t2 − 1

R2

)
(log | f (t)|+ log | f (−t)|)dt

+
1
πR

∫ π

0
log | f (Reiθ )|sinθdθ +Q(R,R0, f ), (2.2.1)

where am = |am|eiφm are the zeros of f (z) and bn = |bn|eiθn are the poles of f (z) on
Ω0,π(R,R0), and ∑

m
is the sum taken over all the zeros and ∑

n
is that over all the poles

of f (z) on Ω0,π(R,R0), and

Q(R,R0, f ) = − 1
2π

∫ π

0

{(
1

R2
0

+
1

R2

)
log | f (R0eiθ )|

+
(

1
R0

+
R0

R2

)
∂
∂R0

log | f (R0eiθ )|
}

R0 sinθdθ = O(1),

as R → ∞.
The Carleman formula (2.2.1) can be also derived directly from the second Green

formula. In fact, let Ω(ε) be the domain obtained by removing disks of sufficiently
small radius ε > 0 with centers at am and bn from Ω0,π(R,R0). Then
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∂Ω (ε)

(
u
∂v
∂n

− v
∂u
∂n

)
ds = 0, (2.2.2)

for u(z) = log | f (z)| and v(z) = −Im
(

1
z + z

R2

)
by noting that these two functions

are harmonic in Ω(ε). Obviously, we have

v(z) = 0,
∂v
∂n

=
2

R2 sinφ , z = Reiφ

on the half circle {z : |z| = R, Imz � 0}, and

v(z) = 0,
∂v
∂n

=
1
t2 − 1

R2

on the interval {z = ±t : R0 < t < R}, and for a zero or pole a of f (z), we can write
in a neighborhood of a

u(z) = p log |z−a|+ϕ(z)

for some integer p and harmonic ϕ(z), thus∫
|z−a|=ε

(
u
∂v
∂n

− v
∂u
∂n

)
ds = p

∫
|z−a|=ε

(
log |z−a| ∂v

∂n
− v

∂ log |z−a|
∂n

)
ds

= −p
∫
|z−a|=ε

v
∂ log |z−a|

∂n
ds

= 2pπv(a)

= 2π p(
1
|a| −

|a|
R2 )sinϕ,ϕ = arga.

Therefore, (2.2.1) follows from (2.2.2).
For the sake of simplicity, throughout this book, we denote by Ω(α,β ) the angle

{z : α < argz < β} and by Ω(α ,β ) the closed angle, and set

Ω(α,β ;R,R0) = Ω(α,β )∩{z : R0 < |z| < R}

Ω(α,β ;R) = Ω(α,β )∩{z : 1 < |z| < R}.
Let f (z) be a meromorphic function on the angle Ω(α,β ) = {z : α � argz � β},

where 0 < β −α � 2π. Following Nevanlinna (see [11]), define

Aα ,β (r, f ) =
ω
π

∫ r

1

(
1

tω
− tω

r2ω

)
{log+ | f (teiα)|+ log+ | f (teiβ )|}dt

t
,

Bα ,β (r, f ) =
2ω
πrω

∫ β

α
log+ | f (reiθ )|sinω(θ −α)dθ , (2.2.3)

Cα ,β (r, f ) = 2 ∑
1<|bn|<r

(
1

|bn|ω − |bn|ω
r2ω

)
sinω(θn −α),
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where ω = π
β−α and bn = |bn|eiθn are the poles of f (z) on Ω(α,β ) appeared ac-

cording to their multiplicities. And define Cα,β (r, f ) in the same form of Cα,β (r, f )
for distinct poles bn of f (z), that is, ignoring their multiplicities. Cα,β (r, f ) (resp.
Cα,β (r, f ) ) is called the angular ( precise ) integrated counting function of the

poles of f (z) on Ω(α,β ). For a ∈ C, we write Cα ,β (r, f = a) for Cα ,β

(
r, 1

f−a

)
;

Cα,β (r, f = ∞) for Cα ,β (r, f ) sometimes in the sequel. Furthermore, we can give an
integral expression of Cα ,β (r, f ) and Cα ,β (r, f ). Set

cα ,β (r, f ) = ∑
1<|bn|<r

sin(ω(θn −α)).

Then

Cα,β (r, f ) = 2
∫ r

1

(
1

tω
− tω

r2ω

)
dcα ,β (t, f )

= 2ω
∫ r

1
cα ,β (t, f )

(
1

tω
+

tω

r2ω

)
dt
t

. (2.2.4)

The Nevanlinna’s angular characteristic is defined as follows:

Sα ,β (r, f ) = Aα,β (r, f )+Bα ,β (r, f )+Cα ,β (r, f ).

It is easy to see that all the inequalities listed before Theorem 2.1.2 are available
for Sα,β , (A+B)α ,β and Cα,β . For instance, we have

Sα ,β (r,
p

∑
j=1

f j) �
p

∑
j=1

Sα,β (r, f j)+3log p

and

Sα,β (r,
p

∏
j=1

f j) �
p

∑
j=1

Sα ,β (r, f j).

In view of the transformation w = (e−iαz)ω which maps Ω(α,β ) onto Ω(0,π),
and setting F(w) = f (eiαw1/ω) = f (z), we have

A0,π(rω ,F) =
1
π

∫ rω

1

(
1
t
− t

r2ω

)
{log+ |F(t)|+ log+ |F(−t)|}dt

t

=
1
π

∫ rω

1

(
1
t
− t

r2ω

)
{log+ | f (t1/ωeiα)|+ log+ | f (t1/ωeiβ )|}dt

t

=
ω
π

∫ r

1

(
1
tω

− tω

r2ω

)
{log+ | f (teiα)|+ log+ | f (teiβ )|}dt

t
= Aα,β (r, f ),

so that
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Aα,β (r, f ) = A0,π(rω ,F).

The same equality still holds for Bα ,β and Cα,β as well so that

Sα,β (r, f ) = S0,π(rω ,F).

Using the Carleman formula (2.2.1) to the function F(w), we can obtain

Sα,β (r, f ) = S0,π(rω ,F) = S0,π

(
rω ,

1
F

)
+O(1) = Sα ,β

(
r,

1
f

)
+O(1)

and further the Nevanlinna first fundamental theorem for the angular domain, that
is,

Sα ,β (r, f ) = Sα,β

(
r,

1
f −a

)
+O(1) (2.2.5)

for a complex number a ∈C. Therefore, we want to emphasize that Theorems 2.1.2,
2.1.3, 2.1.4 and 2.1.5 still hold for Sα ,β , (A+B)α,β and Cα ,β in the place of, respec-
tively, T , m and N there, with error terms denoted by Rα ,β (r, f ) replacing S(D,a, f ),
by applying the same methods which produce the inequalities there and (2.2.5).
For instance, we have the Nevanlinna second fundamental theorems, the Milloux
inequality and the Hayman inequality for the angular domain Ω(α,β):

(q−2)Sα,β (r, f ) �
q

∑
j=1

Cα ,β

(
r,

1
f −a j

)
+Rα ,β (r, f ), (2.2.6)

for q distinct points a j ∈ Ĉ, where

Rα,β (r, f ) = (A+B)α,β

(
r,

f ′

f

)
+

q

∑
j=1

(A+B)α ,β

(
r,

f ′

f −a j

)
+O(1), (2.2.7)

and

Sα ,β (r, f ) � Cα ,β (r, f )+Cα ,β (r, f = 0)+Cα ,β (r, f (k) = 1)

−Cα,β (r, f (k+1) = 0)+Rα ,β (r, f ), (2.2.8)

where

Rα ,β (r, f ) = (A+B)α,β

(
r,

f (k)

f

)
+(A+B)α,β

(
r,

f (k+1)

f

)

+(A+B)α ,β

(
r,

f (k+1)

f (k) −1

)
+O(1), (2.2.9)

and
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Sα ,β (r, f ) �
(

2+
1
k

)
Cα ,β

(
r,

1
f

)
+
(

2+
2
k

)
Cα,β (r, f (k) = 1)

+Rα ,β (r, f ), k > 0, (2.2.10)

where

Rα,β (r, f ) =
(

2+
2
k

)
(A+B)α,β

(
r,

f (k+1)

f (k)−1

)
+
(

2+
1
k

)
(A+B)α ,β

(
r,

f (k+1)

f

)

+
(

2+
1
k

)
(A+B)α ,β

(
r,

f (k)

f

)
+O(1). (2.2.11)

Throughout this book, Rα,β (r, f ) is called error term associated with the Nevan-
linna characteristic for the angle Ω(α,β ), and it may not be the same at each occur-
rence.

By f #(z) we mean the sphere derivative of f (z), that is, for f (z) �= ∞

f #(z) = lim
ζ→z

| f (ζ ), f (z)|
|ζ − z| =

| f ′(z)|
1+ | f (z)|2

and for f (z) = ∞, f #(z) = limζ→z f #(ζ ). It is easy to derive in view of simple cal-
culation

Δ log(1+ | f (z)|2) =
4| f ′(z)|2

(1+ | f (z)|2)2 = 4( f #(z))2,

where Δ is the Laplacian operator. Set

Ṡα ,β (r, f ) =
1
π

∫ r

1

∫ β

α

(
1

tω
− tω

r2ω

)
( f #(teiθ ))2 sinω(θ −α) tdtdθ .

It is obvious that Ṡα,β (r, f ) is increasing with respect to r. Set

Dα ,β (r) =
∫ r

1

∫ β

α
( f #(teiθ ))2 sinω(θ −α) tdtdθ .

By means of the formula for integration by parts, we immediately have

Ṡα,β (r, f ) =
1
π

∫ r

1

(
1
tω

− tω

r2ω

)
dDα,β (t)

=
ω
π

∫ r

1

(
1

tω+1 +
tω−1

r2ω

)
Dα,β (t)dt. (2.2.12)

From F(w) = f (eiαw1/ω) on Ω(0,π), we have

F#(teiθ ) = ω−1t1/ω−1 f #(t1/ωei(α+θ/ω)),

and then
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Ṡ0,π(rω ,F) =
1
π

∫ rω

1

∫ π

0

(
1
t
− t

r2ω

)
F#(teiθ )2 sinθ tdtdθ

=
1
π

∫ rω

1

∫ π

0

(
1
t
− t

r2ω

)
f #(t1/ωei(α+θ/ω))2ω−2(t1/ω−1)2 sinθ tdtdθ

=
1
π

∫ r

1

∫ β

α

(
1

xω
− xω

r2ω

)
f #(xeiφ )2 sinω(φ −α) xdxdφ , x = t

1
ω , φ = α +

θ
ω

= Ṡα,β (r, f ).

There is a close relation between Ṡα ,β (r, f ) and Sα ,β (r, f ). We can obtain

S0,π(r, f ) = Ṡ0,π(r, f )+O(1)

by employing the second Green formula to the functions u(z) = 1
2 log(1 + | f (z)|2)

and v(z) = −Im
(

1
z + z

R2

)
, and by noting

| log+ | f (z)|− 1
2

log[1+ | f (z)|2]| � 1
2

log2.

The reader is referred to Chapter 3 of [11] for the detail implication. Therefore we
have

Lemma 2.2.1. Let f (z) be a meromorphic function on Ω(α,β ). Then we have the
following

Sα,β (r, f ) = Ṡα ,β (r, f )+O(1),

and for δ > 0, we have

Ṡα,β (r, f ) � ω
ω̂

Ṡα+δ ,β−δ (r, f ), (2.2.13)

where ω̂ = π
β−α−2δ .

Proof. The first equality follows from Sα ,β (r, f ) = S0,π(rω ,F) and Ṡα ,β (r, f ) =
Ṡ0,π(rω ,F), where F(w) = f (eiαw1/ω). Below we prove the inequality (2.2.13).
When α+δ � θ � α+β

2 , we have (β−α−2δ )(θ−α) > (β−α)(θ−α−δ ) and so
ω̂(θ−α−δ ) <ω(θ−α) � π

2 ; When β−δ � θ � α+β
2 , we obtain π

2 �ω(θ−α) <
ω̂(θ −α − δ ) � π ; Thus we always have sinω(θ −α) > sin ω̂(θ −α − δ ), and
therefore Dα ,β (r) � Dα+δ ,β−δ (r). Consider the function

h(x) =
1

tx+1 +
tx−1

r2x , x > 0 and 1 � t � r.

It is easy to see that it is decreasing, and so h(ω) > h(ω̂) for ω̂ > ω > 0 and for
1 � t � r. (2.2.13) follows immediately from the representation (2.2.12) of Ṡα,β (r, f )
and the above facts. ��
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An important application of Lemma 2.2.1 is to show that Sα,β (r, f ) is increasing
up to a bounded quantity as Ṡα ,β (r, f ) is increasing.

Certainly, it is important and necessary to determine relations between Cα,β (r, f )
and N(r,Ω , f ), which will be helpful in characterizing meromorphic functions in an
angle in terms of the number of points of some values.

Lemma 2.2.2. Let f (z) be a meromorphic function on Ω(α,β ). Then the following
inequalities hold:

Cα ,β (r, f ) � 4ω
N(r)
rω

+2ω2
∫ r

1

N(t)
tω+1 dt (2.2.14)

and

Cα,β (r, f ) � 2ω sin(ωδ )
N0(r)

rω
+2ω2 sin(ωδ )

∫ r

1

N0(t)
tω+1 dt, (2.2.15)

where N(t) = N(t,Ω , f ) =
∫ t

1
n(t,Ω , f )

t dt, n(t,Ω , f ) is the number of poles of f (z) in

Ω ∩{z : 1 < |z| � t}, and N0(t) = N(t,Ωδ , f ) =
∫ t

1
n(t,Ωδ , f )

t dt, and Ωδ = Ω(α +
δ ,β −δ ). (2.2.14) and (2.2.15) still hold for C and N in the place of C and N.

Proof. For the sake of simplicity, we write n(t) for n(t,Ω , f ) and dropping the
subscripts of Cα ,β (r, f ), we instead use C(r, f ). From the representation of C(r, f ),
it follows, by means of the formula for integration by parts, that

C(r, f ) � 2 ∑
1<|bn|<r

(
1

|bn|ω − |bn|ω
r2ω

)
= 2

∫ r

1

(
1
tω

− tω

r2ω

)
dn(t)

= 2ω
∫ r

1
n(t)

(
1

tω+1 +
tω−1

r2ω

)
dt, noting n(1) = 0

= 2ω
∫ r

1

(
1

tω
+

tω

r2ω

)
dN(t)

� 4ω
N(r)
rω

+2ω2
∫ r

1

N(t)
tω+1 dt,

this is (2.2.14), and

C(r, f ) � 2sin(ωδ ) ∑
bn∈Ωδ

(
1

|bn|ω − |bn|ω
r2ω

)
= 2sin(ωδ )

∫ r

1

(
1
tω

− tω

r2ω

)
dn0(t)
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= 2ω sin(ωδ )
∫ r

1
n0(t)

(
1

tω+1 +
tω−1

r2ω

)
dt

� 2ω sin(ωδ )
∫ r

1

1
tω

dN0(t)

= 2ω sin(ωδ )
N0(r)

rω
+2ω2 sin(ωδ )

∫ r

1

N0(t)
tω+1 dt,

which is (2.2.15). ��
Now we estimate log+ | f (z)| in terms of the Nevanlinna characteristic in an angle.

Theorem 2.2.1. Let f (z) be a meromorphic function on Ω = Ω(α,β ;R,0) = {z :
α � argz � β , |z| � R} with R � 1. By (γ) we mean Boutroux-Cartan exceptional
disks for the poles of f (z) and h. Then for z = reiφ ∈ Ω(α + δ ,β − δ ;R0,0) \ (γ)
with 1 < r < R0 < R, we have

log+ | f (z)| � Kδ ,α,βRω̃
0

[
Rω̃

0 + rω̃

Rω̃
0 − rω̃

+
(

log
2Rω̃

hω̃

)(
log

R
R0

)−1 1
2ω sin(δ/2)

]

×Sα ,β (R, f )+O(
R0

ω̃ + rω̃

R0
ω̃ − rω̃

) (2.2.16)

for a positive constant Kδ ,α ,β and ω̃ = π
β−α−δ .

Proof. First of all, assume that α = 0 and β = π and |z| = r < R and δ < argz <

π−δ . We shall use (2.1.34) in this case. Now we estimate t2

|z−t|2 . Letting z = x+ iy,
set

h(t) =
t2

(x− t)2 + y2 , t � 0.

It is easy to see that if x � 0, then h(t) � 1. For x > 0, a straightforward calculation
implies that h(t) assumes its maximum value at t0 = x−1(x2 + y2) and therefore

h(t) � h(t0) =
x−2(x2 + y2)2

x−2y4 + y2 = 1+
(

x
y

)2

� (sinδ )−2.

In view of (2.1.34), by combining the representations of A(R, f ) and B(R, f ), we
immediately have

log+ | f (z)| � r sinφ
π

(sinδ )−2 R+ r
R− r

∫ R

1

R2 − t2

t2R2 [log+ | f (t)|+ log+ | f (−t)|]dt

+
1

πr sinφ
R+ r
R− r

∫ 1

−1
log+ | f (t)|dt

+
Rsinφ

2(1− cosδ )
R+ r
R− r

B(R, f )+n(R,Ω , f ) log
2R
h
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� r sinφ(sinδ )−2 R+ r
R− r

A(R, f )+O(
R+ r
R− r

)

+
Rsinφ

2(1− cosδ )
R+ r
R− r

B(R, f )+n(R,Ω , f ) log
2R
h

.

Now let us consider general case. Letting w = (e−iαz)ω , we shall use the above
result to function f (z) = f (eiαw1/ω) = F(w) in the upper half disk {w : 0 � argw �
π, |w| � Rω} to obtain the desired inequality (2.2.16) by noting that A0,π(Rω ,F) =
Aα,β (R, f ) and B0,π(Rω ,F) = Bα,β (R, f ).

By (γ) we mean Boutroux-Cartan exceptional disks for the poles of F(w) and
hω . Then for z = reiφ ∈Ω(α +δ ,β −δ ;R) such that w = (e−iαz)ω �∈ (γ), we have

log+ | f (z)| � rω sinω(φ −α)(sin(ωδ ))−2 Rω + rω

Rω − rω
Aα ,β (R, f )

+O(
Rω + rω

Rω − rω
)+

Rω sinω(φ −α)
2(1− cos(ωδ ))

Rω + rω

Rω − rω
Bα,β (R, f )

+n(R,Ω , f ) log
2Rω

hω
, (2.2.17)

where n(R,Ω , f ) is the number of poles of f (z) in Ω ∩{z : |z| < R}.
Now set Ωδ/2 =Ω(α+δ/2,β −δ/2;R0) for R0 < R and write ω̃ = π

β−α−δ and
so ω̃ > ω. Employing the above result we have obtained (2.2.17) for the angular
domain Ωδ/2, and noting that

n(R0,Ωδ/2, f ) �
(

log
R
R0

)−1

N(R,Ωδ/2, f ) �
(

log
R
R0

)−1 RωCα ,β (R, f )
2ω sin(ωδ/2)

,

where the inequality (2.2.15) has been used, therefore we have

log+ | f (z)| � KδR0
ω̃ R0

ω̃ + rω̃

R0
ω̃ − rω̃

Sα+δ/2,β−δ/2(R, f )+O(
R0

ω̃ + rω̃

R0
ω̃ − rω̃

)

+n(R0,Ωδ/2, f ) log
2Rω̃

hω̃

� KδR0
ω̃ R0

ω̃ + rω̃

R0
ω̃ − rω̃

Sα+δ/2,β−δ/2(R, f )+O(
R0

ω̃ + rω̃

R0
ω̃ − rω̃

)

+
(

log
2Rω̃

hω̃

)(
log

R
R0

)−1 RωCα,β (R, f )
2ω sin(ωδ/2)

, (2.2.18)

for a positive constant Kδ only depending on δ . Thus (2.2.16) immediately follows.
��

There is an excellent estimate for log+ | f (z)| due to Goldberg and Ostrovskii,
which is Theorem 6.3.3 in [11] and whose proof is complicated as mentioned in
[11].
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Theorem 2.2.2. Let f (z) be a meromorphic function on Ω(α,β ) and let κ(r) be
a continuous increasing function in (0,+∞), U(r) = r(1 + κ(r)−1). Then for any
ε with 0 < ε < 1, there exists a set Eε on (0,+∞) with dens(Eε ) < ε such that for
z ∈Ω with r = |z| �∈ Eε , we have

log+ | f (z)| � cκ(r)3rω{Sα,β (U(r), f )+1}, (2.2.19)

where c is a positive constant.

We remark that Theorem 2.2.2 is proved in [11] for the case when α = 0 and β =
π , but the general case follows directly from this special case. Actually, we can find
a continuous increasing function k̂(r) such that 1 + κ̂(rω)−1 = (1 + κ(r)−1)ω and
noticing for x > 0 and ω � 1, (1+x)ω � 1+ωx, we have κ̂(rω) � 1

ω κ(r); noticing
for 0 < x � c and 0 <ω < 1, (1+x)ω � 1+ω(1+c)ω−1x, we have κ̂(rω) � 1

ω (1+
k(1)−1)1−ωκ(r), r � 1. Then applying the result for Ω(0,π), κ̂(r) and F(w) = f (z)
with w = (e−iαz)ω yields

log+ | f (z)| = log+ |F(w)| � cκ̂(rω)3rω(S0,π(Û(rω),F)+1)

� cω−3(1+ k(1)−1)3(1+ω)κ(r)3rω(Sα ,β (Û(rω)1/ω , f )+1)

= cω−3(1+ k(1)−1)3(1+ω)κ(r)3rω(Sα ,β (U(r), f )+1), rω �∈ Êε ,

where Û(r) = r(1 + κ̂(r)−1) and Êε is a set with densÊε < ε . Set Eε = {r : rω ∈
Êε}. Since for 1 � x � rω , r−1x1/ω−1 = r−ω(rx−1/ω)ω−1 � r−ω when ω � 1;
r−1x1/ω−1 � r−1r1−ω � r−ω when 0 < ω < 1, therefore we have

1
r

∫
Eε (1,r)

dt =
1
r

∫
Êε (1,rω )

1
ω

x1/ω−1dx � 1
ωrω

∫
Êε (1,rω )

dt

so that we have dens(Eε) < ω−1ε . Theorem 2.2.2 follows.
Set

mα ,β (r, f ) =
1

2π

∫ β

α
log+ | f (reiθ )|dθ

for 0 � α < β � 2π . The following is a consequence of Theorem 2.2.2, which is
Theorem 6.2.3 of [11].

Lemma 2.2.3. Let f (z) be a meromorphic function on Ω =Ω(α,β ). Given d > 1
and ε > 0, we have

mα ,β (r, f ) � Krω{Sα,β (r, f )+1}d

and
mα ,β (r, f ) � Krω{Sα ,β (dr, f )+1}, r �∈ E,

ω = π
β−α and dens(E) < ε .
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Ostrovskii characterized the meromorphic function in an angular domain when
its corresponding Nevanlinna characteristic is bounded. This is the following, which
is Theorem 6.2.7 of [11].

Theorem 2.2.3. Let f (z) be a meromorphic function onΩ =Ω(α,β ). If Sα,β (r, f )=
O(1), then

log | f (reiφ )| = rωcsin(ω(φ −α))+o(rω)

uniformly holds for α � φ � β as r �∈ F → ∞, where F is a set of finite logarithmic
measure.

We obtain a consequence of Theorem 2.2.3.

Corollary 2.2.1. Let f (z) be a meromorphic function on Ω = Ω(α,β ). Assume
that for three distinct points av (v = 1,2,3) in Ĉ

3

∑
v=1

N(r,Ω , f = av) = O(rω(logr)−τ )

for some τ > 1 and Rα,β (r, f ) = O(1). Then the result of Theorem 2.2.3 is true.

Proof. In view of (2.2.14) under the assumption of Corollary 2.2.1 we have

3

∑
v=1

Cα ,β (r, f = av) = O(1),

and then from (2.2.6) it follows that Sα,β (r, f ) = O(1). The condition of Theorem
2.2.3 is satisfied, and so Corollary 2.2.1 follows. ��

We have the following consequence of Theorem 2.2.2.

Corollary 2.2.2. Let f (z) be an analytic function on Ω(α,β) with 0 < α < β <
2π . Then we have

logM(r,Ω , f ) � Krω{Sα ,β (2r, f )+1}, (2.2.20)

where logM(r,Ω , f ) = max{| f (teiθ )| : α � θ � β ,1 � t � r} and K is a positive
constant. On the other hand, we have

Sα ,β (r, f ) � 2ω
π

∫ r

1

log+ M(t,Ω , f )
tω+1 dt +

4
π

log+ M(r,Ω , f )
rω

. (2.2.21)

In view of Lemma 1.1.7 and the non-decreasing property of Sα ,β (r, f ) up to a
constant, we can deduce (2.2.20) for all r. The inequality (2.2.21) directly follows
from the definitions of Aα,β (r, f ) and Bα ,β (r, f ).
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2.3 Tsuji’s Characteristic

The Tsuji’s Characteristic of a meromorphic function in an angle stems from the
Levin formula: Let f (z) be a meromorphic function in the half plane Im z > 0. Then
for 0 < r < R, we have

∑
r<|an|<Rsinαn

(
sinαn

|an| − 1
R

)
− ∑

r<|bm|<Rsinβm

(
sinβm

|bm| − 1
R

)

=
1

2π

∫ π−arcsin(r/R)

arcsin(r/R)
log | f (Reiθ sinθ)| dθ

Rsin2 θ
+O(1), (2.3.1)

where an = |an|eiαn are zeros and bm = |bm|eiβm are poles of f (z) in {z : |z− 1
2 Ri| �

1
2 R}\{z : |z− 1

2 ri| < 1
2 r}, appearing according to their multiplicities.

The Levin formula (2.3.1) can be derived from the second Green formula, that
is, (1.2.1), for u(z) = log | f (z)| and v(z) = −Im

( 1
z + i

R

)
.

Consider the following domains: for any pair of real numbers α and β in [0,2π)
with 0 < β −α � 2π,

Ξ(α ,β ;r) = {z = teiθ : α < θ < β ,1 < t � r(sin(ω(θ −α)))1/ω},

ω = π
β−α . A straightforward calculation implies that for each 0 < ε < π− β−α

2 , we
have the inclusions

Ξ (α,β ;r) ⊂Ω(α,β ;r) ⊂ Ξ(α− ε ,β + ε ;σr) (2.3.2)

where σ =
(

sin πε
β−α+2ε

)− β−α+2ε
π

> 1.
Now let us introduce the Tsuji characteristic as follows. Assume that f (z) is a

meromorphic function in an angular domain Ω(α,β ). Define

mα ,β (r, f ) =
1

2π

∫ π−arcsin(r−ω )

arcsin(r−ω )
log+

∣∣∣ f (rei(α+ω−1θ ) sinω
−1
θ)
∣∣∣ 1

rω sin2 θ
dθ ,

Nα ,β (r, f ) = ∑
1<|bn|<r(sin(ω(βn−α)))ω−1

(
sinω(βn −α)

|bn|ω − 1
rω

)
,

where bn are the poles of f (z) in Ξ(α,β ;r) appearing often according to their mul-
tiplicities and then Tsuji characteristic of f is

Tα,β (r, f ) = mα,β (r, f )+Nα,β (r, f ). (2.3.3)

We denote by nα,β (r, f ) the number of poles of f (z) in Ξ (α,β ;r), and then

Nα,β (r, f ) =
∫ r

1

(
1
tω

− 1
rω

)
dnα ,β (t, f ) = ω

∫ r

1

nα,β (t, f )
tω+1 dt. (2.3.4)
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This is because for each bn, we can write |bn| = t(sin(ω(βn −α)))ω
−1

for some
definite t with 1 < t � r.

It is obvious that Ξ(0,π;r) = {z : |z− 1
2 ri| � 1

2 r}\{z : |z| < 1} and Ξ(α,β ;r) is
exactly image of Ξ (0,π;rω) under the transformation w = eiαz1/ω , which is taken to
be the main branch, because for z = ρeiθ and w =σeiφ , under the transformation, we
have ρ = σω and θ =ω(φ−α), and the curve ρ = rω sinθ , that is, the boundary of
Ξ(0,π;rω), is mapped onto σ = r(sin(ω(φ −α)))1/ω , the boundary of Ξ (α,β ;r).
Set F(z) = f (eiαz1/ω) = f (w). It is easy to see that m0,π(rω ,F) = mα,β (r, f ) by
using F(rωeiθ sinθ) = f (eiα(rωeiθ sinθ)1/ω) = f (rei(α+θ/ω) sin1/ω θ). For a pole
bn of f (w), (e−iαbn)ω is a pole of F(z) and thus N0,π(rω ,F) = Nα,β (r, f ). This
shows that

T0,π(rω ,F) = Tα,β (r, f ).

In view of the Levin formula (2.3.1), we have

1
2π

∫ π−arcsin(r−ω )

arcsin(r−ω )

dθ
rω sin2 θ

= O(1)

and further

Tα ,β

(
r,

1
f −a

)
= Tα ,β (r, f )+O(1)

for a ∈ C. By means of the same method as in Sections 2.1 and 2.2, we also have
the following fundamental inequalities

(q−2)Tα,β (r, f ) �
q

∑
j=1

Nα,β

(
r,

1
f −a j

)
+Qα,β (r, f ) (2.3.5)

for q distinct points a j ∈ Ĉ, where

Qα,β (r, f ) = mα,β

(
r,

f ′

f

)
+

q

∑
j=1

mα,β

(
r,

f ′

f −a j

)
+O(1), (2.3.6)

which is named as the Tsuji second fundamental theorem, and

Tα ,β (r, f ) � Nα ,β (r, f )+Nα ,β (r, f = 0)+Nα ,β (r, f (k) = 1)

−Nα,β (r, f (k+1) = 0)+Qα,β (r, f ), (2.3.7)

where

Qα ,β (r, f ) = mα ,β

(
r,

f (k)

f

)
+mα ,β

(
r,

f (k+1)

f

)

+mα,β

(
r,

f (k+1)

f (k) −1

)
+O(1), (2.3.8)
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and

Tα ,β (r, f ) �
(

2+
1
k

)
Nα,β (r, f )+

(
2+

2
k

)
Nα,β (r, f (k) = 1)

+Qα ,β (r, f ), k > 0, (2.3.9)

where

Qα,β (r, f ) =
(

2+
2
k

)
mα ,β

(
r,

f (k+1)

f (k) −1

)

+
(

2+
1
k

)[
mα ,β

(
r,

f (k+1)

f

)
+mα ,β

(
r,

f (k)

f

)]
+O(1). (2.3.10)

Throughout this book, Qα,β (r, f ) is called error term associated with the Tsuji
characteristic for the angle Ω(α,β ), and it may not be the same at each occurrence.

Assume that f (z) and a(z) are two meromorphic functions in Ω(α,β ). Then
a(z) is called a small function with respect to f (z) in Ω(α,β ) (in the sense of Tsuji
characteristic) if Tα ,β (r,a) = o(Tα ,β (r, f )) as r �∈ E → ∞ for a set E with finite
measure. Then we have the following theorem of Valiron-Mohon’ko type for the
Tsuji characteristic.

Theorem 2.3.1. Let f (z) be a meromorphic function in Ω(α,β ). Then for all
irreducible rational function R(z, f ) in f with coefficients meromorphic and small
with respect to f in Ω(α,β ), we have

Tα ,β (r,R(z, f )) = dTα ,β (r, f )+Qα ,β (r, f ), (2.3.11)

where Qα,β (r, f ) = o(Tα ,β (r, f )) for r �∈ E, E is a set with finite measure and d is
the degree of R(z, f ) in f .

The proof of Theorem 2.3.1 can be completed by the method in the proof of
Theorem 2.1.3 and the estimation of the error term is obtained using below Lemma
2.5.4.

In the Tsuji second fundamental theorem, could we consider small functions in
the place of the constant targets? This is a natural question. We do not know whether
the method of Yamanoi [34] is available to this question and however, fortunately
the method of Chuang [4], Frank-Weissenborn [10] and Steinmetz [30] is available
in such a generalization of the Tsuji second fundamental theorem concerning small
functions as targets.

Theorem 2.3.2. Let f (z) be a meromorphic function in Ω(α,β ) and assume that
a j(z) ( j = 1,2, · · · ,q;q � 3) are distinct small functions with respect to f (z). Then
for any positive number ε , we have

(q−2− ε)Tα,β (r, f ) �
q

∑
j=1

Nα,β

(
r,

1
f −a j

)
+Qα,β (r, f ), (2.3.12)
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where

Qα ,β (r, f ) = O

(
q

∑
k=1

mα,β

(
r,

f (k)

f

)
+

q

∑
j=1

q

∑
k=1

mα,β

(
r,

( f −aj)(k)

f −aj

))
+o(Tα ,β (r, f ))+O(logr), r �∈ E,

where E is a set of finite measure.

In view of below Lemma 2.5.4 and the argument following Theorem 2.1.8, we
can actually establish (2.3.12) without ε and with Qα ,β (r, f ) replaced by o(Tα ,β (r, f ))
+O(logr).

In order to prove Theorem 2.3.2 we need a result which can be proved by using
the method of Frank and Weissenborn [10]. Let a1(z), · · · ,ap(z) be meromorphic in
Ω(α,β ). The following is the Wronskian determinant of a1(z), · · · ,ap(z)

W (a1(z), · · · ,ap(z)) =

∣∣∣∣∣∣∣∣∣
a1 a2 · · · ap
a′1 a′2 · · · a′p
...

...
...

a(p−1)
1 a(p−1)

2 · · · a(p−1)
p

∣∣∣∣∣∣∣∣∣ .
Lemma 2.3.1. Let f (z) and a j(z) ( j = 1,2, · · · , p; p � 3) be as in Theorem 2.3.2.
Set W ( f ) = W (a1, · · · ,ap, f ). If a j(z) ( j = 1,2, · · · , p; p � 3) are linearly indepen-
dent, then for ε > 0

pNα ,β (r, f ) � Nα ,β

(
r,

1
W ( f )

)
+(1+ ε)Nα ,β (r, f )+Qα ,β (r, f ). (2.3.13)

Now we can prove Theorem 2.3.2 in the way of Chuang [4] in view of Theorem
2.3.1 and Lemma 2.3.1(Compare Steinmetz [30]).

Proof of Theorem 2.3.2. Assume without any loss of generalities that {a1, · · · ,ap}
is a maximum linearly independent subset of a j(z) ( j = 1,2, · · · ,q) and then
p � q and each a j ( j = 1,2, · · · ,q) can be linearly expressed in terms of a j ( j =
1,2, · · · , p). Set W ( f ) = W (a1, · · · ,ap, f ). Then

W ( f ) = bp f (p) +bp−1 f (p−1) + · · ·+b1 f ′ +b0 f

where b j ( j = 1,2, · · · , p) are small functions with respect to f , so that

Nα,β (r,W ( f )) = pNα,β (r, f )+Nα,β (r, f )+Qα ,β (r, f )

and

mα,β (r,W ( f )) � mα ,β (r, f )+mα,β

(
r,

W ( f )
f

)
= mα ,β (r, f )+Qα ,β (r, f ).

Thus we obtain
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Tα ,β (r,W ( f )) � pNα ,β (r, f )+Tα ,β (r, f )+Qα ,β (r, f ). (2.3.14)

It is easy to see that for each j = 1,2, · · · ,q, we have W ( f −a j) = W ( f ) so that

mα ,β

(
r,

W ( f )
f −a j

)
= mα ,β

(
r,

W ( f −a j)
f −a j

)
= Qα ,β (r, f ).

Set

F(z) =
q

∑
j=1

1
f (z)−a j(z)

.

In view of (2.3.14) and (2.3.13) we estimate

mα ,β (r,F) � mα ,β

(
r,

1
W ( f )

)
+mα ,β (r,FW ( f ))

� Tα,β (r,W ( f ))−Nα,β

(
r,

1
W ( f )

)
+Qα ,β (r, f )

� pNα ,β (r, f )+Tα,β (r, f )−Nα,β

(
r,

1
W ( f )

)
+Qα,β (r, f )

� Tα,β (r, f )+(1+ ε)Nα ,β (r, f )+Qα ,β (r, f ).

By means of Theorem 2.3.1, we have

qTα ,β (r, f ) = Tα ,β (r,F)+Qα ,β (r, f )

�
q

∑
j=1

Nα ,β

(
r,

1
f −a j

)
+Tα,β (r, f )+(1+ ε)Nα ,β (r, f )+Qα ,β (r, f ).

This immediately deduces (2.3.12). ��
In what follows, let us make a further discussion of the Tsuji characteristic

Tα,β (r, f ). Set

Ṫα,β (r, f ) =
1
π

∫ ∫
Ξ(α ,β ;r)

(
sin(ω(θ −α))

tω
− 1

rω

)
( f #(teiθ ))2 tdtdθ

=
1
π

∫ b

a
dθ

∫ r(sinω(θ−α))1/ω

1

(
sinω(θ −α)

tω
− 1

rω

)
( f #(teiθ ))2 tdt,

where a = α + ω−1 arcsinr−ω and b = β − ω−1 arcsinr−ω . It is obvious that
Ṫα,β (r, f ) is increasing in r. Set

K(r,θ) =
∫ r

1
( f #(teiθ ))2tdt.

By means of the formula for integration by parts, we immediately have
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Ṫα ,β (r, f ) =
1
π

∫ b

a
dθ

∫ r(sinω(θ−α))1/ω

1

(
sin(ω(θ −α))

tω
− 1

rω

)
dK(t,θ)

=
ω
π

∫ b

a

∫ r(sinω(θ−α))1/ω

1

sin(ω(θ −α))
tω+1 K(t,θ)dtdθ

=
ω
π

∫ ∫
Ξ(α ,β ;r)

sinω(θ −α)
tω+1 K(t,θ)dtdθ . (2.3.15)

We have an analogy of Lemma 2.2.1 for Ṫα ,β (r, f ) and Tα ,β (r, f ).

Lemma 2.3.2. Assume that f (z) is a meromorphic function in Ω(α,β ). Then

Tα ,β (r, f ) = Ṫα,β (r, f )+O(1)

and
Ṫα,β (r, f ) � ω

ω̂
Ṫα+δ ,β−δ (r, f ),

for any δ > 0 with α +δ < β −δ , where ω̂ = π
β−α−2δ .

Proof. A direct calculation implies that Ṫα ,β (r, f ) = Ṫ0,π(rω ,F) for F(z) =
f (eiαz1/ω) = f (w), for w = eiαz1/ω maps conformally Ξ(0,π ;rω) onto Ξ (α,β ;r).
The first equality follows from the fact that T0,π(rω ,F) = Ṫ0,π(rω ,F)+O(1) which
has been proved in [11], as mentioned in the paragraph before Lemma 2.2.1. Below
we give out a proof of the second inequality. In view of (2.3.15) and noting ω̂ > ω ,
we have

Ṫα,β (r, f ) � ω
π

∫ ∫
Ξ(α+δ ,β−δ ;r)

sinω(θ −α)
tω+1 K(t,θ)dtdθ

� ω
π

∫ ∫
Ξ(α+δ ,β−δ ;r)

sin ω̂(θ −α−δ )
tω̂+1 K(t,θ)dtdθ

=
ω
ω̂

Ṫα+δ ,β−δ (r, f ).

This yields the desired inequality. ��
Next we compare the Nevanlinna’s characteristic for an angle to the Tsuji char-

acteristic.

Theorem 2.3.3. Assume that f (z) is a meromorphic function in Ω(α,β ). Then

Ṡα,β (r, f ) > Ṫα ,β (r, f )

and
Ṫα,β (r, f ) >

2ω
ω̂

Ṡα+δ ,β−δ (sr, f ),

for any δ > 0 with α + δ < β − δ and some 0 < s < 1 which can be computed by
means of (2.3.2).
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Proof. In view of the definition of Ṡα,β (r, f ) and by using the inclusion (2.3.2), the
first desired inequality follows from the following implication

Ṡα,β (r, f ) � 1
π

∫ ∫
Ξ(α ,β ;r)

(
1
tω

− tω

r2ω

)
( f �(teiθ ))2 sinω(θ −α)tdtdθ

> Ṫα ,β (r, f ),

by noting the inequality(
1

tω
− tω

r2ω

)
sinω(θ −α) >

sinω(θ −α)
tω

− 1
rω

.

We can produce the second desired inequality by means of the following steps

Ṫα ,β (r, f ) � ω
π

∫ ∫
Ω(α+δ ,β−δ ;sr)

sinω(θ −α)
tω+1 K(t,θ)dtdθ

=
ω
π

∫ β−δ

α+δ

∫ sr

1

sinω(θ −α)
tω+1 K(t,θ)dtdθ

� ω
π

∫ β−δ

α+δ

∫ sr

1

sin ω̂(θ −α−δ )
tω+1 K(t,θ )dtdθ

=
ω
π

∫ sr

1

1
tω+1 Dα+δ ,β−δ (t)dt

� ω
2π

∫ sr

1

(
1

tω̂+1 +
tω̂−1

r2ω̂

)
Dα+δ ,β−δ (t)dt

=
ω

2ω̂
Ṡα+δ ,β−δ (sr, f ),

where we have used, in turn, the inclusion (2.3.2) and the equality

Dα+δ ,β−δ (t) =
∫ β−δ

α+δ
sin[ω̂(θ −α−δ )]K(t,θ)dθ

and ω̂ > ω . ��
Finally, we come to compare the integrated counting functions.

Lemma 2.3.3. Let f (z) be a meromorphic function in Ω(α,β). Then for ε > 0,
we have

Nα,β (r, f ) � ω
N(r,Ω , f )

rω
+ω2

∫ r

1

N(t,Ω , f )
tω+1 dt,

Cα ,β (r, f ) � 2Nα,β (r, f )

and

Nα,β (r, f ) � ωcω
N(cr,Ωε , f )

rω
+ω2cω

∫ cr

1

N(t,Ωε , f )
tω+1 dt,

Cα+ε ,β−ε(r, f ) � 4ω̂σω

ω
Nα,β (σr, f ),
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where ω̂ = π
β−α−2ε and σ > 1, and 0 < c < 1 are two constants depending on ε ,

and N(r,Ω , f ) is defined as in Lemma 2.2.2.

Proof. In view of (2.3.4) and (2.3.2), we have

Nα,β (r, f ) = ω
∫ r

1

nα,β (t, f )
tω+1 dt

� ω
∫ r

1

n(t,Ω , f )
tω+1 dt

= ω
N(r,Ω , f )

rω
+ω2

∫ r

1

N(t,Ω , f )
tω+1 dt,

and in virtue of the definitions of Nα,β (r, f ) and Cα ,β (r, f ), we get

1
2

Cα,β (r, f ) � ∑
bn∈Ξ(α,β ;r)

(
1

|bn|ω − |bn|ω
r2ω

)
sinω(βn −α)

= Nα,β (r, f )+ ∑
bn∈Ξ(α,β ;r)

(
1

rω
− |bn|ω

r2ω sinω(βn −α)
)

> Nα,β (r, f ).

On the other hand, we have

Nα ,β (r, f ) = ω
∫ r

1

nα,β (t, f )
tω+1 dt

� ω
∫ r

1

n(ct,Ωε , f )
tω+1 dt

� ωcω
∫ cr

1

n(t,Ωε , f )
tω+1 dt

= ωcω
N(cr,Ωε , f )

rω
+ω2cω

∫ cr

1

N(t,Ωε , f )
tω+1 dt

for some 0 < c < 1 depending on ε , and

Cα+ε ,β−ε(r, f ) � 2ω̂
∫ r

1
n(t,Ωε , f )

(
1
tω̂

+
tω̂

r2ω̂

)
dt
t

� 2ω̂
∫ r

1
nα ,β (σ t, f )

(
1
tω̂

+
tω̂

r2ω̂

)
dt
t

� 4ω̂
∫ r

1

nα ,β (σ t, f )
tω+1 dt

� 4ω̂σω
∫ σr

1

nα ,β (t, f )
tω+1 dt

=
4ω̂σω

ω
Nα ,β (σr, f ).
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We complete the proof of Lemma 2.3.3. ��

2.4 Ahlfors-Shimizu’s Characteristic

The Ahlfors-Shimizu characteristic of a meromorphic function can also stems from
the second Green formula in the point of view of analysis. We apply the formula to
u(z) = 1

2 log(1+ | f (z)|2) and GD(z,a) to obtain for a ∈ D with f (a) �= ∞

u(a) +
1
π

∫ ∫
D

GD(z,a)( f #(z))2dσ(z)

=
1

2π

∫
∂D

1
2

log(1+ | f (z)|2)∂GD(z,a)
∂n

ds+ ∑
an∈D

GD(an,a)

where an is a pole of f (z) in D, appearing often according to its multiplicity. Define

T (D,a, f ) =
1
π

∫ ∫
D

GD(z,a)( f #(z))2dσ(z).

Since
log+ | f (z)| � 1

2
log(1+ | f (z)|2) � 1

2
log2+ log+ | f (z)|,

we therefore have

T (D,a, f ) � 1
2

log2+T (D,a, f )−u(a)

� T (D,a, f )− log+ | f (a)|+ 1
2

log2

and

T (D,a, f ) � T (D,a, f )−u(a)

� T (D,a, f )− log+ | f (a)|− 1
2

log2,

so that
T (D,a, f ) = T (D,a, f )− log+ | f (a)|+C, (2.4.1)

where 0 � |C| � 1
2 log2. We are allowed to consider the case f (a) =∞. In this case,

we use v(z) = u(z)− pGD(z,a) in the place of u(z) where p is the multiplicity of
pole of f (z) at a. Since v(a) = log |c(a)| − pωD(a,a), (2.4.1) holds for log |c(a)|
in the place of log+ | f (a)| where c(a) is the coefficient of the first term of Laurent
series of f (z) at a.

We take the disk into account. Define

A (r, f ) =
1
π

∫ ∫
|z|�r

( f #(z))2dσ(z) =
1
π

∫ 2π

0

∫ r

0
( f #(teiθ ))2tdtdθ .
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Obviously, πA (r, f ) is the area of the Riemann surface Fr = f ({z : |z| � r}) mea-
sured in the spherical metric. When D = {z : |z| � r} and a = 0, by the formula for
integration by parts we have immediately

T (D,0, f ) =
1
π

∫ ∫
D

GD(z,0)( f #(z))2dσ(z)

=
1
π

∫ ∫
|z|�r

log
r
|z| ( f #(z))2dσ(z)

=
∫ r

0
log

r
t

dA (t, f )

=
∫ r

0

A (t, f )
t

dt,

by noting
dA (t, f )

dt
=

1
π

∫ 2π

0
( f #(teiθ ))2tdθ .

Usually, we write T (r, f ) for T (D,0, f ), that is,

T (r, f ) =
∫ r

0

A (t, f )
t

dt

which is known as the Ahlfors-Shimizu characteristic of f (z) on disk {z : |z| � r}.
Then in view of (2.4.1) we have

|T (r, f )−T (r, f )− log+ | f (0)|| � 1
2

log2 (2.4.2)

for f (0) �= ∞, while log+ | f (0)| will be replaced by log |c(0)| for f (0) = ∞. Since
dT (r, f )

dlogr = A (r, f ) is increasing, T (r, f ) is convex with respect to logr.
It is important to notice that we can take the Ahlfors-Shimizu characteristic into

account in the point of view of geometry. Let m be the normalized area measure on
the Riemann sphere S, which is produced by the sphere metric |dz|/(1+ |z|2). Then
consulting Theorem 2.14 of Conway [5], we have

A (t, f ) =
∫

Ĉ
n(t, f = a)dm(a),

which is therefore the mean covering number of the map f : {z : |z| � r} → S.
Furthermore

T (r, f ) =
∫

Ĉ
N(r, f = a)dm(a).

The Ahlfors-Shimizu characteristic of f (z) for an angle is important and appli-
cable in the discussion of argument distribution of meromorphic functions and is
naturally introduced as above. For Ω = {z : α � argz � β}, define

A (r,Ω , f ) =
1
π

∫ β

α

∫ r

0
( f #(teiφ ))2tdtdφ
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and

T (r,Ω , f ) =
∫ r

0

A (t,Ω , f )
t

dt.

Then T (r, f ) is T (r,C, f ). Where no confusion seems possible, omitting f we
write T (r,Ω) for T (r,Ω , f ). As in the above discussion, we have

A (t,Ω) =
∫

Ĉ
n(t,Ω , f = a)dm(a),

which is therefore the mean covering number of the map f : Ω(r) → S, where
Ω(r) = Ω ∩{z : |z| < r}, and

T (r,Ω) =
∫

Ĉ
N(r,Ω , f = a)dm(a).

T (r,Ω) is convex with respect to logr and hence increases to infinity as r does.
We want to establish the second fundamental inequality for the Ahlfors-Shimizu

characteristic in an angular domain corresponding to that of Nevanlinna’s, that is,
the fundamental inequality for estimation of the Ahlfors-Shimizu characteristic in
terms of several quantities N(r,Ω , f = a). We shall realize this process by employ-
ing the Ahlfors theory of covering surfaces, which can be found in Hayman [16],
Nevanlinna [26] and Tsuji [31]. The key point of this work is in estimation of error
term appeared in the theory. However, the derivative is not considered in the Ahlfors
theory of covering surfaces and hence it does not seem to be easy to establish an
analogy of the Milloux inequality.

Let F be a simply connected finitely covering surface of the Riemann sphere
S. Given a simply connected domain D on S bounded by an analytic Jordan curve,
we denote the part of F lying over D by F (D). F (D) consists of finitely many
connected surfaces which are decomposed into two classes: Island and Tongue (or
Peninsula). A connected surface of F (D) is called an island over D if its boundary
lies over the boundary of D; a tongue over D if there exist some parts of its boundary
which does not lie over the boundary of D.

Set

A =
|F |
π

,

where |F | is the area of F counting its sheets on the Riemann sphere. A is the
mean sheet number of F . Then we state the following celebrated result of the
Ahlfors theory of covering surfaces, which may be regarded as the Ahlfors unin-
tegrated second fundamental theorem (cf. Theorem VI.3 of Tsuji [31]).

Theorem 2.4.1. Let F be a simply connected finitely covering surface of the
Riemann sphere S and Dv (v = 1,2, · · · ,q) be q disjoint simply connected domains
on S each of which is bounded by an analytic Jordan curve. Then

(q−2)A �
q

∑
v=1

n(Dv)+hL, (2.4.3)
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where n(Dv) stands for the number of simply connected islands over Dv and h is a
constant only depending on Dv (v = 1,2, · · · ,q) and L is the length of the boundary
of F .

Theorem 2.4.1 is still true even if Dv reduces into a single point av.
Let us come to a special case produced by a meromorphic function. Given a

simply connected domain F on C and a meromorphic function w = f (z) on F ,
we have a finitely covering surface of the Riemann sphere S, denoted still by F ,
generated by w = f (z). For this F , Theorem 2.4.1 holds.

For any given α,β ∈ [0,2π) such that α < β , let f (z) be a meromorphic function
in Ω = Ω(α,β ) = {z : α � argz � β}. Set

L(r,θ) =
1

2π

∫ r

1

| f ′(teiθ )|
1+ | f (teiθ )|2 dt

and

L(t,α,β) =
1
π

∫ β

α

| f ′(teiθ )|
1+ | f (teiθ )|2 tdθ .

Therefore, the length of the boundary of the covering surface of S generated by
w = f (z) from Ω(α,β ;r) is L(r,α)+L(r,β )+L(r,α,β )+L(1,α,β ).

Thus employing Theorem 2.4.1 to Ω(r) and w = f (z) obtains the following

Theorem 2.4.2. Let Dv (v = 1,2, · · · ,q) be q disjoint simply connected domains
on S each of which is bounded by an analytic Jordan curve. Then

(q−2)(A (r,Ω)−A (1,Ω)) �
q

∑
v=1

n(Dv)+h(L(r,α)

+L(r,β )+L(r,α,β )+L(1,α,β )). (2.4.4)

When Dv reduces a single point av, that is, Dv = {av}, in Theorems 2.4.1 and
2.4.2, we have n({av}) = n(X , f = av), that is, the number of distinct roots of f (z) =
av in the planar domain X = F or Ω(α,β ;r).

We establish the (integrated) second fundamental inequality for the Ahlfors-
Shimizu characteristic in an angular domain. Let us begin with several lemmas.

Lemma 2.4.1. Let f (z) be a meromorphic function in Ω(α,β ) (0 � α < β < 2π).
Then

1
π

∫ r

1

∫ β

α

| f ′(teiθ )|
1+ | f (teiθ )|2 dθdt �

√
β −α
π

A
1
2 (r,Ω)(logr)

1
2 . (2.4.5)

Proof. From the Schwarz inequality, we have
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1
π

∫ r

1

∫ β

α

| f ′(teiθ )|
1+ | f (teiθ )|2 dθdt =

1
π

∫ r

1

∫ β

α

( | f ′(teiθ )|
1+ | f (teiθ )|2

√
t
)

1√
t
dθdt

� 1
π

{∫ r

1

∫ β

α

( | f ′(teiθ )|√t
1+ | f (teiθ )|2

)2

dθdt
∫ r

1

∫ β

α

dtdθ
t

} 1
2

=
1√
π

A
1
2 (r,Ω)

√
β −α(logr)

1
2 .

This is the inequality (2.4.5). ��
We compare A (r,Ω) to T (r,Ω).

Lemma 2.4.2. Let f (z) be a meromorphic function in Ω(α,β ) (0 � α < β < 2π).
Then for ε > 0 we have

A (r,Ω) � eT (r)(1+(logT (r))1+ε),r �∈ F (2.4.6)

and
A (r,Ω) logr � T (r)(logT (r))1+ε ,r �∈ F̂ , (2.4.7)

where F has only finite logarithmic measure and
∫

F̂
dt

t log t <∞ and T (r) = T (r,Ω).

Proof. We establish (2.4.6) by using Corollary 1.1.1. Indeed, we have

A (r,Ω) �
[

log
(

1+
1

(logT (r))1+ε

)]−1 ∫ r+ r
(logT (r))1+ε

r

A (t,Ω)
t

dt

� (1+(logT (r))1+ε )T
(

r +
r

(logT (r))1+ε

)
� eT (r)(1+(logT (r))1+ε), r �∈ F.

Now to show (2.4.7). Set

F̂ = {r : A (r,Ω) logr > T (r)(logT (r))1+ε}.

Since dT (r)
dr r = A (r,Ω), for r ∈ F̂ we then have

dT (r)
dr

r logr > T (r)(logT (r))1+ε

and hence ∫
F̂

dt
t log t

<
∫

F̂

dT (t)
T (t)(logT (t))1+ε �

∫ ∞

1

dt
t(log t)1+ε < ∞.

Thus we complete the proof of Lemma 2.4.2. ��
Throughout this book, we mean by F( f ,Ω) the exceptional set F outside which

the inequality in Corollary 1.1.1 holds ω1 + hc = 1 for T (r,Ω). Then the F in
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Lemma 2.4.2 is F( f ,Ω). Where no confusion seems to be possible, we write F(Ω)
for F( f ,Ω) and F( f ) for F( f ,C). Now we can establish the main result of this
section.

Theorem 2.4.3. Let f (z) be a meromorphic function in Ω = Ω(α,β ) and
a1,a2, · · · ,aq be q distinct points on the extended complex plane Ĉ. Then for any
ε > 0 with 0 < ε < β−α

2 , we have

(q−2)T (r,Ωε) �
q

∑
v=1

N(r,Ω , f = av)+
2πh2

(q−2)ε
(logr)2

+H(r,Ω), (2.4.8)

where
(1) H(r,Ω) = T 1/2(r,Ω) logT (r,Ω)+O(logr), r �∈ F̂;
(2) H(r,Ω) = T 3/4(r,Ω) logT (r,Ω), r �∈ F.

Here Ωε = Ω(α + ε,β − ε) and F = F(Ω) is a set of finite logarithmic measure
and F̂ is a set with

∫
F̂

dt
t log t < ∞.

We shall call Theorem 2.4.3 the Ahlfors’ second main theorem in an angular
domain. The inequality (2.4.8) with (1) was attained by Zhang X. L. [40] and (2.4.8)
with (2) by the author [41] in a different way from that of Zhang [40] under the
assumption that T (r,Ω) > (logr)p, p > 2.

Proof. By reducing the islands D1,D2, · · · ,Dq to a1,a2, · · · ,aq in Theorem 2.4.2,
we can immediately deduce that for 1 < t � r,

(q−2)(A (t,Ωε )−A (1,Ωε )) �
q

∑
v=1

n(t,Ωε , f = av)+h[L(t,α + ε ,β − ε)

+L(t,α + ε)+L(t,β − ε)+L(1,α + ε ,β − ε)]

�
q

∑
v=1

n(t,Ω , f = av)+h[L(t,α,β )

+L(t,α + ε)+L(t,β − ε)+L(1,α,β )], (2.4.9)

where h is a constant depending only on {a1,a2, · · · ,aq}.
Now to proceed following Zhang [40] (also see [16]). Set

ψ(τ) = (q−2)(A (t,Ωτ )−A (1,Ω))

−
q

∑
v=1

n(t,Ω , f = av)−h(L(t,α,β )+L(1,α,β))

for fixed t. ψ(τ) is a decreasing function of τ and

dψ(τ)
dτ

= (q−2)
dA (r,Ωτ)

dτ

and in view of (2.4.9)
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ψ(τ) � h[L(t,α + τ)+L(t,β − τ)].

From the Schwarz inequality it follows that

(L(t,α + τ) + L(t,β − τ))2

� 2(L2(t,α + τ)+L2(t,β − τ))

� 2
∫ t

1

dρ
ρ

[∫ t

1
( f #(ρei(α+τ)))2ρdρ +

∫ t

1
( f #(ρei(β−τ)))2ρdρ

]
= −2π log t

dA (t,Ωτ)
dτ

= − 2π
q−2

log t
dψ(τ)

dτ
.

Assume that for a ε0 with 0 < ε0 < β−α
2 , we have ψ(ε0) > 0 and hence for

0 � τ � ε0, ψ(τ) > 0. Thus

ψ(τ)2 � −2h2π
q−2

log t
dψ(τ)

dτ
, namely, 1 � −2h2π

q−2
log t

ψ ′(τ)
ψ(τ)2 .

For 0 < ε � ε0, we achieve

ε =
∫ ε

0
dτ � −2h2π

q−2
log t

∫ ε

0

ψ ′(τ)
ψ(τ)2 dτ =

2h2π
q−2

log t
(

1
ψ(ε)

− 1
ψ(0)

)
so that

ψ(ε) <
2h2π

(q−2)ε
log t.

If ψ(ε) � 0, then the above inequality is still true and consequently for any ε with
0 < ε < β−α

2 , we have

(q−2)A (t,Ωε) �
q

∑
v=1

n(t,Ω , f = av)+hL(t,α,β )

+
2h2π

(q−2)ε
log t +O(1). (2.4.10)

By noticing that
∫ r

1
L(t,α,β )

t dt is exactly the form in the left side of (2.4.5), then it
follows by dividing t both sides of the inequality (2.4.10) and integrating them from
1 to r and from (2.4.5) that

(q−2)T (r,Ωε) �
q

∑
v=1

N(r,Ω , f = av)+h

√
β −α
π

A 1/2(r,Ω)(logr)1/2

+
2h2π

(q−2)ε
(logr)2 +O(logr). (2.4.11)
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Then in view of (2.4.7) we achieve (2.4.8) with (1).
Now we come to prove (2.4.8) with (2). Obviously, we can assume that T (r,Ωε )>

2πh2

(q−2)2ε (logr)2,r �∈ F(Ω), and then T (r) > 2πh2

(q−2)2ε (logr)2. In light of (2.4.6) we
have

A 1/2(r,Ω)(logr)1/2 �
√

2eT 1/2(r)(logT (r))(1+ε)/2(logr)1/2

�
√

2eKT 3/4(r)(logT (r))(1+ε)/2, (2.4.12)

for r �∈ F(Ω), where K =
√

q−2
h

4
√

ε
2π , and for all sufficient large r, we have

h

√
β −α
π

√
2eKT 3/4(r)(logT (r))(1+ε)/2 +O(logr) � T 3/4(r) logT (r).

Consequently, we attain our propose for F = [1,r0]∪F(Ω) and for some sufficient
large r0 by noticing that [1,r0]∪F(Ω) has also finite logarithmic measure. ��

We emphasize that (2.4.11) holds for all r. The following is a direct consequence
of Theorem 2.4.3.

Corollary 2.4.1. The same assumption as in Theorem 2.4.3 is given. Then for
an unbounded sequence {rn} of positive real numbers outside F( f ,Ω) such that
T (rn,Ω)/(logrn)2 → ∞ as n → ∞, we have

(q−2)T (r,Ωε ) �
q

∑
v=1

N(r,Ω , f = av)+o(T (r,Ω)), r = rn, as n → ∞. (2.4.13)

The proof of Corollary 2.4.1 is easily completed by employing the fact that for
all sufficient large rn, rn will be outside the set F in Theorem 2.4.3 and H(r,Ω) =
o(T (r,Ω)),r = rn → ∞.

In some sense, Theorem 2.4.3 is a generalization of Lemma 3 in [14] and Theo-
rem VII.3 in [31], which is stated as follows and which was used to deduce Theorem
3.1 of [14] for the case when T (r, f ) is of the slow growth.

Theorem 2.4.4. Let f (z) be meromorphic on the whole complex plane. Then for
any three distinct points a1,a2 and a3 on Ĉ and any small ε > 0, we have

T (r,Ωε) � 3
3

∑
v=1

N(2r,Ω , f = av)+O((logr)2),

where Ω = {z : α < argz < β} and Ωε = {z : α + ε < argz < β − ε}.

We think the inequality in Theorem 2.4.4 seems to be rude. Naturally, we wish
we would be able to drop “3” before the sum symbol and could consider q(� 3)
distinct values av.

The following is applicable in discussion of angular distribution of a meromor-
phic function dealing with small functions, which is Theorem VIII in [31].
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Theorem 2.4.5. Let f (z) and a j(z)( j = 1,2,3,4) be meromorphic functions in the
complex plane and

g(z) =
a1(z) f (z)+a2(z)
a3(z) f (z)+a4(z)

.

Consider an angle Ω(α,β ) with 0 < β −α � 2π , then for any ε > 0, we have

A (r,Ωε , f ) � 27A (64r,Ω ,g)+O
(∫ 128r

1

T (t,a)
t

dt
)

, (2.4.14)

where T (t,a) = ∑4
j=1 T (t,a j).

Next we establish an analogue for the Valiron-Mohon’ko theorem, which is
proved in [22].

Theorem 2.4.6. Let R(z) and Q(z) be two rational functions and f (z) be a mero-
morphic function on an angle Ω . Then

T (r,Ω ,R( f )) � KRT (r,Ω , f )

and if (R/Q)(∞) �= 1, and R(z)+Q(z) and R(z) have the same poles with the same
multiplicities, we have

T (r,Ω ,R( f )+Q( f )) � LR,Q(T (r,Ω ,R( f ))+T (r,Ω ,Q( f ))) (2.4.15)

for two positive constants KR depending only on R(z) and LR,Q on R(z) and Q(z).

Proof. We first of all prove the second inequality (2.4.15). Set τ = (R/Q)(∞),
g = R( f ) and h = Q( f ), and assume |τ | > 1. A simple calculation yields

(g+h)# � 1+ |g|2
1+ |g+h|2 g# +

1+ |h|2
1+ |g+h|2 h#. (2.4.16)

When |g| � d|h|, 1 < d < |τ |, we have |g+h| � |g|− |h| � d−1
d |g| � (d −1)|h| and

so

1+ |g|2
1+ |g+h|2 � 1+ |g|2

1+
( d−1

d

)2 |g|2
�
(

d
d −1

)2 1+ |g|2( d
d−1

)2
+ |g|2

�
(

d
d −1

)2

and
1+ |h|2

1+ |g+h|2 �
(

1
d −1

)2 1+ |h|2
(d −1)−2 + |h|2 � 1+

(
1

d −1

)2

.

When |g|� d|h|, then f (z) is bounded, that is, for some K > 0, | f (z)|� K. If R(z)∼
b

(z−a)m and Q(z) ∼ c
(z−a)n as z → a, then

1+ |R(z)|2
1+ |R(z)+Q(z)|2 ∼

(
b
c

)2

|z−a|2(n−m) for n > m;
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∼ 1 for n < m and ∼ ( b
b+c

)2
for n = m where b + c �= 0 for R(z) and R(z)+ Q(z)

have same poles with the same multiplicities. Thus for | f (z)| � K, we have

1+ |g|2
1+ |g+h|2 � K1

for a positive constant K1. It is easy to see that the poles of Q(z) must be ones of
R(z)+Q(z). Therefore,

1+ |h|2
1+ |g+h|2 � K2

for a positive constant K2.
We use the above estimations to (2.4.16) to obtain

((g+h)#)2 � K{(g#)2 +(h#)2}

for a positive constant K. Thus (2.4.15) follows.
In order to prove the first inequality in Theorem 2.4.6, we begin with one simple

case. For a non-zero complex number a and an integer k, we have

(a f k)# = |a||k| | f
k−1|(1+ | f |2)
1+ |a f k|2 f #

= |a|−1|k| | f |
k−1 + | f |k+1

1+ | f |2k
1+ | f |2k

|a|−2 + | f |2k f #

� max{|a|, |a|−1}|k| f #,

where we used the inequalities (| f |k−1−1)(| f |k+1−1) = | f |2k−(| f |k−1 + | f |k+1)+
1 � 0, and |a|−2 + x2 � 1 + x2 for |a| < 1; |a|−2 + x2 � |a|−2(1 + x2) for |a| � 1.
Thus

T (r,Ω ,a f k) � (max{|a|, |a|−1}|k|)2T (r,Ω , f ).

We write R(z) = P(z)
H(z) with two relatively prime polynomials P(z) and H(z), and

P(z) = apzp + · · ·+a1z+a0. Then in view of (2.4.15), we have

T (r,Ω ,R( f )) � L1

p

∑
k=0

T

(
r,Ω ,

ak f k

H( f )

)
= L1

p

∑
k=0

T

(
r,Ω ,

H( f )
ak f k

)

� L2

max{p,q}
∑
k=0

T (r,Ω , f k) � LT (r,Ω , f ),

where L1, L2 and L are constants and q = degH. We have attained the desired in-
equality. ��

If Ω = C, then we have known that the constant KR can be replaced by degR +
o(1) from Theorem 2.1.3, and (2.4.15) holds for R(z) and Q(z) on which no condi-
tions are imposed. Then it is an important question of whether we could replace KR
with degR+o(1) in Theorem 2.4.6.
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Finally, we conclude this section with discussion about relations between T (r,Ω)
and other characteristics for an angle. Obviously it suffices to reveal the relation be-
tween T (r,Ω) and Ṡα ,β (r, f ), from Lemma 2.2.1, Lemma 2.3.2 and Theorem 2.3.3.

Theorem 2.4.7. Let f (z) be a function meromorphic on Ω(α,β ). Then

Ṡα ,β (r, f ) � 2ω
T (r,Ω)

rω
+ω2

∫ r

1

T (t,Ω)
tω+1 dt

and for ε > 0

Ṡα,β (r, f ) � ω sin(ωε)
T (r,Ωε)

rω
+ω2 sin(ωε)

∫ r

1

T (t,Ωε )
tω+1 dt −ωT (1,Ωε).

Proof. It is obvious that Dα ,β (t) � πA (t,Ω) and Dα,β (t) � sin(ωε)πA (t,Ωε).
Thus in view of (2.2.12) and the formula for integration by parts, we have

Ṡα ,β (r, f ) � ω
∫ r

1

(
1

tω+1 +
tω−1

r2ω

)
A (t,Ω)dt

= ω
∫ r

1

(
1
tω

+
tω

r2ω

)
dT (t,Ω)

< 2ω
T (r,Ω)

rω
+ω2

∫ r

1

T (t,Ω)
tω+1 dt.

This implies the first desired inequality. The second desired inequality follows from
the following inequality

Ṡα,β (r, f ) � ω sin(ωε)
∫ r

1

(
1

tω+1 +
tω−1

r2ω

)
A (t,Ωε)dt

and the following estimation∫ r

1

(
1

tω+1 +
tω−1

r2ω

)
A (t,Ωε )dt

=
∫ r

1

(
1
tω

+
tω

r2ω

)
dT (t,Ωε )

= 2
T (r,Ωε)

rω
−
(

1+
1

r2ω

)
T (1,Ωε)+ω

∫ r

1

(
1

tω+1 − tω−1

r2ω

)
T (t,Ωε)dt

=
T (r,Ωε)

rω
+ω

∫ r

1

T (t,Ωε)
tω+1 dt −T (1,Ωε )

+
T (r,Ωε )

rω
− T (1,Ωε)

r2ω −ω
∫ r

1

tω−1

r2ω T (t,Ωε )dt

� T (r,Ωε)
rω

+ω
∫ r

1

T (t,Ωε)
tω+1 dt −T (1,Ωε ).

��
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2.5 Estimates of the Error Terms

In this section, we take into account the various error terms appearing in (2.1.14),
(2.2.6) and (2.3.5) and in other places, but the proofs of the coming results which
can be easily found in other books will be omitted.

It is crucial in the theory of value distribution of a meromorphic function to
estimate the error terms. Obviously, Theorems 2.1.4 and 2.1.5 make sense only if
S(D,a, f ) is less than T (D,a, f ). Indeed we wish that S(D,a, f ) = o(T (D,a, f )) as

D becomes larger and larger in the sense of inclusion. We knew that m
(

D,a, f (p)

f

)
is main ingredient of S(D,a, f ) and hence it suffices to compare m

(
D,a, f (p)

f

)
to

T (D,a, f ).
Let us begin with the case when D = {z : |z| < R}. The following is the lemma

for the logarithmic derivative for a disk (see Lemma 1.3 and Lemma 4.3 of [36]).

Lemma 2.5.1. Let f (z) be meromorphic in {z : |z|< R} (0 < R � +∞). If f (0) �= 0,
∞, then for 0 < r < ρ < R,

log+
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣ � 10log2+2log+ log+ 1
| f (0)| + log+ 1

r

+3log+ 1
ρ− r

+2log+ T (ρ , f )+ log+ r
δ (z)

,

where δ (z) is the distance of z from the zeros and poles of f , and for a positive
constant Cp,

m

(
r,

f (p)

f

)
< Cp

{
1+ log+ log+ 1

| f (0)| + log+ 1
r

+ log+ 1
ρ− r

+ log+ ρ + log+ T (ρ , f )
}

.

Lemma 2.5.1 is an improving version, due to Valiron [33], of the lemma for the
logarithmic derivative for a disk which was established by Nevanlinna and the final
inequality there was obtained for p > 1 by Hiong K. L. [20].

Applying the Poisson-Jensen formula (2.1.6) to f (k)(z)
f (z) yields the following result,

which was proved by Yang and Zhang [37] for k = 1.

Lemma 2.5.2. Let f (z) be meromorphic in {z : |z| < R} (0 < R � +∞). Then for
any positive integer k and 0 < r � t < R, we have

log

∣∣∣∣∣ f (k)(z)
f (z)

∣∣∣∣∣ � R+ r
R− r

m

(
R,

f (k)

f

)
− R− r

R+ r
m
(

R,
f

f (k)

)
− (R− t)2

R2 + t2 n(t, f (k) = 0)+ [n(R, f = 0)+ kn(R, f = ∞)] log
R+ r

H
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for z in {z : |z|� r} outside (γ), and (γ) is the set of the Boutroux-Cartan exceptional
disks for the zeros (counted with multiplicities) and poles (counted exactly k times)
of f in |z| < R and H.

Proof. Set D = {z : |z| < R}. For z ∈ D with |z| � r, we have

m

(
D,z,

f (k)

f

)
� R+ r

R− r
m

(
R,

f (k)

f

)

and

m
(

D,z,
f

f (k)

)
� R− r

R+ r
m
(

R,
f

f (k)

)
.

In view of (2.1.6), it is easy to get

N

(
D,z,

f (k)

f

)
−N

(
D,z,

f
f (k)

)

=
1

2π

∫
∂D

log
∣∣∣∣ f (ζ )

f (k)(ζ )

∣∣∣∣ ∂GD(ζ ,z)
∂n

ds+ log

∣∣∣∣∣ f (k)(z)
f (z)

∣∣∣∣∣
= N(D,z, f (k))+N

(
D,z,

1
f

)
−N(D,z, f )−N

(
D,z,

1
f (k)

)
= kN(D,z, f )+N

(
D,z,

1
f

)
−N

(
D,z,

1
f (k)

)
.

Let {an} be the sequence of zeros and poles of f (z) where zeros appear often ac-
cording to their multiplicities and poles are counted k times. Then we have

N
(

D,z,
1
f

)
+ kN(D,z, f ) = ∑

an∈D
GD(z,an)

� ∑
an∈D

log
R+ r
|z−an|

< [n(R, f = 0)+ kn(R, f = ∞)] log
R+ r

H

for z outside (γ). Let {bn} be the sequence of zeros of f (k)(z) appearing often ac-
cording to their multiplicities. It follows that
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N
(

D,z,
1

f (k)

)
= ∑

bn∈D
GD(z,bn) = ∑

bn∈D
log

∣∣∣∣ R2 −bnz
R(z−bn)

∣∣∣∣
= ∑

bn∈D

1
2

log
(

(R2 −|bn|2)(R2 −|z|2)
R2|z−bn|2 +1

)
� ∑

bn∈D

1
2

log
(

(R2 −|bn|2)(R2 −|z|2)
R2(|z|+ |bn|)2 +1

)
� ∑

bn∈D
log

R2 + |bn||z|
R(|z|+ |bn|)

= ∑
bn∈D

log
(

1+
(R−|z|)(R−|bn|)

R(|z|+ |bn|)
)

� ∑
bn∈D

(R−|z|)(R−|bn|)
R2 + |bn||z|

> n(t, f (k) = 0)
(R− t)2

R2 + t2 ,

where the inequality log(1+ x) � x
1+x has been used. In view of (2.1.6), we get

log

∣∣∣∣∣ f (k)(z)
f (z)

∣∣∣∣∣ = T

(
D,z,

f (k)

f

)
−T

(
D,z,

f
f (k)

)

= m

(
D,z,

f (k)

f

)
−m

(
D,z,

f
f (k)

)

+N

(
D,z,

f (k)

f

)
−N

(
D,z,

f
f (k)

)
.

This together with the above inequalities imply the desired inequality. ��
Thus employing the Borel Lemma 1.1.5, we straightly obtain the following con-

sequence of Lemma 2.5.1.

Corollary 2.5.1. Let f (z) be a meromorphic function in the complex plane. If f (z)
is of finite order, then the error terms appearing in Section 2.1

S(r, f ) = O(logr);

If f (z) is of infinite order, then

S(r, f ) = O(logr + logT (r, f )),

outside certain possible exceptional set E of r with finite measure, as r → ∞. Here
S(r, f ) = S({|z| < r},0, f ).
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Proof. When f (z) is of finite order, it is easily seen that logT (2r, f ) = O(logr).
Taking ρ = 2r in Lemma 2.5.1 yields the desired result for the case. Assume f (z) is
of infinite order. Taking ρ = r +1/T (r, f ) we have logT (ρ , f ) � logT (r, f )+ log2
for r �∈ E( f ) and in view of Lemma 1.1.5 we deduce our desired result. ��

Throughout this book, we mean by E( f ) the set appeared in Corollary 2.5.1.
Actually, E( f ) is determined by Borel Lemma 1.1.5 for T (r, f ) and hence we mean
by EΩ ( f ) the set which is determined for T (r,Ω , f ) in an angle Ω .

We remark that in order to prove Corollary 2.5.1 it is sufficient to show Corollary
2.5.1 for m

(
r, f ′

f

)
in the place of S(r, f ). The reason is that in terms of the result

for m
(

r, f ′
f

)
, we can prove that Corollary 2.5.1 holds for m

(
r, f (p)

f

)
and so does

for S(r, f ), whose proof will be provided below. Therefore, we emphasize that it is
crucial to estimate the first order logarithmic derivative, and this is also available
about the error terms associated with other characteristics.

Assume that Corollary 2.5.1 holds for m
(

r, f ′
f

)
in the place of S(r, f ). By induc-

tion, we assume that for p � 1

m

(
r,

f (p)

f

)
= O(logrT (r, f )),r �∈ E.

Now we consider the case for p+1. Since

T (r, f (p)) � N(r, f (p))+m(r, f )+m

(
r,

f (p)

f

)
� pN(r, f )+T (r, f )+O(logrT (r, f ))
� (p+1)T (r, f )+O(logrT (r, f )),r �∈ E,

we have

m

(
r,

f (p+1)

f

)
� m

(
r,

f (p+1)

f (p)

)
+m

(
r,

f (p)

f

)
� O(logrT (r, f (p)))+O(logrT (r, f ))
= O(logT (r, f )+ logr) (2.5.1)

for all but a set of r with finite measure.
It is important and interesting to seek a precise estimate of m

(
r, f (p)

f

)
. For the

detail discussion, the reader is refereed to Cherry and Ye’s book [3].
Another consequence of Lemma 2.5.1 is to be able to estimate the error term

Rα,β (r, f ) for the case of an angular domain in terms of T (r, f ) when the function
considered is meromorphic in the whole complex plane.
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Lemma 2.5.3. Let f (z) be a meromorphic function in the complex plane. For any
r < R,

Bα ,β

(
r,

f ′

f

)
� 4ω

rω
mα ,β

(
r,

f ′

f

)
and

Aα ,β

(
r,

f ′

f

)
� K

[(
R
r

)ω ∫ R

1

logT (t, f )
t1+ω dt + log

r
R− r

+ log
R
r

]
, (2.5.2)

where ω = π
β−α and K is a constant independent of r and R.

Furthermore, Rα,β (r, f ) = O(logT (r, f ) + logr), as r → ∞, possibly outside a
set of r with finite linear measure. If, in addition,

∫ ∞
1 t−ω−1 log+ T (t, f )dt < ∞, then

Rα,β (r, f ) = O(1).

Lemma 2.5.3 was established in [11]. As we did before Lemma 2.5.3, in view
of (2.5.2), we can estimate Aα ,β

(
r, f (p)

f

)
by the quantity in the right-side of (2.5.2)

with suitable K depending on p so that we can obtain the estimation of Rα,β (r, f )
stated in Lemma 2.5.3. However, whether or not can we estimate the error term
Rα,β (r, f ) in terms of Sα,β (r, f )? The difficulty we encounter is that generally on the
boundary of a domain in question, we cannot obtain an estimation of the derivative
(log f (z))′ in terms of log f (z). However, it is possible to establish such a estimation
of its derivative inside the domain in terms of the values of log f (z) on the bound-
ary, this is what the formula (2.1.2) presents and therefore it is possible to control
Rα,β (r, f ) in terms of Sα−δ ,β+δ (r, f ), which will be realized as follows.

Consider the upper half disk, that is, Ω(0,π ;R,0). Set Γ = ∂Ω(0,π;R,0). It is
easy from (2.1.2) and (2.1.19) to see that

log f (z) =
1

2πi

∫
Γ

log | f (ζ )|
(

1
ζ − z

− z
R2 −ζ z

− 1
ζ − z̄

+
z̄

R2 −ζ z̄

)
dζ

− ∑
|am|<R

Imam>0

log
[

R2 − āmz
R(z−am)

R(z− ām)
R2 −amz

]

+ ∑
|bm|<R

Imbm>0

log
[

R2 − b̄mz
R(z−bm)

R(z− b̄m)
R2 −bmz

]
+C(z̄), (2.5.3)

where C(z̄) is a function only in z̄. Find partial derivative of both sides of (2.5.3) in
z to obtain, by noting that f ′z(z) = f ′(z) as f (z) is analytic,
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f ′(z)
f (z)

=
1

2πi

∫
Γ

log | f (ζ )|
[

1
(ζ − z)2 − R2

(R2 −ζ z)2

]
dζ

− ∑
|am|<R

Imam>0

[
(am − ām)R2

(R2 −amz)(R2 − āmz)
+

(ām −am)
(z−am)(z− ām)

]

+ ∑
|bm|<R

Imbm>0

[
(bm − b̄m)R2

(R2 −bmz)(R2 − b̄mz)
+

(b̄m −bm)
(z−bm)(z− b̄m)

]
. (2.5.4)

Below we often use the following equality

(R2 −ζ z)2 −R2(ζ − z)2 = (R2 −ζ 2)(R2 − z2).

For −R � t � R and z = reiφ ∈Ω , we have∣∣∣∣ 1
(t − z)2 − R2

(R2 − tz)2

∣∣∣∣ =
∣∣∣∣ (R2 − t2)(R2 − z2)
(t − z)2(R2 − tz)2

∣∣∣∣
� 1

sin2 φ

(
1
t2 − 1

R2

)∣∣∣∣R2(R2 − z2)
(R2 − tz)2

∣∣∣∣
� 1

sin2 φ
R2 + r2

(R− r)2

(
1
t2 − 1

R2

)
. (2.5.5)

For z = reiφ and ζ = Reiθ , we then get∣∣∣∣ 1
(Reiθ − z)2 − R2

(R2 −Reiθ z)2

∣∣∣∣ =
∣∣∣∣ (R2 −ζ 2)(R2 − z2)
(ζ − z)2(R2 −ζ z)2

∣∣∣∣
� 2

R2 + r2

(R− r)4 sinθ . (2.5.6)

For R > 1 and |z| = r, employing (2.5.5) and (2.5.6), we estimate the integral in
(2.5.4) and have ∣∣∣∣ 1

2π i

∫
Γ

log | f (ζ )|
[

1
(ζ − z)2 − R2

(R2 −ζ z)2

]
dζ
∣∣∣∣

� 1
2

1
sin2 φ

R2 + r2

(R− r)2

[
A(R, f )+A

(
R,

1
f

)
+O(1)

]
+

1
2

R2(R2 + r2)
(R− r)4

[
B(R, f )+B

(
R,

1
f

)]
, (2.5.7)

for | log | f (ζ )|| � log+ | f (ζ )|+ log+ |1/ f (ζ )|.
Now we estimate the terms in the brackets in (2.5.4). It is obvious that∣∣∣∣ (am − ām)R2

(R2 −amz)(R2 − āmz)

∣∣∣∣� 2R
(R− r)2 .
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Thus using the above inequalities to (2.5.4) we have∣∣∣∣ f ′(z)
f (z)

∣∣∣∣ � 1
2sin2φ

(
R+ r
R− r

)4{
(A+B)

[
(R, f )+

(
R,

1
f

)]
+O(1)

}
+
[

n(R,Ω , f )+n
(

R,Ω ,
1
f

)]
2R

(R− r)2

+ ∑
|am|<R

Imam>0

[
1

|z−am| +
1

|z− ām|
]

+ ∑
|bm|<R

Imbm>0

[
1

|z−bm| +
1

|z− b̄m|
]
. (2.5.8)

Now we can establish the following result essentially about estimate of the error
term associated to the Nevanlinna characteristic for an angle.

Theorem 2.5.1. Let f (z) be a meromorphic function on Ω(α−ε ,β +ε) for ε > 0
and 0 < α < β < 2π . Then for R > r > 1

Aα ,β

(
r,

f ′

f

)
� K(log+ Sα−ε ,β+ε(R, f )+ logR+ log

R
R− r

+1) (2.5.9)

and

Bα,β

(
r,

f ′

f

)
� K

rω
(log+ Sα−ε,β+ε (R, f )+ logR+ log

R
R− r

+1). (2.5.10)

And furthermore

(A+B)α ,β

(
r,

f ′

f

)
� K(log+ Sα−ε,β+ε (r, f )+ logr +1) (2.5.11)

for r > 1 possibly except a set with finite linear measure.

Proof. For the simplicity, we assume that α − ε/2 = 0 and β + ε/2 = π , that is,
we consider the upper half plane, denoted by Ω0. To establish our desired result, we
need the following basic inequalities. For 0 < s < 1 and 1 < a < r, it is easy to see
that ∫ r

1

dt
|t −a|s =

1
1− s

(a−1)−s+1 +
1

1− s
(r−a)−s+1 � 2

1− s
r−s+1

and in view of (1.2.6), we therefore have
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1
log+ ∑

am∈Ω0

2
|teiα −am|s

dt
tω+1

� A log+

(
2
A ∑

am∈Ω0

∫ r

1

1
|t −|am||s

dt
tω+1

)
+ log2, A = ω(1− r−ω)

� A log+

(
2
A ∑

am∈Ω0

2
1− s

r1−s

)
+ log2

� K(logN + log+ r),

where N is the number of am in the above sum. In view of Lemma 2.2.2, setting
R̂ = 1

2 (R+ r), we have

n(R̂,Ω0, f = 0,∞) � R
R− R̂

∫ R

R̂

n(t,Ω0, f = 0,∞)
t

dt

� 2R
R− r

N(R,Ω0, f = 0,∞)

� 2R
R− r

Rω ′
(2ω ′ sin(ω ′ε/2))−1Cα−ε,β+ε(R, f = 0,∞),

where ω ′ = π
β−α+2ε .

From (2.5.8) and in view of Lemma 2.2.1 it follows that∫ r

1

1
tω

log+
∣∣∣∣ f ′(teiα)

f (teiα)

∣∣∣∣ dt
t

=
1
s

∫ r

1
log+

∣∣∣∣ f ′(teiα)
f (teiα)

∣∣∣∣s dt
tω+1

�
∫ r

1

[
4log

R̂+ r
R̂− r

+ log+ S0,π(R̂, f )+ log+ 2R̂
(R̂− r)2

+ log+ n(R̂,Ω0, f = 0,∞)
] dt

tω+1 +O(1)

+
1
s

∫ r

1
log+ ∑

am∈Ω0

2
|teiα −am|s

dt
tω+1

+
1
s

∫ r

1
log+ ∑

bm∈Ω0

2
|teiα −bm|s

dt
tω+1

� C1

[
log+ S0,π(R̂, f )+ log+ R+ log

R
R− r

+ log+ n(R̂,Ω0, f = 0,∞)+1
]

� C2

[
log+ Sα−ε ,β+ε(R, f )+ log+ R+ log

R
R− r

+ log+Cα−ε,β+ε(R, f = 0,∞)+1
]

� C3

[
log+ Sα−ε ,β+ε(R, f )+ log+ R+ log

R
R− r

+1
]
,
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where the inequality (∑a j)s � ∑as
j for positive numbers a j has been used.

Therefore in view of the definition of Aα,β (r, f ), we have

Aα ,β

(
r,

f ′

f

)
� ω

sπ

∫ r

1

1
tω

(
log+

∣∣∣∣ f ′(teiα)
f (teiα)

∣∣∣∣s + log+

∣∣∣∣∣ f ′(teiβ )
f (teiβ )

∣∣∣∣∣
s)

dt
t

� C4

[
logSα−ε,β+ε(R, f )+ logR+ log

R
R− r

+1
]
.

This has shown the inequality (2.5.9).
Now to prove (2.5.10). For 0 < d < 1, we have∫ 2π

0

dθ
|reiθ −a|d �

∫ 2π

0

dθ
|r sinθ |d =

4
rd

∫ π/2

0

dθ
sind θ

� 4
rd

(π
2

)d ∫ π/2

0

dθ
θ d =

2π
rd(1−d)

.

In view of (2.5.8) and the above inequality, it is easy to see that

Bα ,β

(
r,

f ′

f

)
� 2ω

dπrω

∫ β

α
log+

∣∣∣∣ f ′(reiθ )
f (reiθ )

∣∣∣∣d dθ

� K1
2ω

dπrω

[
log+ Sα−ε,β+ε(R, f )+ log+ R+ log

R
R− r

+1
]

+
2ω

dπrω

∫ β

α
log+ ∑

am∈Ω0

2
|reiθ −am|d dθ

+
2ω

dπrω

∫ β

α
log+ ∑

bm∈Ω0

2
|reiθ −bm|d dθ

� K2
2ω

dπrω

[
log+ Sα−ε,β+ε(R, f )+ log+ R+ log

R
R− r

+1
]
.

This is (2.5.10).
Thus (2.5.11) follows from Lemma 2.2.1 which asserts that Sα ,β (r, f ) is increas-

ing up to a bounded quantity, and the Borel Lemma 1.1.5. ��
About the error terms for Tsuji characteristic, we have the following result, which

can be proved by the method similar to the proof of Theorem 2.5.1 to some extent
(see [11]). In this case it is the disk {z : |z− 1

2 iR| < 1
2 R} that is considered in our

implication and crucially, the disks for different R have the common frontier only at
the origin.

Lemma 2.5.4. Assume that f (z) is a meromorphic function in Ω(α,β ). Then for
0 < r < R, we have

mα ,β

(
r,

f (p)

f

)
� K

[
log+ Tα ,β (R, f )+ log

R
R− r

+1
]
.
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Furthermore, Qα ,β (r, f ) = O(logr + log+ Tα,β (r, f )) as r →∞ possibly except a
set of r with finite linear measure.

However we should mention that the error term appeared in Theorem 2.3.1 satis-
fies instead Qα,β (r, f ) = O(logr)+o(Tα,β (r, f )) as r → ∞ possibly except a set of
r with finite linear measure, because we consider there small functions as targets.

2.6 Characteristic of Derivative of a Meromorphic Function

When f (z) is a meromorphic function in a domain, it is easy to see that f (p)(z), the
pth order derivative of f (z), is also a meromorphic function in the same domain.
Then we can consider various characteristics of f (p)(z). In this section, we mainly
compare characteristics of a meromorphic function with those of its derivative. In
view of the basic inequality of the proximate function (consult the paragraph before
Theorem 2.1.2) and Lemma 2.5.1, for τ > 1 we immediately get

T (r, f (p)) � N(r, f (p))+m(r, f )+m

(
r,

f (p)

f

)

= pN(r, f )+T (r, f )+m

(
r,

f (p)

f

)
� (p+1)T (r, f )+Kτ ,p[log+ T (τr, f )+ log+ r +1], (2.6.1)

where Kτ ,p is a positive constant.
On the other hand, we have the following Chuang’s inequality when p = 1.

Theorem 2.6.1. Let f (z) be a meromorphic function in {z : |z|< R} with f (0) �=∞.
Then for τ > 1 and 0 < r < τ−1R, we have

T (r, f ) <CτT (τr, f (p))+
p(p+1)

2
log+(2τr)+

p−1

∑
j=0

log+ | f ( j)(0)|+ log2p, (2.6.2)

where Cτ is a positive constant.

Proof. We shall use Lemma 2.1.3 to complete our proof. Set R̃ = R+r
2 and h = R−r

12e .
Application of Lemma 2.1.3 to f (p) yields

log+ | f (p)(z)| �
(

R̃+ρ
R̃−ρ

+
(

log
R
R̃

)−1

log
R̃
h

)
T (R, f (p))

�
[

5R+7r
R− r

+
2R

R− r

(
log6e+ log

R+ r
R− r

)]
T (R, f (p)) (2.6.3)

for z �∈ (γ) with |z|= ρ � R+2r
3 by noticing that log

(
1+ R−r

R+r

)
> R−r

2R . We denote the
coefficient of T (R, f (p)) in (2.6.3) by K below for simplification of statement.
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It is obvious that we can find a ρ between r and R+2r
3 such that {z : |z| = ρ}∩

(γ) = ∅. Take a fixed point z0 �∈ (γ) with |z0| < R−r
2 and set z1 = ρeiargz0 �∈ (γ).

From the segment z0z1 we construct a curve Γ by replacing the parts of z0z1 lying in
(γ) with the minor arcs of two parts of the circles which are cut into by z0z1. Then
the length of Γ does not exceed ρ + π

2 eh < 2R. We have (2.6.3) for all z ∈ Γ .
In view of the formula for the integration by parts, we have for |z| = ρ

f (z) =
1

(p−1)!

∫ z

z0

(z−ζ )p−1 f (p)(ζ )dζ +
p−1

∑
j=0

f ( j)(z0)
j!

(z− z0) j, (2.6.4)

where the path, denoted by ẑ0z, of the integral is from z0 to z1 alongΓ and then from
z1 to z along |z| = ρ . For simplification of statement, we use H to denote the sum of
the second term in the right side of the above equation. Then we have

log+ |H| �
p−1

∑
j=0

log+ | f ( j)(z0)|+ p(p−1)
2

log+(2R)+K1

for a positive constant K1.
We estimate the module of the integral∣∣∣∣∫ z

z0

(z−ζ )p−1 f (p)(ζ )dζ
∣∣∣∣ �

∫ z

z0

|z−ζ |p−1| f (p)(ζ )||dζ |

� max
ζ∈ẑ0z

| f (p)(ζ )|
∫ z

z0

|z−ζ |p−1|dζ |

� max
ζ∈ẑ0z

| f (p)(ζ )|(2R)p−1
∫ z

z0

|dζ |

� max
ζ∈ẑ0z

| f (p)(ζ )|(2R)p.

Therefore on |z| = ρ in virtue of (2.6.4) and (2.6.3) we have

log+ | f (z)| � KT (R, f (p))+ p log+(2R)+ log+ |H|+ log2,

and so

T (r, f ) � m(ρ , f )+N(ρ , f )

� N(R, f (p))+KT (R, f (p))+ p log+(2R)+ log2+ log+ |H|
� (1+K)T (R, f (p))+

p(p+1)
2

log+(2R)

+
p−1

∑
j=0

log+ | f ( j)(z0)|+K1 + log2. (2.6.5)

Since f (0) �= ∞, we can choose z0 = 0. Letting R = τr in (2.6.5) immediately de-
duces (2.6.2) from the above inequality. ��
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Furthermore in view of Corollary 1.1.1 and from (2.6.5) we can establish the
following, which is essentially due to Edrei and Fuchs [8].

Theorem 2.6.2. Let f (z) be a transcendental meromorphic function. Then for a
ε > 0

T (r, f ) < (logT (r, f (p)))1+εT (r, f (p)) (2.6.6)

possibly outside a set of r with finite logarithmic measure.

Proof. Set

R = reα(r), α(r) = (logT (r, f (p)))−1−ε̄ , 0 < ε̄ < ε .

Assume that T (r, f (p)) > e for r � r0 and so 0 < α(r) < 1. Then

5R+7r
R− r

= 5+
12r

R− r
< 5+

12
α(r)

= 5+12(logT (r, f (p)))1+ε̄

and

log
R+ r
R− r

= log
eα(r) +1
eα(r)−1

� log(e+1)− logα(r)

= log(e+1)+(1+ ε̄) log logT (r, f (p))

so that for K appeared in the proof of Theorem 2.6.1 we have

K +1 � C log logT (r, f (p))(logT (r, f (p)))1+ε̄ � 1
2e

(logT (r, f (p)))1+ε

for 0 < ε̄ < ε and all sufficiently large r and for some constant C > 0.
From Corollary 1.1.1 with c = 1 it follows that

T (R, f (p)) � eT (r, f (p))

for all r possibly outside a set E with finite logarithmic measure. Now in view of
(2.6.5) we have

T (r, f ) � (K +1)eT (r, f (p))+
p(p+1)

2
(log+ r +α(r))+O(1)

� 1
2
(logT (r, f (p)))1+εT (r, f (p))+

p(p+1)
2

(log+ r +1)+O(1)

� (logT (r, f (p)))1+εT (r, f (p)),

for all sufficiently large r �∈ E, where we have used the fact that logr = o(T (r, f (p)))
as r → +∞. This is (2.6.6). ��

We mean by a Pólya peak sequence of its Nevanlinna characteristic the Pólya
peak sequence of a meromorphic function. Yang Lo posed a problem on existence
of common Pólya peak sequences of a meromorphic function with finite lower order



2.6 Characteristic of Derivative of a Meromorphic Function 89

and its derivatives. This problem is still open, however we have the following in
virtue of the Chuang’s inequality (2.6.2).

Theorem 2.6.3. Assume that f (z) is a transcendental meromorphic function with
finite lower order. Then there exist a sequence of positive numbers which is common
relaxed Pólya peaks of order β of f and f ( j) for positive integer j and μ( f ) � β �
λ ( f ).

Proof. Let {rn} be a sequence of Pólya peak for T (r, f ). It is easy to see that
{2rn} is a sequence of relaxed Pólya peak for T (r, f ). Now we prove that {2rn} is a
sequence of relaxed Pólya peak for T (r, f ( j)). Actually, in view of Definition 1.1.1
we have for r′n � t � r′′n

T (t, f ( j)) � ( j +1)T (t, f )+O(log tT (2t, f ))

� K1

(
t
rn

)β
T (rn, f )

� K1

(
t
rn

)β
K2T (2rn, f ( j))

and the same argument yields 4) in Definition 1.1.1 for {2rn}.
Thus we complete the proof of Theorem 2.6.3. ��
Here the order and lower order of a transcendental meromorphic function mean

those of its Nevanlinna characteristic. The type function of a meromorphic function
is defined as that of its Nevanlinna characteristic. It is not difficult to see that a
meromorphic function and its derivatives can have the same type functions up to a
positive constant.

The following is due to Hayman and Miles [17].

Theorem 2.6.4. Let f (z) be a meromorphic function in the complex plane. Then
for a given K > 1, there exists a set M(K) with logdensM(K) � δ (K), δ (K) =
min{(2eK−1 −1)−1, (1+ e(K −1))exp(e(1−K))}, such that

limsup
r→+∞

r �∈M(K)

T (r, f )
T (r, f (p))

� 3eK. (2.6.7)

If f (z) is entire, the bound 3eK in (2.6.7) can be replaced by 2eK.

Here let us outline the proof of Theorem 2.6.4, and the reader is referred to Hay-
man and Miles [17] for the detail. It was first proved that for a positive function
T (r) with the positive continuous first and second order derivatives and for K > 1,
there exists a set M(K) with logdensM(K) � δ (K) appearing in Theorem 2.6.4 such
that for r �∈ M(K), we have a ρ ∈ (1,r) with ρT ′(ρ) � T (r)

eK logr/ρ . Using this to the
Ahlfors-Shimizu characteristic T (r, f ) implies that

A (ρ , f ) � T (r, f )
eK logr/ρ

. (2.6.8)
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To establish relation between f (z) and f (p)(z), we need a lemma of Hall and
Ruscheweyh [15] which says that for a closed analytic curve Γ (t), a � t � b, with
Γ ′(t) �= 0, we have ∫

Γ
|dφ | �

∫
Γ
|dψ|, (2.6.9)

where for a fixed point P0 �∈Γ (t) and a fixed ray L starting from P0, ψ and φ are the
angles made respectively by the tangent vector to Γ at a point P ∈ Γ and the radius
vector

−→
P0P with L.

Consider the curveΓ (θ)= f (ρeiθ ), 0 � θ � 2π , with f (ρeiθ ) �=∞ and f ′(ρeiθ ) �=
0. For an arbitrary complex number a with f (ρeiθ ) �= a, i.e., a �∈ Γ , and the ray L
starting from a paralleling to the positive real axis, we have ψ(θ) = argΓ ′(θ) and∫

Γ
|dψ | =

∫ 2π

0

∣∣∣∣ d
dθ

argΓ ′(θ)
∣∣∣∣dθ .

Let us calculate d
dθ argΓ ′(θ). First we have Γ ′(θ ) = iρeiθ f ′(ρeiθ ) and then

d
dθ

argΓ ′(θ) = Im
d

dθ
logΓ ′(θ) = Im

Γ ′′(θ )
Γ ′(θ )

= 1+Re
ρeiθ f ′′(ρeiθ )

f ′(ρeiθ )
,

whence ∫
Γ
|dψ | =

∫ 2π

0

∣∣∣∣1+Re
ρeiθ f ′′(ρeiθ )

f ′(ρeiθ )

∣∣∣∣dθ . (2.6.10)

It is obvious that φ(θ) = arg(Γ (θ)−a) and

d
dθ

arg(Γ (θ)−a) = Im
Γ ′(θ)

Γ (θ)−a
,

and therefore we have ∫
Γ
|dφ | =

∫ 2π

0

∣∣∣∣Re
ρeiθ f ′(ρeiθ )
f (ρeiθ )−a

∣∣∣∣dθ . (2.6.11)

Then combining (2.6.9), (2.6.10) and (2.6.11) deduces

1
2π

∫ 2π

0

∣∣∣∣Re
ρeiθ f ′′(ρeiθ )

f ′(ρeiθ )

∣∣∣∣dθ � 1
2π

∫ 2π

0

∣∣∣∣Re
ρeiθ f ′(ρeiθ )
f (ρeiθ )−a

∣∣∣∣dθ −1.

Generally it follows from the above step that

1
2π

∫ 2π

0

∣∣∣∣∣Re
ρeiθ f (p+1)(ρeiθ )

f (p)(ρeiθ )

∣∣∣∣∣dθ � 1
2π

∫ 2π

0

∣∣∣∣Re
ρeiθ f ′(ρeiθ )
f (ρeiθ )−a

∣∣∣∣dθ − p. (2.6.12)

To estimate the left-side integral in (2.6.12) we need the following result, which
is Lemma 4 of [17], that for a meromorphic function h(z) in |z| < r with h(z) ∼ czq

as z → 0 for some c �= 0, we have for 1 < ρ < r
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1
2π

∫ 2π

0

∣∣∣∣Re
ρeiθh′(ρeiθ )

h(ρeiθ )

∣∣∣∣dθ � 2T (r,h)− log |c|
log(r/ρ)

. (2.6.13)

Since A (ρ , f ) is an average of n(ρ , f = a) in a, with the help of (2.6.12) and
(2.6.13) we can get an a such that

A (ρ, f ) � n(ρ , f = a) = n(ρ , f = ∞)+n(ρ , f = a)−n(ρ , f = ∞)

= n(ρ , f = ∞)+
1

2π i

∫
|z|=ρ

f ′(z)
f (z)−a

dz

= n(ρ , f = ∞)+
1

2π

∫ 2π

0

ρeiθ f ′(ρeiθ )
f (ρeiθ )−a

dθ

� n(ρ , f = ∞)+
1

2π

∫ 2π

0

∣∣∣∣Re
ρeiθ f ′(ρeiθ )
f (ρeiθ )−a

∣∣∣∣dθ
� n(ρ , f = ∞)+

1
2π

∫ 2π

0

∣∣∣∣∣Re
ρeiθ f (p+1)(ρeiθ )

f (p)(ρeiθ )

∣∣∣∣∣dθ + p

� n(ρ , f = ∞)+
2T (r, f (p))− log |c|

log(r/ρ)
+ p.

Thus by noting that n(ρ , f = ∞) log r
ρ � N(r, f ) and from (2.6.8), we have

T (r, f ) < eK
(

n(ρ , f = ∞) log
r
ρ

+2T (r, f (p))− log |c|+ p log
r
ρ

)
< eK{[2+o(1)]T (r, f (p))+N(r, f )}
� eK[3+o(1)]T (r, f (p)).

This produces (2.6.7).
Now we compare the characteristics of a meromorphic function and its derivative

in an angular domain. By means of Theorem 2.2.1, we establish the following

Theorem 2.6.5. Let f (z) be a meromorphic function in Ω(α,β ). Then for τ > 1
and a natural number p, we have

Sα+δ ,β−δ (r, f ) � K(Sα,β (τr, f (p))+ log+ r +1), (2.6.14)

where δ is such that 0 < 2δ < β −α and K is a constant only depending on τ ,δ ,α
and β .

Proof. Set σ =
√
τ . For 1 � t � r, in view of Theorem 2.2.1 for R = τr and

R0 = σt, we have for z = teiθ ∈Ωδ/3 \ (γ)

log+ | f (p)(z)| � Ktω1(Sα ,β (τr, f (p))+1), (2.6.15)

where ω1 = π
β−α−2δ/3 and here and below K stands for a positive constant indepen-

dent of t and it may not be same at each occurrence. From (2.6.4) it follows that for
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z = teiθ ∈Ωδ/3 \ (γ),

log+ | f (z)| � Ktω1(Sα,β (τr, f (p))+ logr +1). (2.6.16)

We can assume that (2.6.16) holds on the boundary of Ω(α + δ ,β − δ ;r) for
Sα+δ ,β−δ (r, f ) is decreasing in δ and increasing in r up to a bounded quantity.
Employing (2.6.16), noting ω1 < ω̃ = π

β−α−2δ and in view of the definition of
Aα,β (r, f ), we have

Aα+δ ,β−δ (r, f ) � K(Sα ,β (τr, f (p))+ logr +1)
ω̃
π

∫ r

1

(
1
tω̃

− tω̃

r2ω̃

)
tω1

dt
t

<
ω̃

π(ω̃−ω1)
K(Sα ,β (τr, f (p))+ logr +1)

and in view of the definition of Bα ,β (r, f )

Bα+δ ,β−δ (r, f ) � K(Sα ,β (τr, f (p))+ logr +1)
2ω̃
πrω̃

rω1

∫ β−δ

α+δ
sin ω̃(θ −α−δ )dθ

� K(Sα ,β (τr, f (p))+ logr +1).

In view of Lemma 2.2.1 we estimate

Cα+δ ,β−δ (r, f ) � Cα+δ ,β−δ (r, f (p))

� Sα+δ ,β−δ (r, f (p))

� K(Sα ,β (τr, f (p))+1).

Thus we have completed the proof of Theorem 2.6.5. ��
Finally, we come to the case of the Tsuji characteristic and to establish an analogy

of Theorem 2.6.5 for the Tsuji characteristic.

Theorem 2.6.6. Let f (z) be a meromorphic function in Ω(α,β ). Then for τ > 1
and a natural number p, we have

Tα+δ ,β−δ (r, f ) � K(Tα ,β (στr, f (p))+ logr +1), (2.6.17)

where σ > 1 depends on δ , δ is such that 0 < 2δ < β −α and K is a constant only
depending on τ ,δ ,α and β .

Proof. The inequality (2.6.17) we intend to prove follows directly from the impli-
cation
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Tα+δ ,β−δ (r, f ) = Ṫα+δ ,β−δ (r, f )+O(1) (by Lemma 2.3.2)

< Ṡα+δ ,β−δ (r, f )+O(1) (by Theorem 2.3.3)
= Sα+δ ,β−δ (r, f )+O(1) (by Lemma 2.2.1)

� K0(Sα+δ/2,β−δ/2(τr, f (p))+ logr +1) (by Theorem 2.6.5)

� K1(Ṫα ,β (στr, f (p))+ logr +1) (by Theorem 2.3.3)

= K(Tα ,β (στr, f (p))+ logr +1).

��
There is a problem which is worth to discuss. Could we have the inequality

(2.6.17) with Tα,β (r, f ) in the place of Tα+δ ,β−δ (r, f )?

2.7 Meromorphic Functions in an Angular Domain

Let f (z) be a transcendental meromorphic function. The lower order μ and the or-
der λ of f (z) are defined to be respectively those of the monotone increasing real
function T (r, f ). In view of Lemma 2.1.3, if f (z) is entire, then the order and lower
order of T (r, f ) and logM(r, f ) coincide.

If f (z) is a meromorphic function in an angular domainΩ =Ω(α,β ), then define
the lower order and order of f (z) in Ω respectively by

μΩ = μΩ ( f ) = liminf
r→∞

logT (r,Ω , f )
logr

and

λΩ = λΩ ( f ) = limsup
r→∞

logT (r,Ω , f )
logr

.

Sometimes, we also write μα ,β and λα ,β for μΩ and λΩ in the context. In view of
(2.4.2), the definition of order in an angular domain is reasonable in the point of
view of the case of the complex plane.

We say f (z) to be transcendental (in the Ahlfors-Shimizu’s sense) in Ω if
T (r,Ω , f )/ logr → ∞ (r → ∞). We make a remark on the transcendental defini-
tion in an angular domain. It is well-known that a meromorphic function on C is
transcendental if and only if T (r, f )/ logr → ∞ as r → ∞ and so the transcendental
definition in an angular domain is compatible with that on the complex plane. How-
ever, a transcendental meromorphic function assumes infinitely often all but at most
two values on Ĉ, while we cannot confirm the result for a transcendental meromor-
phic function in an angular domain. In terms of Theorem 2.4.4, the result holds if
limsupr→∞T (r,Ω , f )/(logr)2 = ∞.

Define

ρΩ (a) = ρΩ ( f ;a) = limsup
r→∞

logN(r,Ω , f = a)
logr

,
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which is called convergent exponent of a-value points of f (z) in Ω , and then an a ∈
Ĉ is called a Borel exceptional value of f (z) in Ω provided that ρΩ ( f ;a) < λΩ ( f ).

We can obtain the following result which is a version of the Borel Theorem for
an angular domain.

Theorem 2.7.1. Let f (z) be a transcendental and meromorphic function in
Ω(α,β ). Set

λ (ε) = limsup
r→+∞

logT (r,Ωε , f )
logr

� λΩ ( f ).

Then there exist at most two a ∈ Ĉ such that ρΩ ( f ;a) < lim
ε→0

λ (ε).

Proof. Suppose on contrary that there exist three a ∈ Ĉ such that ρΩ ( f ;a) <
lim
ε→0

λ (ε). Then we have a ε0 > 0 with λ (ε0) > ρΩ ( f ;a) for these three a and λ (ε)
is continuous at ε0 > 0. It follows from (2.4.8) with (2) for Ωε0 and ε > ε0 that

λ(ε) � max{max
a

{ρΩ ( f ;a)}, 3
4
λ (ε0)}.

This derives a contradiction by letting ε → ε0, from which the proof of Theorem
2.7.1 is completed. ��

Here we do not know if lim
ε→0

λ (ε) = λΩ ( f ).

We consider the inverse of Theorem 2.7.1. This leads us to ask a question

Question 2.7.1. Should we have λΩ ( f ) � λ if ρΩε ( f ;a) � λ for three distinct
points a in Ĉ?

From the definition of the Nevanlinna characteristic for a disk and the first fun-
damental theorem it is natural to control N(r, f = a) in terms of T (r, f ), indeed we
have N(r, f = a) � T (r, f )+O(1) = T (r,C, f )+O(1). Thus Question 2.7.1 is true
for Ω = C. However, we have no such inequality for the case of an angular domain
and hence we propose a question:

Question 2.7.2. Does

limsup
r→∞

N(r,Ω , f = a)
T (r,Ω , f )

< ∞ (2.7.1)

or

liminf
r→∞

N(r,Ω , f = a)
T (r,Ω , f )

< ∞ (2.7.2)

hold for a ∈ C possibly outside a set of a with measure zero?

The following is available to these two questions to a certain extent.

Theorem 2.7.2. Let f (z) be a transcendental and meromorphic function in
Ω(α,β ). Then



2.7 Meromorphic Functions in an Angular Domain 95

N(r,Ωε , f = a)
rω

+
∫ r

1

N(t,Ωε , f = a)
tω+1 dt

� K
(

T (r,Ω , f )
rω

+
∫ r

1

T (t,Ω , f )
tω+1 dt

)
+O(1)

and

N(r,Ωε , f = a)
rω

+
∫ r

1

N(t,Ωε , f = a)
tω+1 dt � K

∫ kr

1

T (t,Ω , f )
tω+1 dt +O(1)

for a ε > 0 and for a k > 1 and a constant K > 1 only depending on ε , ω and k.

Proof. According to the definition of Ṡα,β (r, f ), by the formula for integration by
parts, we have

Ṡα ,β (r, f ) � 1
π

∫ r

1

∫ β

α

(
1
tω

− tω

r2ω

)
( f �(teiθ ))2tdtdθ

=
∫ r

1

(
1
tω

− tω

r2ω

)
dA (t,Ω)

< ω
∫ r

1

(
1

tω+1 +
tω−1

r2ω

)
A (t,Ω)dt

< 2ω
∫ r

1

A (t,Ω)
tω+1 dt

< 2ω
T (r,Ω)

rω
+2ω2

∫ r

1

T (t,Ω)
tω+1 dt.

On the other hand, in view of Lemma 2.2.1 and Lemma 2.2.2 in turn it follows
that

Ṡα ,β (r, f ) = Sα ,β (r, f )+O(1)
� Cα ,β (r, f = a)+O(1)

� 2ω sin(ωε)
N(r,Ωε , f = a)

rω

+2ω2 sin(ωε)
∫ r

1

N(t,Ωε , f = a)
tω+1 dt +O(1).

Combination of above two inequalities yields the first desired inequality, and the
second one follows from the first inequality and the following inequality∫ kr

1

T (t,Ω , f )
tω+1 dt �

∫ kr

r

T (t,Ω , f )
tω+1 dt � 1

ω

(
1− 1

kω

)
T (r,Ω , f )

rω
.

��
The second inequality in Theorem 2.7.2 was proved in Tsuji’s book [31] in a

different method. In view of Lemma 1.1.2 we have the following consequence of
Theorem 2.7.2.
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Corollary 2.7.1. Let f (z) be as in Theorem 2.7.2. If

liminf
r→∞

T (dr,Ω)
T (r,Ω)

> dω (2.7.3)

for some d > 1, then
N(r,Ωε , f = a) � KT (r,Ω)

for a constant K > 1 only depending on ε and ω .

The proof of this corollary can be completed by using the first inequality in The-
orem 2.7.2 and then by noticing that T (r,Ω) satisfies the condition of Lemma 1.1.2
which is used to estimate the integral in the first inequality.

We remark that the inequality (2.7.3) implies that the lower order μΩ ( f ) > ω . In
fact, from (2.7.3) we can assume that for all natural number n and some δ > 0

T (dn,Ω) � dn(ω+δ )T (1,Ω).

Then for r > d we have dn � r < dn+1 for some n, and

T (r,Ω) � T (dn,Ω) � dn(ω+δ )T (1,Ω) � d−ω−δT (1,Ω)rω+δ .

This implies that μΩ ( f ) � ω +δ .

Theorem 2.7.3. If for some a ∈ Ĉ, ρΩε (a) >ω , then for all but at most two values
of b ∈ Ĉ, we have

ρΩ (b) � ρΩε (a).

Proof. Under the assumption that ρΩε (a) >ω , we choose a ω < ρ < ρΩε (a). From
Theorem 2.7.2 it follows that

N(r,Ωε , f = a)
rρ

� Krω−ρ
∫ kr

1

T (t,Ωε/2, f )
tω+1 dt +O(1)

� Kkρ−ω
∫ kr

1

T (t,Ωε/2, f )
tρ+1 dt +O(1),

where we have used the inequality

rω−ρ

tω
=
( t

r

)ρ−ω 1
tρ

� kρ−ω
1
tρ

.

Since the quantity in the left side is unbounded, we have∫ ∞

1

T (t,Ωε/2, f )
tρ+1 dt = ∞

and hence in view of Lemma 1.1.1, λΩε/2( f ) � ρ >ω . Letting ρ → ρΩε (a)− imme-
diately implies that λΩε/2( f ) � ρΩε (a). Thus we complete our proof by employing
Theorem 2.7.1. ��
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It is natural to ask if the condition “ρΩε (a) > ω” could be removed in Theorem
2.7.3. The question is true for Ω = C, while the example constructed in Hayman
and Yang [19] asserts that this question is not always true (for the detail see Theo-
rem 2.7.10 in the sequel). Then what condition imposed on suffices to confirm this
question? We shall confirm this question if f (z) is a transcendental meromorphic
solution of a linear differential equation with polynomial coefficients in Chapter 3.
Here we establish the following

Theorem 2.7.4. Assume that for two distinct ai ∈ Ĉ (i = 1,2) with 0 < ρΩε (ai) �
ω , n(r,Ωε , f = ai) have a sequence of common (relaxed) Pólya peaks with order
ρΩε (ai) > 0. Then for all but at most two values of b ∈ Ĉ, we have

ρΩ (b) � ρ = min
i
{ρΩε (ai)}.

Proof. Let {rn} be a sequence of common (relaxed) Pólya peaks of n(r,Ωε , f
= ai) (i = 1,2) with order ρΩε (ai) > 0 (When the relaxed Pólya peak is considered,
we need to replace 2 with a large positive number in the below statement). Then

n(rn/2,Ωε , f = ai) � (1+o(1))2−ρn(rn,Ωε , f = ai)

and so for large n and some d > 1, we have

n(rn,Ωε , f = ai) > dn(rn/2,Ωε , f = ai), i = 1,2.

Now suppose on the contrary that there exist three distinct values bi, i = 1,2,3,
such that for some ρ0 < ρ and for all large r,

N(r) =
3

∑
i=1

n(r,Ω , f = bi) < rρ0 .

Consider the closed domain Ω̂n =Ω ∩{z : rn/20 � |z|� 20rn}. It is easy to see that
we can use a finite number of disks to cover the domain Ωn =Ωε ∩{z : rn/2 � |z|�
2rn} and the number of these disks is independent of n and the disks enlarged by
five time still lie in Ω̂n.

Take a ρ1 with ρ0 < ρ1 < ρ . The following inequalities are taken into account
provided that n is sufficiently large. Assume that for some z0 ∈Ωn \ (γ)a1 , we have

log
1

| f (z0),a1| � rρ1
n .

Employing Theorem 2.1.7 yields that for each z ∈ Ωn \ (γ) and some positive con-
stant K1, log 1

| f (z),a1| � K1rρ1
n . Thus for each z ∈Ωn \ (γ)

log
1

| f (z),a2| � log
2

|a1,a2| .

Now we apply Lemma 2.1.7 to obtain
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n(Ωn, f = a2) � K2rρ1
n .

An absurd inequality is derived as follows:

n(Ωn, f = a2) � n(rn,Ωε , f = a2)−n(rn/2,Ωε , f = a2)

� d −1
d

n(rn,Ωε , f = a2)

� rρ+o(1)
n

� K−1
2 rρ−ρ1+o(1)

n n(Ωn, f = a2),

for K−1
2 rρ−ρ1+o(1)

n → ∞ as n → ∞.

Therefore we obtain that for z ∈ Ωn \ (γ)a1 , log 1
| f (z),a1| � rρ1

n . In this case, em-
ploying Lemma 2.1.7 yields

n(Ωn, f = a1) � K3rρ1
n .

The same argument as in above can derive an absurd inequality. Thus we complete
the proof of Theorem 2.7.4. ��

If there exists a K > 1 such that

K−1n(r,Ωε , f = a1) � n(r,Ωε , f = a2) � Kn(r,Ωε , f = a1),

then n(r,Ωε , f = ai) (i = 1,2) have a sequence of common relaxed Pólya peaks with
order ρ = ρΩε (a1) = ρΩε (a2).

To establish a modified version of an important result Valiron [33] obtained in
1938, we formulate the following result, which is of independent significance and
will be often used in the sequel, by consulting the proof of Theorem 3.9 of Yang
[36].

Lemma 2.7.1. Let f (z) be a meromorphic function in an angular domain Ω and
a j ( j = 1,2,3) be three distinct complex numbers or ∞ in Ĉ and ε > 0. Then for a
fixed a ∈ C and positive integer m, we have

N(r,Ωε , f = azm +b) � K
3

∑
j=1

N(2r,Ω , f = a j)+O((logr)2 log+ |ar|)

+O((logr)2 log logr) (2.7.4)

for all b ∈ Ĉ possibly outside a set E of b with measure zero, where K is a constant
and does not depend on b.

Proof. Set

rn =
(

1+
ε
4

)n
.

We use |z|= rn (n = 0,1,2, · · ·) to divide Ωε into a sequence of curvilinear quadran-
gle An = {z : rn � |z| � rn+1,z ∈ Ωε}. We can use finitely many disks A jn to cover
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An such that the number s of these disks is independent of n and the resulting disks
B jn produced by enlarging A jn five times are in Ω ∩{z : rn/2 � |z| � 2rn} (Notice
that 2rn > rn+1).

Applying Lemma 2.1.7 to Bjn we obtain

n(A jn, f = azm +b) � K1

(
3

∑
i=1

n(B jn, f = ai)+ log+ |arn|+ log
1

e−2logn

)
(2.7.5)

for b ∈ Ĉ possibly outside a disk E jn with sphere radius e−2logn.
Set

En =
⋃

j

E jn and E =
∞⋂

k=1

(
∞⋃

n=k

En

)
.

Then E has zero measure, for

mesE = lim
k→∞

mes

(
∞⋃

n=k

En

)
� s lim

k→∞

∞

∑
n=k

π
n2 = 0.

Below let us check that E satisfies the requirement of Lemma 2.7.1. Given b �∈ E,
then b �∈ En for each n � n0 > 0, and hence (2.7.5) is available for b and n � n0 > 0.
For r � rn0 , we have rN � r < rN+1 for some N, and thus

n(r,Ωε , f = azm +b) �
N

∑
n=n0

∑
j

n(A jn, f = azm +b)+O(1)

� K1

N

∑
n=n0

∑
j

(
3

∑
i=1

n(B jn, f = ai)+ log+ |arn|+2logn

)
+O(1)

� K2

(
3

∑
i=1

n(2r,Ω , f = ai)+N log+ |arN |+2N logN

)
+O(1)

� K

(
3

∑
i=1

n(2r,Ω , f = ai)+(logr)(log+ |ar|)+(logr) log logr

)
+O(1).

This immediately yields the desired inequality (2.7.4). ��
Lemma 2.7.1 is actually a consequence of Valiron Lemma 2.1.7, while the im-

portant thing is to formulate this result. The following is due to Valiron [33](cf.
Theorem 3.9 of Yang [36]), which follows from Lemma 2.7.1.

Theorem 2.7.5. Let f (z) be a meromorphic function in an angular domain
Ω(α,β ) and such that ρΩ (a) � ρ for three distinct values of a. Then ρΩ ′(a) � ρ
for every Ω ′(α ′,β ′), α < α ′ < β ′ < β and all complex number a outside a set of
measure zero.

If, in addition, for some c, ρΩε (c) > ω in Theorem 2.7.5, then we can obtain
more. In fact, in view of Theorem 2.7.3, ρΩ (a) � ρΩε (c) > ω for all but at most
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two values of a. Therefore under the assumption of Theorem 2.7.5 we have ρ >
ω. Suppose that for some b and some Ω ′, ρΩ ′(b) > ρ > ω and then by means of
Theorem 2.7.3 ρΩ (a) � ρΩ ′(b) > ρ for at least one of three values of a in question.
This implies ρ > ρ , impossible, whence ρΩ ′(b) � ρ for every Ω ′ and all complex
number b.

Theorem 2.7.1, Theorem 2.7.4 and Theorem 2.7.5 are important in the discussion
of argument distribution of meromorphic functions, for the results do not deal with
the opening magnitude of the angular domain considered.

In what follows, we consider the function f (z) analytic in an angular domain Ω .
Define

MΩ ( f ) = limsup
r→∞

log+ log+ M(r,Ω , f )
logr

, (2.7.6)

where M(r, f ,Ω) = sup
α�θ�β

| f (reiθ )|. MΩ ( f ) is called the order of f (z) on Ω in the

sense of maximum modulus.
If f (z) is only assumed to be analytic in the angular domain, there are few ex-

plicit relations between T (r,Ω) and logM(r,Ω). Observe the exponential function
f (z) = ez. In the angular domain Ω = {z : − π

4 � argz � π
4 }, it is easy to see that

logM(r,Ω , f ) = r and 1
8 e−2 logr < T (r,Ω) <

√
2+1
4 e−

√
2 logr, and therefore it is

impossible that we estimate the order of logM(r,Ω , f ) in terms of that of T (r,Ω).
However it is well-known that logM(r,Ω , f ) and T (r,Ω) have the same growth for
Ω = C. Then we ask

Question 2.7.3. Under what conditions may logM(r,Ω , f ) and T (r,Ω) have the
same growth for Ω �= C?

Since for any a ∈ Ĉ, ez = a has only finitely many roots in Ω(−π
4 , π4 ), it is thus

impossible to use the order of N(r,Ω , f = a) to estimate that of logM(r,Ω , f ). How-
ever from Corollary 2.2.2, Theorem 2.4.7 and Lemma 2.2.2, we can show the fol-
lowing

Theorem 2.7.6. Let f (z) be an analytic function in Ω(α,β). Then for any ε > 0
we have

logM(r,Ω , f ) � K
2ω
2ω

T (2r,Ω)+Kω2rω
∫ 2r

1

T (t,Ω)
tω+1 dt +O(rω),

T (r,Ωε)
rω

� K
(∫ r

1

log+ M(t,Ω , f )
tω+1 dt +

log+ M(r,Ω , f )
rω

)
+O(1)

and for each a ∈ Ĉ

N(r,Ωε , f = a)
rω

� K
(∫ r

1

log+ M(t,Ω , f )
tω+1 dt +

log+ M(r,Ω , f )
rω

)
+O(1).

In 1924, R. Nevanlinna [25](see Lemma 2.11 of [39]) investigated the convergent
exponent of a-value points of a function which is restricted to be analytic only in an
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angular domain Ω(α,β ) and established the following result, which can be directly
obtained from Theorem 2.7.6.

Theorem 2.7.7. Let f (z) be an analytic function in Ω(α,β ) with the order MΩ ( f ).
If for some ε > 0, MΩε ( f ) > ω = π

β−α , then

MΩ ( f ) � lim
δ→0+

ρΩδ (a) = lim
δ→0+

MΩδ ( f ) (2.7.7)

for each a ∈ C possibly except at most one value of a.

Proof. As in the proof of Theorem 2.7.3, in view of Theorem 2.7.6 for δ < ε
we can deduce λΩδ ( f ) � MΩδ ( f ) � MΩε ( f ) > ω . From Theorem 2.7.1 it follows
that ρΩδ/2

(a) � λΩδ ( f ) for all but at most one value of a. Finally, applying the last
inequality in Theorem 2.7.6 yields MΩδ/3

( f ) � ρΩδ/2
(a) for each a. Thus we easily

get (2.7.7). ��
Theorem 2.7.7 is still true if the condition “MΩε ( f )>ω” is replaced by “ρΩε (a)>

ω” for some a. Basically, under the new condition, in view of the last inequality in
Theorem 2.7.6 we can deduce that MΩε/2

( f ) � ρΩε (a) and then we immediately
have the result of Theorem 2.7.7.

Observing the exponential function w = ez implies that the condition “MΩε ( f ) >
π

β−α ” is necessary. In fact, the significance of many theorems dealing with an angle,
such as Theorem 2.7.2 and Theorem 2.7.6, relies on a similar condition. However,
Littlewood posed the following, which kicks out this condition by adding another
assumption.

Conjecture. Assume that for some positive number λ , we have

MΩε ( f ) � λ and ρΩε (0) � λ . (2.7.8)

Then for every a ∈ C with at most one exception or at least for most values of a, we
have ρΩ (a) � λ .

This stimulates us to pose a question in view of Theorem 2.7.1.

Question 2.7.4. Under the condition (2.7.8) of Littlewood conjecture, do we have
λΩ ( f ) � λ?

If the question 2.7.4 is confirmed, then the Littlewood conjecture is true. This
is because actually we can have λΩε/2

( f ) � λ . Let us observe the function f (z) =
K(ez−e) for a positive number K. In the right half planeΩ = {z : Rez � 0}, ρΩ (0) =
1 and MΩε ( f ) = 1 for arbitrary 0 < ε < π

2 , but f (z) �= −Ke + a for |a| < K and
z ∈Ω . Hence Littlewood conjecture is not true provided that ρΩε (0) � λ in (2.7.8)
is replaced with ρΩ (0) � λ .

Hayman and Yang [19] carefully investigated this conjecture. Following some of
their ideas, we can prove the following

Theorem 2.7.8. Assume that there exist a sequence of (relaxed) Pólya peaks {rn}
of n(r,Ωε , f = 0) with order ρ � λ and a sequence of positive numbers {Rn} such
that
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limsup
n→∞

log logM(Rn,Ωε , f )
logRn

� λ . (2.7.9)

If limn→∞
logrn
logRn

= 1, then for every a ∈ C with at most one exception, we have
ρΩ (a) � λ .

Proof. The proof we offer here is similar to that of Theorem 2.7.4. We assume
without any loss of generalities that the limit in (2.7.9) exists, otherwise we consider
a subsequence of {Rn}. Suppose on the contrary that there exist two distinct values
a and b such that for some λ0 < λ and for all large r,

N(r) = n(r,Ω , f = a)+n(r,Ω , f = b) < rλ0 .

Set Kn = max{rn/Rn,Rn/rn} = Ro(1)
n . Then

Ωε ∩{z : rn/2 � |z| � 2rn} ⊂Ωε ∩{z : Rn/(2Kn) � |z| � 2RnKn}.

We can use a finite number of disks to cover the domain Ωn =Ωε ∩{z : Rn/(2Kn) �
|z| � 2RnKn} and the number of these disks is at most O(logKn) and the disks
enlarged by five times are still in the domain Ω̂n = Ω ∩ {z : Rn/(10Kn) < |z| <
10RnKn}.

For sufficiently large n, in view of (2.7.9) we have a point z1 with |z1| = Rn and
α + ε � argz1 � β − ε such that

log | f (z1)| > Rλ+o(1)
n .

Noticing that for a fixed number d

dO(logKn) = KO(1)
n = Ro(1)

n ,

therefore, in view of Theorem 2.1.7, we can find a Jordan curve Γ such that Ωn ⊂
intΓ ⊂ Ω̂n and on Γ , log | f (z)| > Rλ+o(1)

n . According to the Rouché Theorem, the
number of zeros of f (z) in Ωn is at most (10KnRn)λ0 = 10λ0rλ0+o(1)

n . On the other
hand, we have

n(Ωn, f = 0) � n(rn,Ωε , f = 0)−n(rn/2,Ωε , f = 0) � rρ+o(1)
n .

However, rρ+o(1)
n /rλ0

n →∞ as n →∞ because ρ > λ0. Thus a contradiction has been
derived, from which Theorem 2.7.8 follows. ��

The following is Theorem 1 of Hayman and Yang [19](it was obtained from their
Theorem 3) which can be proved in view of Theorem 2.7.8.

Theorem 2.7.9. Suppose that ρΩε (0) � λ and

liminf
v→∞

log logM(rv,Ωε , f )
logrv

� λ (2.7.10)
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for an increasing unbounded sequence of positive numbers {rv} with logrv+1
logrv

→ 1 as
v → ∞. Then for every a ∈ C with at most one exception, we have ρΩ (a) � λ .

Proof. It suffices to prove that the conditions of Theorem 2.7.8 holds for the case
ρΩε (0) < ∞ in view of Theorem 1.1.3. Actually, if ρΩε (0) = ∞, we need to do
nothing in terms of Theorem 2.7.3. With the help of Theorem 1.1.3 there exist a
sequence of Pólya peaks {r′n} of n(r,Ωε , f = 0) with order ρΩε (0). For each large
n, we have rvn � r′n < rvn+1 and then r′n = r1+o(1)

vn . Employing Theorem 2.7.8 for
Rn = rvn and rn = r′n yields the desired result of Theorem 2.7.9. ��

Actually, (2.7.10) is equivalent to

liminf
r→∞

log logM(r,Ωε , f )
logr

� λ

to a great extent. If M(r,Ωε , f ) is non-decreasing, then they are definitely equivalent.
Indeed, assume without loss of generalities that the liminf of (2.7.10) for {rv} is
finite, denoted by μ . For all large r, we have rv � r < rv+1 and hence

logM(r,Ωε , f ) � logM(rv,Ωε , f ) � rμ+o(1)
v = rμ+o(1)

v+1 > rμ+o(1).

This attains our purpose.
The hard work in Hayman and Yang [19] is the proof of their Theorem 2 which

is stated as follows.

Theorem 2.7.10. Suppose that we are given δ ,η and λ such that 0 < δ < π
2 ,1 <

η < 2, 2
3 < λ < 1, and a sequence rn tending to ∞ as n does. There exists an entire

function f (z) with order 1, mean type, such that if Ω = Ω(−π
2 + 3

4δ , π2 − 3
4δ ), then

MΩ ( f ) = λ < 1 and

liminf
log | f (z)|

|z|λ > 0

as z → ∞ in Ω outside the sequence of annuli

rn < |z| < rηn , for n = 1,2, · · · .

Further, ρΩ 1
4 δ

(0) = λ , but for all a �= 0,

ρΩ (a) � λ − (1−λ )(η−1)
5

< λ .

2.8 Deficiency and Deficient Values

Let f (z) be a meromorphic function in the complex plane. In this section, we discuss
the Nevanlinna deficiency δ (a, f ) of f (z) with respect to a value a ∈ Ĉ or a small
function a(z) of f (z), which is defined by
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δ (a, f ) = liminf
r→∞

m
(

r, 1
f−a

)
T (r, f )

= 1− limsup
r→∞

N
(

r, 1
f−a

)
T (r, f )

for a �≡ ∞ and δ (∞, f ) is defined by the above formula with m(r, f ) and N(r, f ) in
place of m

(
r, 1

f−a

)
and N

(
r, 1

f−a

)
. The a with δ (a, f ) > 0 is called Nevanlinna de-

ficient value or function of f (z). The Valiron deficiency of f (z) for a ∈ Ĉ is defined
by the formula

Δ(a, f ) = limsup
r→∞

m
(

r, 1
f−a

)
T (r, f )

and if Δ(a, f ) > 0, then a is called the Valiron deficient value of f (z). Obviously,
0 � δ (a, f ) � Δ (a, f ) � 1.

Define

Θ(a, f ) = 1− limsup
r→∞

N
(

r, 1
f−a

)
T (r, f )

and

θ(a, f ) = liminf
r→∞

N
(

r, 1
f−a

)
−N

(
r, 1

f−a

)
T (r, f )

,

and Θ(∞, f ) and θ(∞, f ) are defined by the above formula with N(r, f ) and N(r, f )
in place of N

(
r, 1

f−a

)
and N

(
r, 1

f−a

)
. It is easy to see that δ (a, f ) + θ(a, f ) �

Θ(a, f ) in view of the first Nevanlinna fundamental theorem.
Using the second fundamental theorem 2.1.8 for small functions as targets, we

easily verify that

∑
a
{δ (a, f )+θ(a, f )} �∑

a
Θ(a, f ) � 2, (2.8.1)

where ∑ is taken over all small functions a of f (z), and hence there are at most
countable number of Nevanlinna deficient values and deficient functions.

We introduce Tsuji deficiency of f (z) meromorphic in an angle Ω(α,β) and

transcendental with respect to the Tsuji characteristic, that is,limsup
r→∞

Tα ,β (r, f )
logr = ∞

Set

δT (a, f ;α,β ) = liminf
r→∞

mα ,β

(
r, 1

f−a

)
Tα ,β (r, f )

= 1− limsup
r→∞

Nα,β

(
r, 1

f−a

)
Tα ,β (r, f )

for a �≡ ∞ and δT (∞, f ;α,β ) is defined by the above formula with mα ,β (r, f ) and

Nα,β (r, f ) in place of mα ,β

(
r, 1

f−a

)
and Nα,β

(
r, 1

f−a

)
. If no confusion occur in

the context, then we simply write δT (a, f ) for δT (a, f ;α,β ). δT (a, f ) is called the
Tsuji deficiency of f (z) at a and if δT (a, f ) > 0, then a is said to be a Tsuji deficient
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value of f (z). It is also obvious that the total sum of all Tsuji deficiencies does not
exceed 2, and there are at most countable number of Tsuji deficient values.

The Nevanlinna deficient value has attracted interests of many mathematicians.
Actually it is an important quantity in the value distribution of meromorphic func-
tions, and a great number of interesting and deep results about it have been estab-
lished, some of which will be collected in the below chapters. Here it would be good
to exhibit the results related to it, which will be often used in the sequel. Let us be-
gin with three results concerning approximation of a meromorphic function to its
Nevanlinna deficient values.

Lemma 2.8.1. Let f (z) be a meromorphic function in Ĉ with a as its Nevanlinna
deficient value and {rn} be a sequence of positive numbers monotonically tending
to infinity such that T (drn, f ) � KT (rn, f ) for a d > 1 and a positive constant K.
Then there exist a sequence of {Rn} such that rn � Rn < drn and for n � n0 > 0

mesEn(a) � t(a) > 0,

where t(a) is independent of n, and

En(a) =
{
θ ∈ [0,2π) : log+ 1

| f (Rneiθ )−a| >
δ
4

T (Rn, f )
}

, a �= ∞,

and

En(a) =
{
θ ∈ [0,2π) : log+ | f (Rneiθ )| > δ

4
T (Rn, f )

}
, a = ∞,

and δ = δ (a, f ).

Proof. Assume here a �= ∞. The below method will also show Lemma 2.8.1 for
a = ∞. From Lemma 2.1.3, there exists an Rn ∈ (rn,

√
drn) such that

log+ 1
| f (z)−a| � K0T

(
drn,

1
f (z)−a

)
� 2K0KT (Rn, f )

on |z| = Rn. Since a is a Nevanlinna deficient value of f (z), for sufficiently large rn
we have

δ
2

T (Rn, f ) � m
(

Rn,
1

f (z)−a

)
� 1

2π

(∫
En(a)

+
∫

[0,2π)\En(a)

)
log+ 1

| f (Rneiθ )−a|dθ

� K0K
π

T (Rn, f )mesEn(a)+
δ
4

T (Rn, f ),

so that mesEn(a) � δπ
4K0K > 0. Lemma 2.8.1 follows. ��
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If {rn} is a Pólya peak sequence with order β , then could we get a precise es-
timate from below of mesEn(a)? We shall discuss this question in terms of Baern-
stein’s method in the end of this section.

The following is an improvement of Lemma 2 of Edrei [6].

Lemma 2.8.2. Let f (z) be a meromorphic function with a as its Nevanlinna defi-
cient value. Let E(r;a) be a subset of θ ∈ [0,2π) defined by using the expression of
En(a) with r in the place of Rn. Then

mesE(r;a) � (logT (r, f ))−1−ε

for ε > 0 and all r possibly outside a set with finite logarithmic measure.

Proof. Here we only offer a proof of Lemma 2.8.2 for a = ∞. As in the proof of
Theorem 2.6.2, in view of Lemma 2.1.3 we easily demonstrate

log+ | f (z)| � (logT (r, f ))1+εT (r, f ), r �∈ E

for a set E with finite logarithmic measure and z = reiθ �∈ (γ) with

h =
r

2πe

(
πδ

70
√

e
α(r)

α(r)+1

)2

, α(r) = (logT (r, f ))−1−ε ,

and δ = δ (a, f ). Set

I(r) = {θ ∈ [0,2π) : z = reiθ ∈ (γ)}.

Then mesI(r) � 2πeh
r . By noting that x(1− logx) < 2√

e

√
x for x > 0 and applying

Lemma 2.1.5 with R = reα(r), we have

1
2π

∫
I(r)

log+ | f (reiθ )|dθ � 7R
π(R− r)

T (R, f )mesI(r) [1− logmesI(r)]

� 7(α(r)+1)
πα(r)

eT (r, f )
2√
e

√
mesI(r)

� 14
√

e
π

α(r)+1
α(r)

√
2πeh

r
T (r, f )

=
δ
5

T (r, f ).

For all sufficiently large r outside E, combining the above inequalities yields

δ
2

T (r, f ) � m(r, f ) =
1

2π

[∫
E(r:a)\I(r)

+
∫

I(r)
+
∫

[0,2π)\E(r:a)

]
log+ | f (reiθ )|dθ

� 1
2π

(logT (r, f ))1+εT (r, f )mesE(r;a)+
δ
5

T (r, f )+
δ
4

T (r, f )

=
1

2π
(logT (r, f ))1+εT (r, f )mesE(r;a)+

9δ
20

T (r, f ), r �∈ E.
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This immediately deduces the desired result by changing ε a little bit. ��
In order to solve some of problems about the deficiency, certain new methods,

tools and concepts have been introduced, created and developed. Here, we intro-
duced the Baernstein’s celebrated result which solves the Edrei spread conjecture.

Given a positive function Λ (r) with Λ(r) → 0 as r → +∞, we define for r > 0
and a ∈ C

DΛ (r,a) =
{
θ ∈ [−π ,π) : log+ 1

| f (reiθ )−a| >Λ (r)T (r, f )
}

and
DΛ (r,∞) =

{
θ ∈ [−π,π) : log+ | f (reiθ )| >Λ (r)T (r, f )

}
.

Baernstein [2] proved the following, which was conjectured by Edrei [7].

Theorem 2.8.1. Let f (z) be a transcendental and meromorphic function in C with
the finite lower order μ and the order 0 < λ �∞ and for some a ∈ Ĉ, δ = δ (a, f ) >
0. Then for arbitrary sequence of Pólya peaks {rn} of order β > 0, μ � β � λ and
arbitrary positive function Λ (r) with Λ(r) → 0 as r → +∞, we have

liminf
n→∞

mesDΛ (rn,a) � min

{
2π ,

4
β

arcsin

√
δ
2

}
.

This inequality is called spread relation. We do not know if Theorem 2.8.1 is true
for a sequence of the relaxed Pólya peaks. Let us sketch out the proof of Baernstein
Theorem 2.8.1. Here it is sufficient to consider the case a = ∞. Baernstein first
introduced the powerful T ∗ function. Set for z = reiθ with 0 < θ < π

m∗(z) = sup
E

1
2π

∫
E

log | f (reiφ )|dφ

where the supremum is taken over all measurable set E in (−π,π) with measure 2θ
and

T ∗(z) = m∗(z)+N(|z|, f ).

It was verified that T ∗(z) is continuous and subharmonic on the upper half plane.
Set σn = mesDΛ (rn,∞). It is easy to prove that

m(rn, f ) =
1

2π

(∫
DΛ (rn,∞)

+
∫

[0,2π)\DΛ (rn,∞)

)
log+ | f (rneiφ )|dφ

� m∗(rn exp(
1
2

iσn))+Λ (rn)T (rn, f ),

so that
T (rn, f ) � T ∗(rn exp(

1
2

iσn))+Λ (rn)T (rn, f ).
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The hard work is to estimate T ∗(rn exp( 1
2 iσn)) in term of T (rn, f ). Since T ∗(z) is

continuous and subharmonic on the upper half plane, in term of the Poisson formula
on the upper half disk centered at the origin and the basic inequality of Pólya peak
sequence, we have either

T ∗(rn exp(
1
2

iσn)) � T (rn, f )
[

cos
(
π− σn

2γ

)
γβ +o(1)

]
or 2γπ � σn where

γ =
2
πβ

arcsin

√
δ (∞, f )

2
.

If 2γπ > σn, then we have

1 � cos
(
π− σn

2γ

)
γβ +o(1)

and further π− σn
2γ = o(1) as n →∞. Therefore, we always have σn � 2γπ+o(1) as

n → ∞.
This immediately deduces Theorem 2.8.1.
If we take Λ (r)≡ d < δ = δ (∞, f ), then from the Baernstein’s proof of Theorem

2.8.1, it follows that either 2γπ � σd(∞) or

1−d � cos
(
π− σd(∞)

2γ

)
γβ , (2.8.2)

where σd(∞) = liminf
n→∞

Dd(rn,∞). Assume that 2γπ � σd(∞) and then in view of
(2.8.2),

0 �
(
π− σd(∞)

2γ

)
γβ � π

2
− arcsin(1−d).

This implies that

σd(∞) � 2γπ− π
β

+
2
β

arcsin(1−d)

=
2
β

(
2arcsin

√
δ
2
− π

2
+ arcsin(1−d)

)

=
2
β

(−arcsin(1−δ )+ arcsin(1−d))

� 2
β

(δ −d).

Since arcsin
√

δ
2 �

√
δ
2 > δ

2 , if σd(∞) > 2γπ we have σd(∞) � 2
β δ . Therefore we

always have σd(∞) � 2
β (δ −d) and now taking d = δ/2 implies
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σδ/2(∞) � δ
β

.

Thus we have proved the following result.

Theorem 2.8.2. Under the same assumption as in Theorem 2.8.1, we have

liminf
n→∞

Dδ/2(rn,∞) � δ
β

.

This improves Lemma 2.8.1 for the sequence {rn} which is chosen to be a se-
quence of Pólya peaks. A precise result was established by Anderson and Baernstein
in [1], which is stated as follows.

Theorem 2.8.3. Under the same assumption as in Theorem 2.8.1, for d ∈ (0,δ ),
there exists a R > 0 such that

liminf
n→∞

Dd(Rrn,∞) � min{2a,2π}, (2.8.3)

where a is the smallest positive solution of

d =
πβ (cosβa− (1−δ ))

sinβa+β (π−a)cosβa

and a ∈ (0,β ).

For 0 < μ < 1
2 and 1−δ (∞, f ) < cosπμ , Ostrovskii in [29] got

limsup
r→∞

L(r, f )
T (r, f )

� κ(μ ,δ ),

where L(r, f ) = min|z|=r log | f (z)| and κ(μ ,δ ) = πμ(cosπμ−(1−δ ))
sinπμ . However, the

quantity on the left of (2.8.3) equals 2π if and only if 0 < μ < 1
2 and d � κ(μ,δ ).

Actually, the above results were established for δ -subharmonic functions (see
Chapter 7 for basic knowledge of δ -subharmonic functions), while log | f (z)| for a
meromorphic function f is a δ -subharmonic function.

It is natural to consider the spread relation for the Tsuji deficiency. For a mero-
morphic function f (z) on Ω(α,β), set

WΛ (r,a) = {θ ∈ (arcsinr−ω ,π− arcsinr−ω) :

log | f (rei(α+ω−1θ ) sinω
−1
θ )| �Λ (r)rω sin2 θTα ,β (r, f )}.

We believe that it is worth to investigate the estimate of mesWΛ (r,a) from below.
The reason is this will be useful for us to understand the deficiency of a function
restricted to be meromorphic in an angle.



110 2 Characteristics of a Meromorphic Function

2.9 Uniqueness of Meromorphic Functions Related to Some

Angular Domains

Let X be a subset of Ĉ. Such a problem is interesting:

Question 2.9.1. Under what conditions, must two meromorphic functions on X be
identical?

We shall call such result Unique Theorem about meromorphic functions. We
first introduce crucial concepts. An a ∈ Ĉ is called an IM (ignoring multiplicities)
shared value in X of two functions f (z) and g(z) meromorphic on X provided that in
X , f (z) = a if and only if g(z) = a and a CM (counting multiplicities) shared value
in X if f (z) and g(z) assume a at the same points in X with the same multiplici-
ties. It is R. Nevanlinna [25] who proved the first unique theorem, called the Five
Value Theorem, which says that two meromorphic functions f (z) and g(z) in C are
identical if they have five distinct IM shared values in X = C. After his works on
this subject, a great number of unique theorems were established for X = C which
are characterized in terms of some value-points of meromorphic functions and so
which relies heavily on the Nevanlinna theory of value distribution of meromorphic
functions. The reader is referred to the book [38] of Yi and Yang.

The present author in [42] suggested first time to investigate uniqueness of a
meromorphic function in a precise subset of Ĉ, that is, Question 2.9.1 for X �= C,
and believes this would be an interesting topic. A number of unique theorems in
angular domains were established in Zheng [42] and [43] in terms of Nevanlinna
characteristic for angular domains. In this section, we use the Tsuji’s characteristic
to our discussion of this subject instead. To the end, we introduce a concept. A
meromorphic function f in an angular domain Ω = {z : α < argz < β} with 0 �
α < β � 2π is called transcendental in the Tsuji’s sense if

limsup
r→∞

Tα,β (r, f )
logr

= ∞. (2.9.1)

Hence we say that f is a transcendental meromorphic function in an angular domain
(in the Tsuji’s sense) if f is meromorphic in the angular domain and transcendental
there in the Tsuji’s sense.

In view of the Tsuji second fundamental theorem, that is, the inequality (2.3.5),
we extend the five value theorem of Nevanlinna’s to an angular domain.

Theorem 2.9.1. Let f (z) and g(z) be both meromorphic functions in an angular
domain Ω = {z : α < argz < β} with 0 � α < β � 2π and f (z) be transcendental
in the Tsuji’s sense. Assume that f (z) and g(z) have five distinct IM shared values
a j ( j = 1,2, · · · ,5) in Ω . Then f (z) ≡ g(z).

Proof. Suppose f (z) �≡ g(z). By applying the Tsuji second fundamental theorem
to f , we have
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3Tα ,β (r, f ) �
5

∑
j=1

Nα ,β

(
r,

1
f −a j

)
+Qα ,β (r, f )

� Nα ,β

(
r,

1
f −g

)
+Qα,β (r, f )

� Tα,β (r, f −g)+Qα ,β (r, f )
� Tα,β (r, f )+Tα ,β (r,g)+Qα ,β (r, f ),

so that
2Tα ,β (r, f )−Qα ,β (r, f ) � Tα,β (r,g) (2.9.2)

and further, from Lemma 2.5.4 we have

(2+o(1))Tα,β (r, f )−O(logr) � Tα ,β (r,g)

for all r > 0 possibly except a subset F of positive real axis with finite measure.
In view of the condition (2.9.1), there exists a sequence of unbounded increasing
positive numbers {rn} outside F such that

lim
n→∞

Tα,β (rn, f )
logrn

= lim
n→∞

Tα ,β (rn,g)
logrn

= ∞.

We therefore have
(2+o(1))Tα,β (rn, f ) � Tα,β (rn,g).

The same argument as above implies that

(2+o(1))Tα,β (rn,g) � Tα ,β (rn, f ).

Thus 2+o(1) � (2+o(1))−1, as n →∞. This is impossible and so we complete the
proof of Theorem 2.9.1. ��

We shall call the uniqueness of meromorphic functions for an angle determined
in terms of their five-value points the Five-value Theorem for the angle. It is natural
to have the following consequence of Theorem 2.9.1.

Corollary 2.9.1. Let the same assumptions of Theorem 2.9.1 be given with the
exception of that f (z) is transcendental. Assume that for some a ∈ Ĉ and ε > 0,

limsup
r→∞

N(r,Ωε , f = a)
rω logr

= ∞, (2.9.3)

ω = π
β−α . Then f (z) ≡ g(z).

In view of Lemma 2.3.3, (2.9.3) implies (2.9.1) and hence Corollary 2.9.1 fol-
lows from Theorem 2.9.1. Actually, the condition (2.9.3) is a criterion of that f is
transcendental in the Tsuji’s sense. Therefore, all of later theorems still hold if the
transcendental assumption is replaced with (2.9.3) for an a ∈ Ĉ and a ε > 0.

It is easy to see that if
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limsup
r→∞

logn(r,Ωε , f = a)
logr

> ω =
π

β −α
, (2.9.4)

then (2.9.3) holds and thus this condition guarantees that meromorphic functions
in the angular domain in question can be uniquely determined by their five-value
points in the angular domain, which has been stated in Zheng [43]. According to
the existence of the Borel directions of transcendental meromorphic functions (for
its definition, please see the next chapter), a meromorphic function on C with order
λ ( f ) > 1

2 has an angle Ω(α,β ) such that β −α > π
λ ( f ) in which (2.9.4) holds for

all but at most two values of a and furthermore, the function is uniquely determined
by its five-value points in the angle. It is well known that a meromorphic function
f (z) with the infinite order has at least one direction argz = θ , 0 � θ < 2π from the
origin such that for arbitrary small ε > 0, we have

limsup
r→∞

logn(r,Zε (θ ), f = a)
logr

= ∞, (2.9.5)

for all but at most two a ∈ Ĉ, where Zε(θ) = {z : θ − ε < argz < θ + ε}, which
is usually known as the Borel direction of infinite order. In view of Theorem 2.9.1,
any meromorphic function g(z) having five distinct IM shared values with such
f (z) in one fixed Zε(θ) coincides with f (z) and therefore any five-value points of a
meromorphic function in any angle containing one of its Borel directions of infinite
order completely determine this function. And we have also known that there exists
a meromorphic function f (z) with the infinite order which has any direction from
the origin as its Borel direction of infinite order (see Theorem 3.6.2 below). From
this clear is the significance of Theorem 2.9.1 and Corollary 2.9.1. We emphasize
that the above angles produced from the Borel directions are also suitable to all of
later theorems.

When the case of the CM is considered , we have the following four-value theo-
rem.

Theorem 2.9.2. Let f (z) and g(z) be both meromorphic functions in an angular
domain Ω = {z : α < argz < β} with 0 � α < β � 2π. Assume that f (z) and g(z)
share four functions a j(z) ( j = 1,2,3,4) CM in Ω which are small with respect
to f (z) and g(z) in the Tsuji sense and f (z) is transcendental in the Tsuji’s sense.
Then f (z) is a quasi-Möbius transformation of g(z). Furthermore, if, in addition,
a j( j = 1,2,3,4) are constant and f (z) �≡ g(z), then two of these four values are the
Picard exceptional values of f (z) as well as g(z) in Ω and their cross ratio is −1.

The quasi-Möbius transformation means a fraction with coefficients of mero-
morphic functions, that is to say, M(z,w) = (b1(z)w+b2(z))(b3(z)w+b4(z))−1 for
meromorphic functions b j(z)( j = 1,2,3,4) in the angle. Then we say that f (z) is
a quasi-Möbius transformation of g(z), provided that f (z) = M(z,g(z)) for some
M(z,w) whose coefficients are small with respect to f (z) and g(z) in the Tsuji sense.
Theorem 2.9.2 was proved by Li and Yang [23] for the case of the complex plane.
Here we provide a proof of Theorem 2.9.2 in order to make the reader understand a
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possible extension of a great number of unique theorems for the complex plane to
an angular domain.

To prove Theorem 2.9.2, we need the following result which can be proved in
view of the proof of Theorem 5.13 of Yi and Yang [38]:

If f (z) and g(z) share 0,1,∞ CM in Ω and f (z) is not a quasi-Möbius transfor-
mation of g(z), then

mα ,β

(
r,

1
f −a

)
= Qα,β (r)

for each small function a(z)(�= 0,1,∞) with respect to f (z) and g(z) in Ω , where
Qα ,β (r) = Qα,β (r, f ) is the error term associated with the Tsuji characteristic and
Qα ,β (r) = o(Tα ,β (r, f )) when a(z) is not a complex number.

Now we are in the position of the proof of Theorem 2.9.2.
Proof of Theorem 2.9.2 Under a quasi-Möbius transformation, we can assume

without any loss of generalities that f (z) and g(z) share 0,1,∞ CM and a function
α(z) CM and α is not 0,1,∞ but is small with respect to f (z) and g(z). Certainly
we can assume that Nα,β (r, f ) �= Qα ,β (r, f ).

In view of the Tsuji second fundamental theorem, it is easy to get

Tα,β (r, f ) � Nα,β (r, f )+Nα ,β

(
r,

1
f

)
+Nα,β

(
r,

1
f −1

)
+Qα ,β (r, f )

= Nα,β (r,g)+Nα ,β

(
r,

1
g

)
+Nα,β

(
r,

1
g−1

)
+Qα ,β (r, f )

� 3Tα ,β (r,g)+Qα,β (r, f )

and then Qα,β (r, f ) = Qα ,β (r,g). Alternately, we have Qα ,β (r,g) = Qα,β (r, f ). Be-
low we shall briefly write Qα ,β (r) for Qα,β (r, f ) or Qα ,β (r,g).

Set

H(z) =
g(z)( f (z)−1)
f (z)(g(z)−1)

−1.

Suppose H(z) �≡ 0, otherwise there is nothing to do. A simple computation implies
that H(z) has no poles in Ω and each pole of f (z) with multiplicity p is a zero of
H(z) with multiplicity at least p and therefore,

Nα,β

(
r,

1
H

)
� Nα ,β (r, f ). (2.9.6)

By noting another form of H(z) =
(

1+ 1
g−1

)(
1− 1

f

)
−1, we have

Tα,β (r,H) = mα ,β (r,H) � mα,β

(
r,

1
g−1

)
+mα,β

(
r,

1
f

)
+ log8. (2.9.7)

Suppose that f (z) is not a quasi-Möbius transformation of g(z). Since f (z) and
g(z) share 1,α(z),∞ and 0,α(z),∞, from the result stated after Theorem 2.9.2 in
turn, we therefore have
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mα,β

(
r,

1
f

)
= Qα ,β (r) and mα,β

(
r,

1
g−1

)
= Qα,β (r)

and hence

mα,β

(
r,

1
f

)
+mα ,β

(
r,

1
g−1

)
= Qα ,β (r).

Substituting the above equality into (2.9.7) and then combining the resulting in-
equality with (2.9.6) yields that

Nα ,β (r, f ) = Qα,β (r).

A contradiction is derived and it follows that f (z) is a quasi-Möbius transformation
of g(z).

We leave to the reader the remainder of the proof of Theorem 2.9.2. ��
It is well known that four shared values are not sufficient to uniquely determine a

meromorphic function. Even if two meromorphic functions f (z) and g(z) have four
distinct IM shared values in the whole complex plane and one of the four shared
values is the Picard exceptional value of f (z) and g(z), we cannot assert f (z)≡ g(z).
Hence one considers some additional condition.

Theorem 2.9.3. Let f (z) and g(z) be meromorphic functions in an angular
Ω = {z : α < argz < β} with 0 � α < β � 2π and f (z) is transcendental in
the Tsuji’s sense. Assume that f (z) and g(z) have four distinct IM shared values
a j ( j = 1,2,3,4) in Ω . If for some a ∈ Ĉ\{a j : j = 1,2,3,4}, a is a Tsuji deficient
value of f (z) in Ω or ρΩ (a) < lim

ε→0
λΩε ( f ). Then f (z) ≡ g(z).

Proof. Suppose f (z) �≡ g(z). By applying the Tsuji second fundamental theorem,
we have

2Tα ,β (r, f ) �
4

∑
j=1

Nα ,β

(
r,

1
f −a j

)
+Qα ,β (r, f )

� Nα ,β

(
r,

1
f −g

)
+Qα,β (r, f )

� Tα,β (r, f −g)+Qα ,β (r, f )
� Tα,β (r, f )+Tα ,β (r,g)+Qα ,β (r, f ), (2.9.8)

so that
Tα,β (r, f )−Qα,β (r, f ) � Tα ,β (r,g). (2.9.9)

The same argument shows that

Tα ,β (r,g)−Qα ,β (r,g) � Tα,β (r, f ). (2.9.10)

This implies that Qα,β (r,g) = Qα ,β (r, f ). Assume without any loss of generality that
a ∈ C and indeed the same argument is available to complete the proof for the case
when a =∞. Using the Tsuji second fundamental theorem again and then combining
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(2.9.8) together with (2.9.9) and (2.9.10), we deduce

3Tα,β (r, f ) �
4

∑
j=1

Nα ,β

(
r,

1
f −a j

)
+Nα ,β

(
r,

1
f −a

)
+Qα,β (r, f )

� 2Tα ,β (r, f )+Nα ,β

(
r,

1
f −a

)
+Qα,β (r, f ).

Thus

mα ,β

(
r,

1
f −a

)
= Qα ,β (r, f ) (2.9.11)

and further a cannot be a Tsuji deficient value of f (z).
Now suppose ρΩ (a) < lim

ε→0
λΩε ( f ) and so for some ε > 0, ρΩ (a) < λΩε ( f ). Then

there is a σ with σ < λΩε ( f ) such that nα,β (r, f = a) < K1rσ for r � 1. If σ � ω ,
then we have

Nα,β

(
r,

1
f −a

)
= ω

∫ r

1

nα ,β (t, f = a)
tω+1 dt � ωK1 logr.

This implies that

Tα ,β (r, f ) = Tα,β

(
r,

1
f −a

)
+O(1) = Qα,β (r, f )

and so a contradiction to (2.9.1) is derived. Therefore, we have ω < σ and

Nα ,β

(
r,

1
f −a

)
= ω

∫ r

1

nα,β (t, f = a)
tω+1 dt

< ωK1

∫ r

1
tσ−ω−1dt

< K1
ω

σ −ω
rσ−ω .

This together with (2.9.11) yield that

Tα,β (r, f ) = Tα ,β

(
r,

1
f −a

)
+O(1) � K1

ω
σ −ω

rσ−ω +Qα ,β (r, f ).

Thus application of the Tsuji first fundamental theorem and Lemma 2.5.4 yields

Tα,β

(
r,

1
f −b

)
� K2rσ−ω +O(1)

for each b ∈ Ĉ and a positive constant K2. In virtue of Lemma 2.3.3, the following
implication is clear:
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Tα ,β

(
r,

1
f −b

)
� Nα ,β

(
r,

1
f −b

)
� ωcω

N(cr,Ωε/2, f = b)
rω

for some 0 < c < 1. This implies that

N(r,Ωε/2, f = b) � Krσ ,

for a positive constant K, and so ρΩε/2
(b) � σ . In view of Theorem 2.7.1, λΩε ( f ) �

σ , a contradiction is derived. Theorem 2.9.3 follows. ��
We remark that Theorem 2.9.3 straightly comes from Theorem 2.9.2 if “IM” is

replaced by “CM”. If the Nevanlinna deficient value is taken into account, then we
have the following theorem.

Theorem 2.9.4. Let f (z) and g(z) be both transcendental meromorphic functions
and let f (z) be of the finite lower order μ and for some a ∈ Ĉ, δ = δ (a, f ) > 0.

Given one angular domain Ω = {z : α < argz < β} with 0 � α < β � 2π and

β −α > max

{
π
σ

, 2π− 4
σ

arcsin

√
δ
2

}
, (2.9.12)

where μ � σ � λ and σ < ∞ (When σ � 1
2 , set Ω = C), we assume that f (z) and

g(z) have four distinct IM shared values a j ( j = 1,2,3,4) in Ω and a j �= a ( j =
1,2,3,4). Then f (z) ≡ g(z).

Proof. It suffices to consider the case when σ > 1
2 . First of all we want to prove

that f (z) satisfies (2.9.1) in Ωε for some ε > 0 which will be determined later. Take

a sequence of Pólya peak {rn} of order σ . Since 2π+α−β < 4
σ arcsin

√
δ
2 , in view

of Theorem 2.8.1 we have

mes(DΛ (rn,a)∩ [α,β ]) � d > 0,

where Λ(r) = 1/ logr, for some d and all rn, which we assume without any loss of
generalities. Choose a ε > 0 such that ε � d/8 and σ > π

β−α−6ε . From the definition
of B(r, f ) it follows that

Bα+2ε,β−2ε

(
rn,

1
f −a

)
>

2ω̃
πrω̃n

sin(ω̃ε)
∫ β−3ε

α+3ε
log+ | f (rneiθ )|dθ

� 2ω̃
πrω̃n

sin(ω̃ε)
T (rn, f )

logrn
(d −6ε),

where ω̃ = π
β−α−4ε . Since σ > π

β−α−4ε , one easily gets

Bα+2ε ,β−2ε

(
rn,

1
f−a

)
logrn

→ ∞ and so
Sα+2ε ,β−2ε(rn, f )

logrn
→ ∞,
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as n → ∞. Thus using Lemma 2.2.1, Lemma 2.3.2 and Theorem 2.3.3 implies that
f (z) satisfies (2.9.1) in Ωε .

Suppose that f (z) �≡ g(z). In view of (2.9.10) we have

(1−o(1))Tα ,β (r,g) � Tα ,β (r, f )+O(logr), r �∈ E

and therefore

Rα+ε ,β−ε(rn,g) = O(log+ Sα+ε/2,β−ε/2(rn,g)+ logrn) (by Theorem 2.5.1)

= O(log+ Tα,β (crn,g)+ logrn) (by Theorem 2.3.3)

= O(log+ Tα,β (crn, f )+ logrn)

= O(log+ Sα,β (crn, f )+ logrn) (by Theorem 2.3.3)

= O(log+ T (crn, f )+ logrn)
= O(log+ T (rn, f )+ logrn),

where c is a suitable constant greater than one and that “rn �∈ E” has be assumed
(otherwise, we choose Rn ∈ [rn,2rn]\E such that the above inequality holds, while
the below implication is still valid for these Rn).

In what follows, we proceed with our discussion in Ωε . For the sake of simplifi-
cation, we omit the subscript of associated notations, for example, write S(r, f ) for
Sα+ε,β−ε(r, f ). In view of the Nevanlinna second fundamental theorem on Ωε , as
did in (2.9.8), (2.9.9) and (2.9.10), we have

S(rn, f ) = S(rn,g)+O(logrnT (rn, f ))

and
4

∑
j=1

C
(

rn,
1

f −a j

)
= 2S(rn, f )+O(logrnT (rn, f ))

and, therefore, noting that

3S(rn, f ) �
4

∑
j=1

C
(

rn,
1

f −a j

)
+C

(
rn,

1
f −a

)
+O(logrnT (rn, f ))

= 2S(rn, f )+C
(

rn,
1

f −a

)
+O(logrnT (rn, f )),

we easily get

B
(

rn,
1

f −a

)
= O(logrnT (rn, f )).

On the other hand, we have

B
(

rn,
1

f −a

)
� 2ω̂

πrω̂n
sin(ω̂ε)

T (rn, f )
logrn

(d −4ε),
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ω̂ = π
β−α−2ε . Therefore this yields that σ � π

β−α−2ε , a contradiction is derived and
so we complete the proof of Theorem 2.9.4. ��

The inequality (2.9.12) cannot be replaced by “=”, that means (2.9.12) is best
possible. This is shown by observing the functions ez and e2z: they cannot assume
in the left-half plane any value whose modulus is greater than one.

Theorem 2.9.4 was given by Zheng [43] only by means of the Nevanlinna second
fundamental theorem on an angular domain. However, the proof there is incomplete,
since the equality “Rα ,β (r,g) = O(logrSα ,β (r,g))” was used, but the equality does
not always hold. Now we raise the following question:

Does Theorem 2.9.4 still hold provided that (2.9.12) is replaced by (2.9.1) and
without the assumption of the finite lower order?

The question is closely related to question of whether a Nevanlinna deficient
value is a Tsuji deficient value in an angle when the function in question is tran-
scendental in the angle. In view of the similar methods to those in Gundersen[12],
the following result is immediately deduced.

Theorem 2.9.5. Let f (z) and g(z) be both transcendental meromorphic func-
tions(in the Tsuji’s sense) in an angular domain Ω = {z : α < argz < β} with
0 � α < β � 2π . Assume that f (z) and g(z) have three distinct CM shared values
a j ( j = 1,2,3) and one IM shared value a4 in Ω . Then a4 is also one CM shared
value in Ω of f (z) and g(z).

If we denote the above result by a simple notation “CM+1IM = 4CM”, then we
raise a problem of whether “2CM+2IM=4CM” holds.

The four shared values in Theorem 2.9.3 and Theorem 2.9.4 cannot reduce to
three CM shared values. Then for a meromorphic function f (z) which satisfies
(2.9.1) in an angular domain Ω , how many meromorphic functions do there exist to
share 0,1,∞ CM with f (z) in Ω . This is an interesting problem.

It is obvious that there are many questions on uniqueness of meromorphic func-
tions dealing with shared values in one angular domain, which are worthwhile to
take into account. Actually, we wish to extend the known results for the complex
plane to an angular domain and it is easy to see that some of them can be done by
the same idea. The following is an example (for its background, see Yi and Yang
[38]).

Theorem 2.9.6. Let f (z) be a transcendental meromorphic function in an angular
domain Ω = {z :α < argz < β} with 0 � α < β � 2π . Assume that f (z) and f (k)(z)
have three finite distinct IM shared values a j ( j = 1,2,3) in Ω . Then f (z)≡ f (k)(z).

Proof. Here we only prove the case when k = 1. Suppose on the contrary that
f (z) �≡ f ′(z). It is obvious that ∞ is a IM shared value of f (z) and f ′(z) and thus
they have four distinct IM shared values in Ω . In view of the same argument as in
the proof of Theorem 2.9.3, we have

Tα ,β (r, f ′) = Tα,β (r, f )+Qα,β (r, f ).
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By noting that (2.1.11) with mα ,β (r,∗) in the place of m(r,∗) is also available, we
have

3

∑
j=1

mα,β

(
r,

1
f −a j

)
� mα ,β

(
r,

3

∑
j=1

1
f −a j

)
+O(1)

� mα ,β

(
r,

3

∑
j=1

f ′

f −a j

)
+mα ,β

(
r,

1
f ′

)
+O(1)

� mα ,β

(
r,

1
f ′

)
+Qα,β (r, f ).

The following implication is obvious:

3

∑
j=1

Nα,β

(
r,

1
f −a j

)
�

3

∑
j=1

Nα ,β

(
r,

1
f −a j

)
+Nα ,β

(
r,

1
f ′

)
� Nα,β

(
r,

1
f − f ′

)
+Nα ,β

(
r,

1
f ′

)
� Tα,β (r, f − f ′)+O(1)+Nα ,β

(
r,

1
f ′

)
= Nα,β (r, f ′)+mα,β

(
r, f (1− f ′

f
)
)

+O(1)+Nα ,β

(
r,

1
f ′

)
� Tα,β (r, f )+Nα,β (r, f )+Nα ,β

(
r,

1
f ′

)
+Qα,β (r, f ).

Thus combining the above two inequalities yields

3Tα,β (r, f ) � Tα ,β (r, f )+Nα ,β (r, f )+Tα,β (r, f ′)+Qα ,β (r, f )

= 2Tα ,β (r, f )+Nα ,β (r, f )+Qα,β (r, f )

and then

Tα ,β (r, f ) � Nα,β (r, f )+Qα ,β (r, f )

� 1
2
Tα,β (r, f ′)+Qα ,β (r, f )

=
1
2
Tα,β (r, f )+Qα,β (r, f ).

This implies that
Tα,β (r, f ) = Qα ,β (r, f )

and it contradicts our assumption (2.9.1). ��
Theorem 2.9.6 for the case of the complex plane was proved by Mues and Stein-

metz [24] and Gundersen [13] for k = 1 and Frank and Schwick [9] for k � 2.
Modifying the proof of Frank and Schwick’s result in [9] deduces Theorem 2.9.6
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for k � 2. The reader may complete its proof as an exercise. We can also extend
the results on the complex plane dealing with shared values of a function and its
differential polynomial to those in an angular domain. Noting that a transcenden-
tal meromorphic function f (z) in C satisfying f (z) = f (k)(z) has order λ ( f ) = 1,
therefore a meromorphic function with order greater than one is not transcendental
in the Tsuji’s sense in an angular domain where it shares three finite values IM with
the k-order derivative of it.

Finally, we claim the following result, which was proved by Nevanlinna [27] for
the case of the complex plane and which plays a crucial role in discussion of the
uniqueness of meromorphic functions.

Theorem 2.9.7. Let f j(z) ( j = 1,2, · · · ,q) be meromorphic functions in an angular
domain Ω = {z :α < argz < β} with 0 �α < β � 2π each of which satisfies (2.9.1).
Assume that for each j, f j(z) �≡ 0 and f j(z)/ fi(z) is not a constant for each pair of
j and i with j �= i and

q

∑
j=1

(
Nα ,β (r, f j)+Nα,β

(
r,

1
f j

))
= o(Tα,β (r)),

where Tα ,β (r) = min
{
Tα,β (r, f j/ fi) : 1 � j < i � q

}
. Then for q complex numbers

Cj ( j = 1,2, · · · ,q), ∑q
j=1Cj f j(z) ≡ 0 if and only if each Cj = 0.

That this result holds tell us once more that a great number of unique theorems
dealing with the value-points for the complex plane can be extended to the case of
an angular domain. The reader is referred to Yi and Yang’s book [38] for a complete
collection of unique theorems for the complex plane .

We emphasize again that as in Corollary 2.9.1, the transcendental assumption can
be replaced with (2.9.3) in all of above Theorems in which it appears.
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Abstract: A transcendental meromorphic function has a singular property in any
neighborhood of its essential singular point, for example, it assumes there infinitely
often all but at most two values on the extended complex plane. This property is pre-
served in any angular domain containing some fixed ray. Such ray is termed as the
singular direction of the function considered. In this chapter, we mainly discuss T
directions of meromorphic functions, which was introduced by the author in 2003.
First of all we consider the existence of T directions including T directions with
small functions as targets. Next we consider connections among T directions and
other directions such as Julia directions and Borel directions and mainly introduce
a result of Zhang Q. D. which proves that a T (resp. Borel) direction may not be a
Borel (resp. T ) direction. We list conditions for the existence of singular directions
dealing with derivatives of the functions, that is, the Hayman T directions and for
the existence of common T directions of a function and its derivatives. We present
a simple discussion of distribution of the Julia, Borel and T directions. In terms of
their asymptotic form, through the Stokes rays we investigate singular directions of
meromorphic solutions of a linear differential equation with rational coefficients. In
the case of at least one of the coefficients being transcendental, we use the Nevan-
linna’s fundamental theorems for an angle to attain the aim of our researches. We
conclude this chapter with a simple survey on value distribution of algebroid func-
tions including the Nevanlinna first and second fundamental theorems for a disk and
unique theorems and the singular directions.

Key words: T Directions, Hayman T directions, Singular directions, Meromorphic
solution, Algebroid functions

The study of singular directions of meromorphic functions is one of important sub-
jects in the theory of value distribution of meromorphic functions, and most of pre-
vious attentions were put on the Julia and Borel directions. As we know, the Picard
big theorem tells us that a transcendental meromorphic function assumes infinitely
often any values possibly except at most two values in any neighborhood of the in-
finity. This result is refined to be possible for any sector which contains some fixed
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direction, and this direction is singular and known as Julia direction after G. Julia,
for it is G. Julia who found in 1924 the existence of such a direction for all entire and
most of meromorphic functions, in particular, for function with at least one asymp-
totic value by using the Montel Theorem for the normal family. Along this way, in
view of the Borel Theorem for a transcendental meromorphic function, a direction
corresponding to the Borel Theorem was considered, that is so-called Borel direc-
tion. The existence of Borel directions for a meromorphic function with the finite
positive order was proved by G. Valiron in 1928 by using the Nevanlinna theory.
Corresponding to the Nevanlinna second fundamental theorem, a new singular di-
rection, called T direction, was recently introduced in Zheng [58]. Main purpose of
this chapter is to make a careful discussion of this singular direction.

3.1 Notation and Existence of T Directions

We extend the definition of T directions posed in Zheng [58] to a meromorphic
function in an angular domain.

Definition 3.1.1. Let f (z) be a meromorphic function in an angular domain
Ω(α,β ).

A radial argz = θ contained in Ω is called a T direction of f (z) with respect
to Ω , provided that given arbitrary small ε > 0, for any b ∈ Ĉ, possibly with the
exception of at most two values of b, we have

limsup
r→∞

N(r,Zε(θ), f = b)
T (r,Ω , f )

> 0, (3.1.1)

where Zε(θ) = {z : θ − ε < argz < θ + ε} ;
A radial argz = θ is called a precise T direction of f (z) with respect to Ω , if in

(3.1.1), N(r,Zε (θ ), f = b) is in the place of N(r,Zε(θ), f = b).
If f (z) is a meromorphic function in the whole complex plane, then a T direction

of f (z) with respect to C is briefly called a T -direction of f (z).

In view of the inequality (2.4.2), it follows that Ahlfors-Shimizu characteristic
T (r,Ω , f ) in the above Definition 3.1.1 can be replaced by T (r, f ) for a T direction
of f (z) with respect to the whole complex plane, which is the definition of a T
direction given in Zheng [58].

The following result characterizes the existence of T direction of f (z) in an an-
gular domain, which will be verified in terms of Theorem 2.4.3 and Theorem 2.4.4,
as we did in [10].

Theorem 3.1.1. Let f (z) be a meromorphic function in Ω(α,β ) such that

lim
r→∞

T (r,Ω , f )
(logr)2 = ∞.

If for a fixed φ ∈ (α,β ) and arbitrary ε > 0, we have
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limsup
r �∈F→∞

T (r,Zε(φ), f ))
T (r,Ω , f )

> 0, (3.1.2)

where F = F(Ω) is a set with finite logarithmic measure appeared in Lemma 2.4.2,
then argz = φ is a (precise) T direction of f (z) with respect to Ω .

Proof. Suppose the theorem fails, that is, argz = φ is not a precise T direction.
Then we have a fixed ε > 0 and three distinct points a, b and c in Ĉ such that

N(r,Z2ε(φ), f = a)+N(r,Z2ε (φ), f = b)+N(r,Z2ε(φ), f = c)

= o(T (r,Ω)), (3.1.3)

where Zε(φ) = {z : φ − ε < argz < φ + ε}. In view of (2.4.8) with (2) we have

T (r,Zε(φ), f ) = o(T (r,Ω)), r �∈ F.

This contradicts our assumption (3.1.2).
We complete the proof of Theorem 3.1.1. ��
Analyzing the proof of Theorem 3.1.1, we do not know if the theorem is still true

under the assumption

limsup
r→∞

T (r,Ω)
(logr)2 = ∞. (3.1.4)

Theorem 3.1.2. Let f (z) satisfy the assumption of Theorem 3.1.1. If for certain
ε > 0

limsup
r �∈F→∞

T (r,Ωε , f )
T (r,Ω , f )

> 0, (3.1.5)

where F = F(Ω) is a set with finite logarithmic measure appeared in Lemma 2.4.2,
then Ω contains a (precise) T direction of f (z) with respect to Ω .

Proof. According to (3.1.5), there exist a sequence of positive numbers {rn} out-
side F such that (3.1.5) holds for this sequence {rn}. Now we divide Ωε into two
equal angular domains and then in view of (3.1.5) for at least one of these two do-
mains, denoted by Ω1, we have

limsup
n→∞

T (rn,Ω1, f )
T (rn,Ω , f )

> 0. (3.1.6)

In this way, we can obtain a sequence of angular domains {Ω j} such that Ω j+1 ⊂Ω j
and the opening of Ω j tends to zeros as j → ∞ and for each Ω j in the place of Ω1,
(3.1.6) holds. There exists a unique direction argz = φ in

⋂∞
j=1Ω j . From the proof

of Theorem 3.1.1 it is easy to see that argz = φ is a T direction of f (z) with respect
to Ω . ��

Clearly we cannot assert that argz = θ is a T direction of f (z) with respect to Ω if
(3.1.1) is satisfied only for one value of b. However, it is true under some additional
assumption in view of Corollary 2.7.1 and Theorem 2.7.2.
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Theorem 3.1.3. Let f (z) be a meromorphic function in Ω(α ,β ) and φ ∈ (α,β).
If for arbitrarily small ε > 0 and a d > 1,

liminf
r→∞

T (dr,Zε(φ), f )
T (r,Zε (φ), f )

> dπ/(2ε) (3.1.7)

and

limsup
r �∈F→∞

N(r,Zε (φ), f = 0)
T (r,Ω , f )

> 0,

where Zε(φ) = {z : φ − ε < argz < φ + ε}, then argz = φ is a T direction of f (z)
with respect to Ω .

Proof. In view of (3.1.7), for some ε > 0 and for r � r0 we have T (dr) > d2T (r),
T (r) = T (r,Zε (φ), f ). For r > dn0 with dn0 � r0, we have dn � r < dn+1 for a
n � n0 and therefore

T (r) � T (dn) � (d2)n−n0T (r0) > rd−n0 T (r0).

This together with T (r) � T (r,Ω , f ) yields limr→∞
T (r,Ω)
(logr)2 = ∞. It follows from

Corollary 2.7.1 in terms of (3.1.7) that for some K > 0

N(r,Zε(φ), f = 0) � KT (r,Z2ε (φ), f ).

Thus under the assumption of Theorem 3.1.3, (3.1.2) holds for Z2ε(φ) and hence
Theorem 3.1.1 asserts that argz = φ is a T direction of f (z) with respect to Ω . ��

Put

ρφ (a) = lim
ε→0+

limsup
r→∞

logN(r,Zε(φ), f = a)
logr

.

ρφ (a) is called convergent exponent of a-value points of f (z) for the radial argz = φ .

Theorem 3.1.4. Let f (z) be a meromorphic function in Ω(α ,β ) and φ ∈ (α,β).
If ρφ (0) = ∞ and for arbitrary ε > 0,

liminf
r �∈F→∞

N(r,Zε(φ), f = 0)
T (r,Ω , f )

> 0, (3.1.8)

F = F( f ,Ω), then argz = φ is a T direction of f (z) with respect to Ω .

Proof. Suppose that argz = φ is not a T direction of f (z) with respect to Ω . Then
for some ε > 0 and three distinct complex points a,b and c on Ĉ

N(r,Z2ε(φ), f = a)+N(r,Z2ε (φ), f = b)+N(r,Z2ε(φ), f = c)

= o(T (r,Ω , f )). (3.1.9)

It follows from ρφ (0) = ∞ and employing Theorem 2.7.2 (consult the proof of
Theorem 2.7.3) that T (r,Zε (φ), f ) is of infinite order and hence in view of Lemma
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1.1.3 there exist a sequence of positive numbers {rn} outside F( f ,Ω) such that for
1 � t � rn,

t−ω−1T (t,Zε(φ), f ) � er−ω−1
n T (rn,Zε (φ), f ),

where ω = π/(2ε). Thus

T (rn,Zε (φ), f ) � e−1T (1,Zε (φ), f )rω+1
n .

In terms of the first inequality in Theorem 2.7.2, using these two inequalities pro-
duces

N(rn,Zε/2(φ), f = 0) � K1T (rn,Zε(φ), f )+O(rωn )

+K1rωn

∫ rn

1

T (t,Zε (φ), f )
tω+1 dt

� (K1 +O(r−1
n ))T (rn,Zε(φ), f )

+K1rωn

∫ rn

1
e
T (rn,Zε(φ), f )

rω+1
n

dt

� (K1 +O(r−1
n )+ eK1)T (rn,Zε(φ), f ).

However, in view of (2.4.8) with (2) and (3.1.9) we have

T (r,Zε (φ), f ) = o(T (r,Ω , f )), r = rn �∈ F( f ,Ω).

This contradicts (3.1.8) and so Theorem 3.1.4 follows. ��
Now we come to the case of a transcendental meromorphic function in C.

Theorem 3.1.5. Let f (z) be a transcendental meromorphic function. Then for any
unbounded sequence {rn} of positive real numbers outside F( f ) such that

lim
n→∞

T (rn, f )
(logrn)2 = ∞,

there exist a direction argz = θ such that for arbitrary small ε > 0 we have

limsup
n→∞

N(rn,Zε (θ ), f = b)
T (rn, f )

> 0,

possibly except at most two values of b.

The radial in Theorem 3.1.5 is actually a (precise) T direction of f (z). We will
below call such a radial satisfying (3.1.1) for a sequence {rn} T direction for {rn}.

Proof. Suppose on contrary that f (z) has no precise T -direction for {rn}. Then
there exist a finite number of the radials argz = θ j ( j = 1,2, · · · ,m) and a ε > 0
such that {Zε(θ j) : 1 � j � m} is a covering of C\{0} and for each j, we have three
extended complex numbers a j , b j and c j satisfying

N(rn,Z2ε (θ j), f = a j)+N(rn,Z2ε(θ j), f = b j)+N(rn,Z2ε (θ j), f = c j)
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= o(T (rn, f )), as n → ∞.

From Corollary 2.4.1 it follows that

T (rn,Zε (θ j), f ) = o(T (rn, f )).

However this together with the fact that

m

∑
j=1

T (rn,Zε(θ j), f ) � T (rn,C, f ) = T (rn, f )+O(1)

yields T (rn, f ) = o(T (rn, f )), a contradiction has been derived. We complete the
proof of Theorem 3.1.5. ��
Corollary 3.1.1. Let f (z) be a transcendental meromorphic function with (3.1.4)
with T (r, f ) in the place of T (r,Ω , f ). Then f (z) has at least a (precise) T direction.

The result of Corollary 3.1.1 was conjectured in [58] and later proved by Guo,
Zheng and Ng [10] by using Ahlfors-Shimizu characteristic T (r,Ω) of a mero-
morphic function in an angular domain Ω . Actually, this result for transcendental
meromorphic functions of the finite positive order can be attained through the exis-
tence of the Borel directions of maximal kind proved by G. Valiron (for the detail
see Section 3.3 below) and for ones of zero order was proved by Tsuji [32] in 1935
and for ones of infinite order can be also verified through the Nevanlinna second
fundamental theorem in an angle (the reader is referred to the proof of Theorem
3.2.2 below).

In Section 3.3, we shall make a remark on that the condition (3.1.4) in those re-
sults above is necessary, that is, there exists a transcendental meromorphic function
which does not satisfy (3.1.4) and has no T directions at all.

The following is an analogy of Theorem of Cartwrighte and Valiron (cf. [36])
for entire function and Yang [44] for meromorphic function concerning Borel direc-
tions.

Theorem 3.1.6. Let f (z) be a transcendental meromorphic function with finite
lower order μ and non-zero order λ and have a Nevanlinna deficient value a ∈ Ĉ

with δ = δ (a, f ) > 0. For any positive and finite τ with μ � τ � λ , consider the
angular domain Ω(α,β ) with

β −α > max

{
π
τ

,2π− 4
τ

arcsin

√
δ
2

}
. (3.1.10)

Then f (z) has a (precise) T direction in Ω .

Proof. Suppose on contrary that f (z) has no precise T direction in Ω . Then as in
the proof of Theorem 3.1.5, employing Theorem 2.4.4 yields

T (t,Ω) = o(T (2t, f ))+O((log t)2) as t → ∞.
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Take a sequence of Pólya peak {rn} of f (z) of order τ. Then we have∫ rn

1

T (t,Ω)
tω+1 dt = o

(∫ rn

1

T (2t, f )
tω+1 dt

)
+
∫ rn

1

O((log t)2)
tω+1 dt

� o
(∫ rn

1

T (rn, f )
tω+1

(
2t
rn

)τ
dt
)

+O((logrn)2)

= o
(

T (rn, f )
rωn

)
+O((logrn)2),

and hence by noting τ > ω = π
β−α , we attain

rωn
T (rn, f )

∫ rn

1

T (t,Ω)
tω+1 dt → 0 as n → ∞.

We define the real function Λ (r) by

Λ(r)2 = max
{

T (rn,Ω)
T (rn, f )

,
rωn

T (rn, f )

∫ rn

1

T (t,Ω)
tω+1 dt

}
, for rn � r < rn+1.

Obviously Λ(r) → 0 as r → ∞. In light of Theorem 2.8.1 for all sufficiently large n

and a small ε > 0 with β −α > 2π− 4
τ arcsin

√
δ
2 +4ε , we have

mesDΛ (rn) � min{2π ,
4
τ

arcsin

√
δ
2
}− ε ,

where

mesDΛ (rn) = {θ ∈ [0,2π) : log+ 1
| f (rneiθ )−a| >Λ (rn)T (rn, f )}.

From (3.1.10) we easily see

mes(DΛ (rn)∩ [α + ε,β − ε ]) � mes(DΛ (rn))−mes([β − ε ,2π +α + ε ]) > ε

and hence

Bα,β

(
rn,

1
f −a

)
� 2ω

πrωn
sin(ωε)

∫ β−ε

α+ε
log+ 1

| f (rneiθ )−a|dθ

� 2εω
πrωn

sin(ωε)Λ(rn)T (rn, f ).

Below we estimate Bα,β

(
rn,

1
f−a

)
from above. In light of the first fundamental

theorem for an angle, Lemma 2.2.1 and Theorem 2.4.7 we have
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Bα,β

(
rn,

1
f −a

)
� Sα,β

(
rn,

1
f −a

)
= Sα,β (rn, f )+O(1)

� 2ω
T (rn,Ω)

rnω
+ω2

∫ rn

1

T (t,Ω)
tω+1 dt +O(1)

=
2ωΛ(rn)2

rn
ω T (rn, f )+ω2Λ(rn)2

rn
ω T (rn, f )+O(1).

These inequalities imply that

Λ (rn) � (2+ω)π
2ε sin(ωε)

Λ(rn)2 +O
(

rωn
T (rn, f )

)
� O(Λ(rn)2),

a contradiction is derived forΛ (rn)→ 0 as n→∞, and hence Theorem 3.1.6 follows.
��

Finally, we conclude this section with an extension of concept of T direction.

Definition 3.1.2. Let f (z) be a transcendental meromorphic function. A curve
L : z = teiθ(t) (0 � t < ∞) is called B-regular T curve of f (z), provided that L is
B-regular and for arbitrary small ε > 0 we have (3.1.1) with T (r, f ) in the place of
T (r,Ω , f ) for Zε(L) = {z : θ(t)− ε < argz < θ(t)+ ε} and

N(r,Zε(L), f = b) =
∫ r

1

n(t,Zε (L), f = b)
t

dt

for all but at most two values of b ∈ Ĉ;
A curve L is called precise B-regular T curve of f (z), if in (3.1.1), T (r, f ) is in

the place of T (r,Ω , f ) and N(r,Zε(L), f = b) in the place of N(r,Zε(L), f = b).

A continuous path L : z = teiα(t) (0 � t0 � t) in C is called B-regular if for any
pair (t1, t2), the portion of L which lies in t1 � |z| � t2 is of length � B(t2 − t1).

The existence of a B-regular T curve is guaranteed by Theorem 3.1.5, since a T
direction must be a B-regular T curve. However, we ask if a transcendental mero-
morphic function f (z) with T (r, f ) = O((logr)2) must have a B-regular T curve.

3.2 T Directions Dealing with Small Functions

This section is devoted to discussing the existence of T directions of a meromor-
phic function concerning not only complex values but also small functions as his
targets. Let f (z) and a(z) be two meromorphic functions. We recall that a(z) is
called small function of f (z) if T (r,a) = o(T (r, f )) as r → ∞ possibly outside a
set with finite measure (here a is allowed to be a constant) and absolutely small if
T (r,a) = o(T (r, f )) as r → ∞ without except set.
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Theorem 3.2.1. Let f (z) be a transcendental meromorphic function with the non-
zero order and the finite lower order. Then there exists a direction argz = θ such
that for arbitrary small ε > 0 we have

limsup
r→∞

N(r,Zε(θ), f = a)
T (r, f )

> 0,

for all small function a(z) with possible exception of at most two functions of a(z).

Proof. Since f (z) is of finite lower order, in view of Theorem 1.1.3, then T (r) =
T (r, f ) has a sequence of Pólya peaks {rn} outside F( f ) with the finite positive
order σ between μ( f ) and λ ( f ). Set

ψ(r) =
∫ r

1

T (256t)
t

dt.

Since T (256t) � K
(

256t
rn

)σ
T (rn) for 1 � t � rn, we then have

∫ rn

1

ψ(t)
t

dt = ψ(rn) logrn −
∫ rn

1

T (256t)
t

log t dt

=
∫ rn

1

T (256t)
t

(logrn − log t)dt

�
∫ rn

1
K
(

256t
rn

)σ T (rn)
t

log
rn

t
dt

= K(256)σ
T (rn)

rσn

∫ rn

1
log

rn

t
tσ−1dt. (3.2.1)

A straightforward calculation deduces that∫ r

1
log

r
t

tσ−1dt = − 1
σ

logr +
1
σ2 (rσ −1) <

1
σ2 rσ .

Substituting the above inequality into (3.2.1) gets∫ rn

1

ψ(t)
t

dt � K(256)σσ−2T (rn, f ). (3.2.2)

There exists a direction argz = θ0, as did in the proof of Theorem 3.1.2, such that
for arbitrarily small ε > 0, we have

lim
n→∞

T (rn,Zε (θ0))
T (rn, f )

> 0,

where Zε(θ0) = {z : θ0 − ε < argz < θ0 + ε}. For any three small functions a1(z),
a2(z) and a3(z) with respect to f (z), set
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g(z) =
f (z)−a1(z)
f (z)−a2(z)

a3(z)−a2(z)
a3(z)−a1(z)

.

Since T (r,a) = ∑3
j=1 T (r,a j) = o(T (r, f )) for all r possibly outside a set E of finite

measure, in view of Theorem 2.4.5 and Lemma 1.1.11 it follows therefore that

A (r,Zε(θ0), f ) � 27A (64r,Z2ε(θ0),g)+O
(∫ 128r

1

T (t,a)
t

dt
)

= 27A (64r,Z2ε(θ0),g)+O
(∫ r/2

1

T (256t,a)
t

dt
)

= 27A (64r,Z2ε(θ0),g)+o(ψ(r/2)), r �∈ E∗,

where E∗ is a set of finite measure. From Lemma 1.1.7 we have for all sufficiently
large r

A (r,Zε(θ0), f ) � 27A (128r,Z2ε (θ0),g)+o(ψ(r))

and hence, in view of Theorem 2.4.4 and (3.2.2), we have

T (rn,Zε(θ0), f ) � 27T (128rn,Z2ε(θ0),g)+o
(∫ rn

1

ψ(t)
t

dt
)

� 81[N(256rn,Z3ε(θ0),g = 0)+N(256rn,Z3ε (θ0),g = ∞)
+N(256rn,Z3ε(θ0),g = 1)]+O((logrn)2)+o(T (rn, f ))

� 81
3

∑
j=1

N(256rn,Z3ε(θ0), f = a j)+o(T (rn, f )).

By noting that {rn} is a sequence of Pólya peak, we have T (256rn, f ) � K0T (rn, f )
and this implies that

lim
n→∞

∑3
j=1 N(256rn,Z3ε(θ0), f = a j)

T (256rn, f )
> 0.

We complete the proof of Theorem 3.2.1. ��
Theorem 3.2.2. Let f (z) be a transcendental meromorphic function with the infi-
nite lower order. Then there exists a direction argz = θ such that for arbitrary small
ε > 0 we have

limsup
r→∞

N(r,Zε(θ), f = a)
T (r, f )

> 0,

for all absolutely small function a(z) with possible exception of at most two functions
of a(z).

Proof. Take a sequence of increasing positive numbers {sn} which tends to infin-
ity and then since T (r, f ) is of infinite lower order, by means of Lemma 1.1.3 we
can therefore find a sequence of positive numbers {rn} outside F( f ) tending to the
infinity such that
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T (t, f ) � e
(

t
rn

)sn

T (rn, f ) (3.2.3)

for 1 � t � rn.
By Theorem 3.1.5 there exists a T direction argz = θ0 of f (z) for {rn}. Suppose

on the contrary that there exist three absolutely small functions a1(z), a2(z) and
a3(z) with respect to f (z) such that

3

∑
j=1

N(r,Z2ε(θ0), f = a j) = o(T (r, f )).

Then in terms of the first and second fundamental theorem of Nevanlinna in an angle
and (2.2.14), we have

SZ2ε (r, f ) � SZ2ε (r,g)+L

�
3

∑
j=1

CZ2ε (r, f = a j)+O(logrT (r, f ))+L

� 4ω
N(r)
rω

+2ω2
∫ r

1

N(t)
tω+1 dt +O(logrT (r, f ))+L,

r �∈ F( f ), where ω = π
4ε , L = O(∑3

j=1 SZ2ε (r,a j)+1) and

N(r) =
3

∑
j=1

N(r,Z2ε (θ0), f = a j).

Applying Theorem 2.4.7 to aj yields

SZ2ε (r,a j) � 2ω
T (r,aj)

rω
+ω2

∫ r

1

T (t,a j)
tω+1 dt +O(1)

so that

L � o
(

T (r, f )
rω

)
+o

(∫ r

1

T (t, f )
tω+1 dt

)
+O(1).

Thus we have

SZ2ε (r, f ) � o
(

T (r, f )
rω

)
+o

(∫ r

1

T (t, f )
tω+1 dt

)
+O(logrT (r, f )), r �∈ F( f ).

On the other hand, in view of Lemma 2.2.2 for any c ∈ Ĉ we have

SZ2ε (r, f ) � CZ2ε (r, f = c)+O(1)

� 2ω sin(ωε)
N(r,Zε (θ0), f = c)

rω
+O(1).

Thus
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N(r,Zε(θ0), f = c) � o(T (r, f ))+o
(

rω
∫ r

1

T (t, f )
tω+1 dt

)
+O(rω logrT (r, f ))

= o(T (r, f ))+o
(

rω
∫ r

1

T (t, f )
tω+1 dt

)
, (3.2.4)

by noting that the lower order of f (z) is infinite. In view of (3.2.3), for sn > ω we
have

rωn

∫ rn

1

T (t, f )
tω+1 dt � erωn

∫ rn

1

(
t
rn

)sn T (rn, f )
tω+1 dt

� erω−sn
n T (rn, f )

∫ rn

1
tsn−ω−1dt

� erω−sn
n T (rn, f )

1
sn −ω

(rsn−ω
n −1)

<
e

sn −ω
T (rn, f ).

Then for sn > ω , substituting the above inequality into (3.2.4) yields

N(rn,Zε (θ0), f = c) = o(T (rn, f )).

A contradiction is derived, because argz = θ0 is a T -direction. From this Theorem
3.2.2 follows. ��

It is natural to ask whether the assumption that f (z) is not of zero order is nec-
essary and analyzing the proof of Theorem 3.2.1, we also raise a question: must
a T direction be also a T direction dealing with small functions? Indeed, we can
prove that each T direction of a meromorphic function must be a T direction with
absolutely small functions as targets if limr→∞

T (dr, f )
T (r, f ) = ∞ in view of Lemma 1.1.2

(Note: This condition implies that the function is of infinite lower order). Finally,
we remark that we do not know if Theorem 3.2.2 holds for small functions.

3.3 Connection Among T Directions and Other Directions

In this section, our main purpose is to take into account connection of T directions
with the Julia and Borel directions. We also consider the latter in an angular domain.
Let f (z) be a meromorphic function in an angular domain Ω(α,β ). A direction in
Ω is called a Julia direction of f (z) if in any angular domain containing it f (z)
can assume infinitely often any values, possibly with the exception of at most two
values. It is obvious that a T direction must be a Julia direction if

T (r,Ω , f )/ logr → ∞ as r → ∞. (3.3.1)
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Therefore a T direction of a transcendental meromorphic function must be a Julia
direction, since (3.3.1) always holds for T (r,C, f ) = T (r, f )+ O(1). By means of
this fact, we make a remark on that the condition (3.1.4) for the existence of T
directions and the corresponding condition in Theorem 3.1.5 are necessary, since
Ostrowski[22] gave a simple example of transcendental meromorphic function with
T (r, f ) = O((logr)2) which has no Julia directions and so no T directions.

However, conversely a Julia direction may not be a T direction. Indeed, observe
the function ez2

+ ez and the positive and negative imaginary axes are its two Julia
directions but not T directions at all. However, the positive and negative imaginary
axes are in fact its two Borel directions of order 1.

We have another example with a Julia direction which is not a T direction. To the
end, we first show the following

Theorem 3.3.1. Let f (z) be analytic in Ω and let Ω̃ be an angle contained in Ω .
Assume that for all r > 0, on the part of |z| = r lying in Ω̃ we have

log | f (z)| � o
(

T (r/2,Ω , f )
(logr)2+α

)
+M,

where M and α are two positive constants. If

lim
r→∞

T (r,Ω , f )
(logr)2 log logr

= ∞, (3.3.2)

then f (z) has no T directions in Ω̃ with respect to Ω .

Proof. It suffices to verify that for any fixed ε > 0, Ω̃ε contains no T direction of
f (z) with respect to Ω .

As in the proof of Lemma 2.7.1, we put the same definitions on rn,An,A jn and
Bjn. We denote by z jn the center of A jn and Bjn. Then

n(A jn, f = a) � (log5)−1N(Bjn, f = a)

� (log5)−1T
(

B jn,
1

f −a

)
� (log5)−1

(
T (Bjn, f )+ log2+ log+ |a|+ log

1
| f (z jn)−a|

)
� (log5)−1

(
m(Bjn, f )+ log2+ log

1
| f (z jn),a|

)
� (log5)−1(o(T (rn,Ω , f )/(logrn)2+α)+M + log2+2logn)
� (log5)−1(o(A (rn,Ω , f )/n1+α)+M + log2+2logn),

for a ∈ Ĉ possibly outside a disk Ejn with the sphere radius e−2logn. As in the proof
of Lemma 2.7.1, we can find three distinct complex numbers av (v = 1,2,3) such
that the above inequality with a = av holds for all large n. Thus for sufficiently large
r we have
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N(r,Ω̃ε , f = av) � o(T (r,Ω , f ))+O((logr)2 log logr) = o(T (r,Ω , f )).

This implies that Ω̃ε contains no T directions of f (z) with respect to Ω . ��
We say that an analytic function f (z) has polynomial growth in an angular do-

main V with the vertex at the origin, provided that | f (z)| � |z|d + M,∀z ∈ V for a
positive number d and M. Then Theorem 3.3.1 is available for an analytic function
of polynomial growth under (3.3.2).

Now we observe the following function

g(z) =
∞

∏
n=0

(
e
√

n − z
e
√

n + z

)
. (3.3.3)

Rossi [24] proved that T (r,g) = (1/3+o(1))(logr)3 and g(z) has exactly two Julia
directions, the negative and positive imaginary axes and it is of polynomial growth
in some angular domain containing the positive imaginary axis. These two Julia
directions are also T directions of g(z) in view of Corollary 3.1.1 and g(z) = g(z),
for no radial other than the negative and positive imaginary axes is a Julia direction
and so a T direction of g(z), but g(z) must have at least one T direction. Sauer[25]
considered the function f (z) = (eiz +1)g(z) and proved that the positive imaginary
axis is a Julia direction of f (z) but not of f ′(z). On the other hand, since f (z) is
of polynomial growth in some sector containing the positive imaginary axis and
T (r, f ) ∼ r (r →∞), in view of Theorem 3.3.1 the positive imaginary axis therefore
is neither a T direction of f (z) nor a Borel direction of positive order.

A direction argz = θ in Ω is called a Borel direction of order ρ , 0 < ρ , of a
function f meromorphic in Ω , if for arbitrary ε > 0 and any a ∈ Ĉ, possibly except
at most two values of a, we have

limsup
r→∞

log+ n(r,Zε (θ ), f = a)
logr

� ρ . (3.3.4)

In the case when ρ = λΩ ( f ), we simply call the Borel direction of order λΩ ( f ) the
Borel direction (with respect to Ω ).

When 0 < λ ( f ) < ∞, a routine calculation deduces a T direction for {rn} such
that lim

n→∞
logT (rn, f )

logrn
= λ ( f ) is also a Borel direction, and so from Theorem 3.1.5 this

gives a proof of the existence of the Borel direction.
G. Valiron is the first one who introduced the concept of a proximate order λ (r)

for a meromorphic function f with finite positive order and the type function U(r) =
rλ (r) of f or T (r, f ) (for detail the reader is referred to Theorem 1.1.1). In 1932,
G. Valiron raised in terms of his type function the concept of one Borel direction
of maximal kind, that is, a direction such that for arbitrary ε > 0 and any a ∈ Ĉ,
possibly except at most two values of a, we have

limsup
r→∞

n(r,Zε(θ), f = a)
U(r)

> 0, (3.3.5)
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and proved the existence of such a direction for a meromorphic function of finite
positive order. Certainly, the Borel direction of maximal kind can be considered in
an angular domain in terms of the type function of T (r,Ω , f ). It is clear that one
Borel direction of maximal kind must be a Borel direction as well as a T direction.
However, a T direction for {rn} such that lim

n→∞
T (rn, f )
U(rn) = 1 is also a Borel direction

of maximal kind. Below we verify this result. Assume that for a ∈ Ĉ and ε > 0

limsup
n→∞

N(rn,Zε(θ), f = a)
T (rn, f )

> 0 and so limsup
n→∞

N(rn,Zε(θ), f = a)
U(rn)

> 0.

If (3.3.5) fails, that is, n(r,Zε(θ), f = a) = o(U(r)), then in view of Lemma 1.1.2
we have

N(r,Zε(θ), f = a) =
∫ r

1

n(t,Zε(θ), f = a)
t

dt = o
(∫ r

1

U(t)
t

dt
)

= o(U(r)),

a contradiction is derived and hence (3.3.5) holds. This shows argz = θ is a Borel
direction of f (z) of maximal kind. From Theorem 3.1.5 this gives a proof of the
existence of the Borel direction of maximal kind.

Of course, the Borel directions rely heavily on the order of meromorphic func-
tions. Obviously, (3.3.4) makes no sense for the case ρ = 0 and hence we cannot
consider Borel directions of a meromorphic function with zero order like that. How-
ever, some mathematicians used (3.3.4) with loglogr in the place of logr for this
case. It is rude that (3.3.4) is used for the case ρ = ∞ and so more log is considered
to put on the numerator in (3.3.4).

In order to treat the case of a meromorphic function with the infinite order, Hiong
K. L. [14] introduced for a meromorphic function f a continuous, non-decreasing
real positive function ρ(r) which tends to infinity as r → ∞, called an infinite order
of f , such that

lim
r→∞

ρ(R)
ρ(r)

= 1, R = r +
r

ρ(r) logr
and limsup

r→∞

logT (r, f )
ρ(r) logr

= 1.

Then a Borel direction of ρ(r) order can be defined to be a direction argz = θ such
that for arbitrary ε > 0 and any a ∈ Ĉ, possibly except at most two values of a, we
have

limsup
r→∞

log+ n(r,Zε(θ), f = a)
ρ(r) logr

= 1. (3.3.6)

When f is of finite positive order, ρ(r) ≡ λ ( f ) and a Borel direction of ρ(r) order
is a Borel direction; Hiong in the same paper proved the existence of a Borel direc-
tion of ρ(r) order for a meromorphic function with the infinite order. We may also
introduce proximate order and type function for a meromorphic function with the
infinite order, provided that the condition (1.1.1) is suitably weaken (see Theorem
1.1.2).
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Obviously, for a Borel direction of ρ(r) order, the growth of the number of a-
value points in the corresponding angle is characterized in terms of order ρ(r).
However, the order ρ(r) or the proximate order λ(r) are essentially neither clear
nor explicit for a meromorphic function with the infinite or finite order. In some
sense, ρ(r) seems to be logT (r, f )

logr , but it has certain better regular property than that
the latter does. Thus it seems that (3.3.6) would be equivalent to

limsup
r→∞

log+ N(r,Ω(θ − ε ,θ + ε), f = a)
logT (r, f )

= 1.

Therefore, it does not seem to be satisfactory that we use the order ρ(r) to charac-
terize the growth of the number of a-value points of such a meromorphic function.

From the previous observation, the author believes that it would be a good direct
way to characterize the growth of the number of a-value points by comparing it
to the Nevanlinna’s characteristic T (r, f ), which explains the significance of the
concept of the T directions.

It is easy to see that a T direction for an angle Ω must be a Borel direction of
order μΩ ( f ) if μΩ ( f ) > 0. For a meromorphic function of the regular growth with
finite positive order, that is, its lower order equals to its order, its T direction must be
also its Borel direction, but we do not know if the converse is true. Then it is natural
to ask whether T directions have to be the Borel directions. However, it is well-
known that one Borel exceptional value may not be a Nevanlinna deficient value
and neither is the converse, then we wonder that a T direction might not be a Borel
direction of ρ(r) order.

Previously, we have pointed out that a meromorphic function with the finite posi-
tive order has at least a direction which is a T direction and a Borel direction as well.
We have not discovered further connection between T direction and Borel direction
of ρ(r) order until the recent work of Zhang Qingde[56]. He proved the following

Theorem 3.3.2. For arbitrary positive number λ , positive integers p1 and p2, let
D1 and D2 be the systems of p1 and p2 radials, respectively, such that D1 ∩D2 = ∅.
Then there exist two meromorphic functions f (z) and g(z) with the order λ such that
every direction in D1 ∪D2 is a T direction of f (z) without other T directions and a
Borel direction of g(z) without other Borel directions, while the Borel directions of
f (z) and the T directions of g(z) are exactly radials in D2.

Following Zhang [56] we construct the meromorphic functions f (z) and g(z)
which satisfy the requirements of Theorem 3.3.2, some of whose ideas come from
Yang and Zhang [48].

Write

D1 =
p1⋃

j=1

{z : argz = θ j} and D2 =
p2⋃

k=1

{z : argz = φk}.

For a positive number λ , let q be the greatest integer with q < λ . Take a τ with
max{q,λ/2} < τ < λ and set

an j = eneiθ j and Ank = een
eiφk (3.3.7)
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bn j = enei(θ j+e−(τ+1)n) and Bnk = een
ei(φk+e−(λ+1)en

)

mn =
[

eτn

ns

]
and Mn =

[
eλen

ns

]
n = 1,2, · · · ; j = 1,2, · · · , p1; k = 1,2, · · · , p2,

where s is a number greater than 1. Consider the canonical products

h1(z) =
∞

∏
n=1

p1

∏
j=1

(
E(q,

z
an j

)
)mn

, h2(z) =
∞

∏
n=1

p1

∏
j=1

(
E(q,

z
bn j

)
)mn

and

H1(z) =
∞

∏
n=1

p2

∏
j=1

(
E(q,

z
An j

)
)Mn

, H2(z) =
∞

∏
n=1

p2

∏
j=1

(
E(q,

z
Bn j

)
)Mn

,

where E(q,z) is the Weierstrass factor defined by E(q,z) = (1− z)exp(z + z2/2 +
· · ·+ zq/q) for q �= 0 and E(0,z) = 1− z. Since for arbitrarily small ε > 0

∞

∑
n=1

p1

∑
j=1

mn

|an j|τ = p1

∞

∑
n=1

e−τn
[

eτn

ns

]
< +∞

and
∞

∑
n=1

p1

∑
j=1

mn

|an j|τ−ε = p1

∞

∑
n=1

e−(τ−ε)n
[

eτn

ns

]
= +∞,

it follows that hi(z) (i = 1,2) has the order τ. And the same argument implies that
Hi(z) (i = 1,2) is of order λ and its exponent of convergence of zeros is also λ .

Set

f (z) =
h1(z)H1(z)
h2(z)H2(z)

. (3.3.8)

Then f (z) is of order λ and its exponent of convergence of zeros is also λ . Below
we denote positive constants by notations K,K1,K2, · · · which are not the same at
each occurrence.

Lemma 3.3.1.

K1
rτ

logs r
� N

(
r,

1
hi

)
� K2

rτ

logs r

and for een+1 � r < een+2,

N
(

r,
1
Hi

)
� K2

rλ

(log logr)s

and for een+1−2 � r < een+1
,



140 3 T Directions of a Meromorphic Function

N
(

r,
1
Hi

)
� K2rλ/e(logr)2, i = 1,2,

where K1 and K2 are positive constants independent of n and r and not same at each
appearance.

Proof. Here we only consider i = 1. Given r, we have en � r < en+1 for some n
and equivalently logr−1 < n � logr. Then

n
(

r,
1
h1

)
� p1mn � p1

(
eτn

ns −1
)

� K1
rτ

logs r

and

n
(

r,
1
h1

)
= p1

n

∑
k=1

mk � p1

n

∑
k=1

eτk

ks � p1
eτn

ns

n

∑
k=1

(n
k

)s
e−τ(n−k).

We estimate the sum in the above inequality by dividing it into two parts:

n

∑
1�k�n/2

(n
k

)s
e−τ(n−k) � n

2
nse−τn/2 → 0 (n → +∞)

and
n

∑
n/2<k�n

(n
k

)s
e−τ(n−k) � 2s

∞

∑
k=0

e−τk < +∞.

A straightforward calculation implies that∫ r

e

tτ

logs t
dt
t
∼ 1

τ
rτ

logs r
.

Combining these inequalities yields the first inequality desired.
Now we want to establish the second inequality. Under the equivalent condition

that log(logr−2) < n � log(logr−1), we have

N
(

r,
1

H1

)
= p2

n

∑
k=1

Mk log
r

|Ak1|

� p2

n

∑
k=1

eλek

ks (en +2− ek)

= p2
eλen

ns

n

∑
k=1

(n
k

)s en +2− ek

eλ (en−ek)

� K2
eλen

ns � K2
rλ

(log logr)s .

The final inequality follows from the following implication by noting loglogr−
1 � n < log(logr +1)−1
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N
(

r,
1

H1

)
= p2

n

∑
k=1

Mk log
r

|Ak1|

� p2

n

∑
k=1

eλek

ks (en+1 − ek)

= p2neλen
en+1 � K2rλ/e(logr)2.

��
Lemma 3.3.2. For z with |z| = r � 2, if the distance of z from all zeros and poles of
f (z) is greater than dr with d > 0, then∣∣∣∣ f ′(z)

f (z)

∣∣∣∣� Krq−1.

Proof. Let us begin with the estimation of logarithmic derivative of
E(q, z

an j
)

E(q, z
bn j

) . We

have ∣∣∣∣∣E
′(q, z

an j
)

E(q, z
an j

)
−

E ′(q, z
bn j

)

E(q, z
bn j

)

∣∣∣∣∣
=
(

1
z−an j

− 1
z−bn j

)
+
(

1
an j

− 1
bn j

)
+ · · ·+ zq−1

(
1

aq
n j

− 1
bq

n j

)

= (an j −bn j)
{

1
(z−an j)(z−bn j)

+
1

an jbn j

[
1+ z

(
1

an j
+

1
bn j

)
+ · · ·+ zq−1

(
1

aq−1
n j

+
1

aq−2
n j

1
bn j

+ · · ·+ 1

bq−1
n j

)]}

� e−τn
(

1
(dr)2 +1+2e−nr + · · ·+qe−(q−1)nrq−1

)
� e−τn(

1
4d2 +1+ r + · · ·+ rq−1)

� e−τn(
1

4d2 +q)rq−1, r � 2,

where we used the inequality

|an j −bn j| = en|1− eie−(τ+1)n | = en2sin(
1
2

e−(τ+1)n) < ene−(τ+1)n = e−τn.

Thus
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− h′2

h2

∣∣∣∣ �
∞

∑
n=1

p1

∑
j=1

mn

∣∣∣∣∣E
′(q, z

an j
)

E(q, z
an j

)
−

E ′(q, z
bn j

)

E(q, z
bn j

)

∣∣∣∣∣
� (

1
4d2 +q)rq−1 p1

∞

∑
n=1

mne−τn

� (
1

4d2 +q)p1

(
∞

∑
n=1

n−s

)
rq−1.

The same argument implies that∣∣∣∣H ′
1

H1
− H ′

2
H2

∣∣∣∣� (
1

4d2 +q)p2

(
∞

∑
n=1

n−s

)
rq−1.

Clearly, we actually complete the proof of Lemma 3.3.2. ��
Lemma 3.3.3. Let Γ be a Jordan curve such that the distance of Γ from zeros and
poles of f (z) is at least dr for some d > 0. Then either

log+ 1
| f (z)| = 0, ∀z ∈ Γ or log+ | f (z)| � K|Γ |max

z∈Γ
|z|q−1, ∀z ∈ Γ ,

where |Γ | is the length of Γ .

Proof. We can assume without any loss of generalities that there exists a point
z0 ∈ Γ with | f (z0)| = 1. Then in view of Lemma 3.3.2, for each z ∈ Γ we have

log+ | f (z)| � | log | f (z)|| � | log f (z)|

=

∣∣∣∣∣
∫
Γz0z

f ′(ζ )
f (ζ )

dζ

∣∣∣∣∣� |Γ |max
z∈Γ

∣∣∣∣ f ′(z)
f (z)

∣∣∣∣
� K|Γ |max

z∈Γ
|z|q−1,

where Γz0z is a sub-arc of Γ between z0 and z. ��

Lemma 3.3.4. For 2
3 een+2 � r < 5

6 een+2, we have

T (r, f ) < K
rλ

(log logr)s

and for 2
3 e[en+1] � r < 5

6 e[en+1]

T (r, f ) < K
rτ

(logr)s ,

where [x] denotes the greatest integer less than x.
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Proof. In the first case, by noting 2
3 een+2 −een

>
( 2

3 − e−2
)

een+2 > 2
5 r and een+1 −

5
6 een+2 > r, therefore the distance of the circle |z|= r from zeros and poles of H(z) =
H1(z)/H2(z) is greater than 2

5 r. Employing Lemma 3.3.3 to H(z) yields either

m(r,H) � K(rq +1) or m
(

r,
1
H

)
= 0. (3.3.9)

From Lemma 3.3.1 it follows that

N
(

r,
1

H1

)
+N

(
r,

1
H2

)
� K2

rλ

(log logr)s .

The first inequality is derived by the two above inequalities together with

T (r, f ) � T (r,H)+T (r,h1/h2)

and by noting that hi is of order τ and q < τ < λ .
In the second case, it is also easy to see that the distance of the circle |z| = r

from zeros and poles of H(z) is greater than 1
6 r. Then we still have (3.3.9). Since

e[en+1]− 5
6 e[en+1] > 1

6 r and 2
3 e[en+1]−e[en+1]−1 > ( 2

3 −e−1)r, the distance of the circle
|z| = r from zeros and poles of h(z) = h1(z)/h2(z) is greater than 1

6 r. Thus we have
(3.3.9) for h(z) in the place of H(z).

Recalling τ > λ/2, it follows from Lemma 3.3.1 that

N
(

r,
1
hi

)
+N

(
r,

1
Hi

)
� K2

rτ

(logr)s , i = 1,2.

This deduces the second inequality of Lemma 3.3.4. ��
Now we are in position to prove Theorem 3.3.2, that is, that f (z) satisfies the

requirement of Theorem 3.3.2.
(I) We first of all prove that each radial line argz = φ ∈ D2 is a T -direction as

well as Borel direction of f (z).
Given a sufficiently small ε > 0, we consider disk Un = {z : |z− zn| < deen},

zn = een
eiφ , where 0 < d < 1 is chosen such that Un is contained in the angular

domain Zε(φ) = {z : |argz−φ | < ε}. In view of Lemma 3.3.3, we have either

m(
1
2

deen
,zn, f ) � K1(eqen

+1) or m
(

1
2

deen
,zn,

1
f

)
= 0. (3.3.10)

Then by noting A (Un, f ) = A (Un,
1
f ) the following implication always holds
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A (Un, f ) �
∫ deen

1
2 deen

A (t,zn, f )
t

dt

= T (deen
,zn, f )−T (

1
2

deen
,zn, f )

� T (deen
,zn, f )−T (

1
2

deen
,zn, f )− log2

�
∫ deen

1
2 deen

n(t,zn, f )
t

dt −m(
1
2

deen
,zn, f )− log2

� (log2) n(
1
2

deen
,zn, f )−K1(eqen

+1)

� (log2) Mn −K1(eqen
+1)

� K2
eλen

ns .

Therefore for 2
3 een+2 � r < 5

6 een+2, we have

T (r,Zε(φ), f ) �
∫ r

2
3 r

A (t,Zε(φ), f )
t

dt

� A (Un, f )

� K2
rλ

(log logr)s

� KT (r, f ).

By noting that A (r, f ) logr is of order λ , in view of (2.4.11) in the proof of Theorem
2.4.3 we obtain for arbitrary three distinct complex numbers a j ( j = 1,2,3)

T (r,Zε(φ), f ) �
3

∑
j=1

N(r,Z2ε (φ), f = a j)+O(rτ̂),
λ
2

< τ̂ < τ . (3.3.11)

This immediately yields the desired result.
(II) For the radial line argz = θ ∈ D1, the same argument as above for Vn = {z :

|z− zn| < de[en+1]−1}, zn = e[en+1]−1eiθ , implies that for 2
3 e[en+1] � r < 5

6 e[en+1]

T (r,Zε(θ), f ) � K2
rτ

(logr)s � KT (r, f ).

This together with (3.3.11) demonstrates that argz = θ is a T -direction of f (z).
(III) Next we want to prove that argz = θ ∈ D1 is not a Borel direction of f (z).

Given a small ε > 0, by z = hn(ζ ) we mean a Riemann mapping from the unit disk
Δ onto

Bn = {z : |argz−θ | < 2ε ,
3
2

en−2 < |z| < 3
4

en+1}
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with hn(0) = zn = 1
2 (en−2 + en+1)eiθ . A computation asserts the existence of two

constants b and c with 0 < b < c < 1 such that

Cn = {z : |argz−θ | < ε ,
1
2
(en−2 + en−1) < |z| < 1

2
(en + en+1)}

is mapped by h−1
n (z) into disk {ζ : |ζ | < c} and all zeros and poles of f (z) in Bn

go into {ζ : b < |ζ | < c} under the mapping h−1
n (z). Employing Lemma 3.3.2 gets

either
max
z∈∂Bn

log+ | f (z)| � K2(enq +1) or max
z∈∂Bn

log+ 1
| f (z)| = 0.

Set Fn(ζ ) = f (hn(ζ )) and γn = {a : |a,Fn(0)| � e−n}. For a �∈ γn and a �= 0,∞, we
have

n(Cn, f = a) � n(c,Fn = a)

� log
1
c

∫ 1

c

n(t,Fn = a)
t

dt

� log
1
c

T
(

1,
1

Fn −a

)
� log

1
c

(
T (1,Fn)+ log

1
|a,Fn(0)| + log2

)
� log

1
c

(
K2(enq +1)+n(1,Fn) log

1
b

+n+ log2
)

� K2

(
eτn

ns +n
)

.

Taking a sufficiently large n0 such that ∑∞
n=n0

e−n < 1/2, then we can find three
distinct complex numbers a outside ∪∞

n=n0
γn ∪{Fn(0)}∞n=1 ∪{0,∞}. For these three

a and en � r < en+1 with n > n0, we have

n(r,Zε(θ), f = a) �
n

∑
k=n0

n(Ck, f = a)+O(1)

� K2

n

∑
k=n0

(
eτk

ks + k
)

+O(1)

� K2
rτ

(logr)s ,

so that

limsup
log+ n(r,Zε(θ), f = a)

logr
� τ < λ .

Finally, it follows from the similar argument to above context that each argz =
ϕ ∈ [0,2π)\ (D1 ∪D2) is neither a T -direction nor a Borel direction of f (z).

Thus we have shown that f (z) is our desired function.
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The g(z) in Theorem 3.3.2 is constructed in the same form as that of f (z) with
an j, bn j,An j,Bn j and mn and Mn defined by

an j = eneiθ j and Ank = eneiφk

bn j = enei(θ j+e−(λ+1)n) and Bnk = enei(φk+e−(λ+1)en
)

mn =

[
eλn

ns+1

]
and Mn =

[
eλn

ns

]
n = 1,2, · · · ; j = 1,2, · · · , p1; k = 1,2, · · · , p2,

where s is a number greater than 1.
We leave to the reader the proof of that g(z) satisfies the requirement of Theorem

3.3.2. ��
Finally, we consider the Nevanlinna direction, which was introduced by Lü and

Zhang [19] in 1983 according to the Nevanlinna deficiency relation (2.8.1). They
first defined the deficiency and deficient value for an angle and then for a direction
and finally by a Nevanlinna direction meant a direction for which the total sum of
deficiencies with respect to this direction does not exceed 2. Obverse the exponential
function f (z) = ez. A simple calculation implies that for any angle Ω which does not
contain the positive or negative imaginary axis, we have m logr � T (r,Ω) � M logr
for two suitable positive constants m and M. On the other hand, it is also clear that ez

has exactly two Nevanlinna directions, that is, the positive and negative imaginary
axes. Therefore for the exponential function, the Julia, Borel, Nevanlinna and T
directions coincide.

The Nevanlinna direction must be a Julia direction and the Borel direction of ρ(r)
order for the case of 0 < λ ( f ) � +∞ must be a Nevanlinna direction, which was
proved by Zhang Q. D. [55] in 1986. Then we ask if a T direction is a Nevanlinna
direction.

3.4 Singular Directions Dealing with Derivatives

The Hayman inequality reveals that the characteristic of a meromorphic function can
be controlled in terms of an integrated counting function of its a-value points and an
integrated counting function of b-value points with b �= 0 of its k order derivative.
According to the Hayman inequality, Yang [46] posed the existence of a singular
direction which is named nowadays Hayman direction after W. Hayman. For a tran-
scendental meromorphic function f (z) with order 0 < λ ( f ) < ∞, a radial argz = θ
is called Hayman direction if for arbitrary ε > 0, arbitrary positive integer k and
arbitrary two complex numbers a and b(�= 0), we have

limsup
r→∞

log{n(r,Zε (θ ), f = a)+n(r,Zε(θ), f (k) = b)}
logr

= λ ( f ).
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The existence of Hayman directions was proved later by Yang and Zhang [49] and
Chen [2]. Actually, their result is that each Borel direction must be a Hayman direc-
tion.

It is natural to raise a singular direction in view of T (r,Ω) corresponding to the
Hayman inequality as follows.

Definition 3.4.1. Let f (z) be a meromorphic function in an angle Ω . A radial
argz = θ ∈Ω is called Hayman T direction of f (z) with respect to Ω if for arbitrary
ε > 0, arbitrary positive integer k and arbitrary two complex numbers a and b(�= 0),
we have

limsup
r→∞

N(r,Zε (θ ), f = a)+N(r,Zε(θ ), f (k) = b)
T (r,Ω)

> 0;

If f (z) is a transcendental meromorphic function, then we define Hayman T di-
rection of f (z) by using the above inequality with T (r, f ) replacing T (r,Ω).

In order to prove the existence of Hayman T direction, we need the following
result of Valiron type established by Chen [2].

Lemma 3.4.1. Let f (z) be a meromorphic function in {z : |z| < R} (0 < R < +∞)
and let

N = n(R, f = a)+n(R, f (k) = b)

for k > 0 and two complex numbers a and b( �= 0). Then for each α ∈ Ĉ, we have

n
(

R
32

, f = α
)

< C
(

N +1+ log+ R+ log+ R
R− r

+ log+ log+ | f (z0)|

+ log
1

| f (z∗),α|
)

, (3.4.1)

for each z0 ∈{z : |z|< R
32}\(γ ′)∪(γ ′′), where (γ ′) and (γ ′′) are two sets of Boutroux-

Cartan exceptional disks with h = R
512e respectively corresponding to the a-points

of f (z) and b-points of f (k)(z) and to the poles of f (z), and C is a constant only
depending on a and b, and z∗ is a point in {z : |z| < R

8 }.

We remark that when z∗ = z0, the term log+ log+ | f (z0)| in (3.4.1) can be re-
moved, that is to say, we can establish

n
(

R
128

, f = α
)

< C
(

N +1+ log+ R+ log+ R
R− r

+ log
1

| f (z∗),α|
)

(3.4.2)

for some fixed point z∗ ∈ {z : |z| < R
32} \ (γ ′)∪ (γ ′′). We prove this result. If for

some z0 ∈ {z : |z| < R
32} \ (γ ′)∪ (γ ′′), | f (z0)− a| � 1, then the result follows from

(3.4.1). Now assume that | f (z)− a| > 1 in {z : |z| < R
32} \ (γ ′)∪ (γ ′′). Take a point

z0 ∈ {z : |z| < R
128} \ (γ ′)∪ (γ ′′) and a real number 5

2
R

128 < ρ < 3R
128 such that {z :

|z − z0| = ρ} ∩ ((γ ′)∪ (γ ′′)) = ∅. Obviously, {z : |z| < R/128} ⊂ {z : |z − z0| <
R/64} ⊂ {z : |z− z0| < ρ} ⊂ {z : |z| < R/32}. Then we have
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m
(
ρ ,z0,

1
f −a

)
= 0

and

n
(

R
128

, f = α
)

� n
(

R
64

,z0, f = α
)

� N(ρ ,z0, f = α)
(

log
5
4

)−1

� T
(
ρ ,z0,

1
f −α

)(
log

5
4

)−1

�
(
T (ρ,z0, f −a)+ log+ |a|+ log+ |α|

+ log
1

| f (z0)−α| +2log2
)(

log
5
4

)−1

�
(

N
(
ρ ,z0,

1
f −a

)
+2log+ |a|+3log2

+ log+ | f (z0)|+ log+ |α|+ log
1

| f (z0)−α|
)(

log
5
4

)−1

� C
(

N +1+ log
1

| f (z0),α|
)

.

Lemma 3.4.1 improves the corresponding result of Zhang [54] (see Theorem 6.5
of Yang [46]). Yang and Zhang [49] also established such a theorem of Valiron
type, that is, their Theorem 2, with N logN in the place of N, but without the term
log+ log+ | f (z0)| in the equality (3.4.1). Lemma 3.4.1 is improved in Chen and Guo
[4] concerning a meromorphic function as target and hence using their result replac-
ing Lemma 3.4.1, we can discuss the existence of Hayman T directions dealing with
small functions as targets. As in the proof of Lemma 2.7.1 using Lemma 3.4.1 and
(3.4.2) we can get

Lemma 3.4.2. Let f (z) be a meromorphic function in Ω(α,β ) and a and b(�= 0)
are two complex numbers and ε > 0. Then we have

N(r,Ωε , f = c) � K{N(2r,Ω , f = a)+N(2r,Ω , f (k) = b)}
+O((logr)3) (3.4.3)

for all c ∈ Ĉ possibly outside a set with measure zero, where K is a constant only de-
pends on ε,a and b. We have (3.4.3) with N and (logr)3 replaced by n and (logr)2.

The term O((logr)3) in (3.4.3) comes from the term logR in (3.4.2). Since

T (r,Ωε , f ) =
∫

Ĉ
N(r,Ωε , f = c)dm(c),

finding the integration of two side of (3.4.3) under the sphere metric, we have
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T (r,Ωε , f ) � K{N(2r,Ω , f = a)+N(2r,Ω , f (k) = b)}
+O((logr)3). (3.4.4)

Since (3.4.3) holds for n in the place of N with (logr)3 replaced by (logr)2, we
therefore have

A (r,Ωε , f ) � K{n(2r,Ω , f = a)+n(2r,Ω , f (k) = b)}
+O((logr)2). (3.4.5)

(3.4.4) and (3.4.5) are deduced in [60] in a different way. In terms of the Rossi’s
example, we pointed out in [60] that the term O((logr)3) in (3.4.4) cannot be re-
placed by a quantity φ(r) such that liminfr→∞φ(r)(logr)−3 = 0. In order to treat
the case of infinite lower order, we need the following

Lemma 3.4.3. Let f (z) be a meromorphic function in Ω(α,β ) and a, c and b(�= 0)
are three complex numbers and ε > 0. Then we have

N(r,Ωε , f = c) � K
(

N(r,Ω)+ rω
∫ r

1

N(t,Ω)
tω+1 dt

)
+O(rω logrT (r,Ω)), r �∈ FΩ ( f ), (3.4.6)

where N(r,Ω) = N(r,Ω , f = a)+N(r,Ω , f (k) = b) and ω = π
β−α−ε .

Proof. The inequality (3.4.6) results from the following implication

2ω sin(εω/2)
N(r,Ωε , f = c)

rω

� CΩε/2

(
r,

1
f − c

)
� SΩε/2

(
r,

1
f − c

)
= SΩε/2(r, f )+O(1)

�
(

2+
1
k

)
CΩε/2

(
r,

1
f −a

)
+
(

2+
2
k

)
CΩε/2

(
r,

1
f (k) −b

)
+O(logrSΩ (r, f ))

�
(

2+
1
k

)(
4ω

N(r,Ω , f = a)
rω

+2ω2
∫ r

1

N(t,Ω , f = a)
tω+1 dt

)
+
(

2+
2
k

)(
4ω

N(r,Ω , f (k) = b)
rω

+2ω2
∫ r

1

N(t,Ω , f (k) = b)
tω+1 dt

)
+O(logrT (r,Ω)), r �∈ FΩ ( f ), ω =

π
β −α− ε

,

where we used the inequalities (2.2.15), (2.2.10)(Hayman inequality for an angle),
Theorem 2.5.1, (2.2.14) and finally Theorem 2.4.7. ��
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Now we can establish the main result of this section, which shows the existence
of Hayman T directions (See [60]).

Theorem 3.4.1. Let f (z) be a transcendental meromorphic function such that

limsup
r→∞

T (r, f )
(logr)3 = ∞. (3.4.7)

Then f (z) has at least a Hayman T direction which is also a T direction.

Proof. We treat two cases below.
(I) f (z) is of finite lower order. If the order of f (z) is positive or infinite, then

Theorem 1.1.3 asserts the existence of a sequence of Pólya peaks {rn} with order
σ > 0 such that

T (2rn, f ) � 2σ+1T (rn, f ) and lim
n→+∞

logT (rn, f )
logrn

> 0.

It is easy to see, from the latter inequality, that (logrn)3 = o(T (rn, f )). In view of
Theorem 3.1.5 there exists a T direction argz = θ of f (z) for {rn}. From Lemma
3.4.2 it easily follows that argz = θ is also a Hayman T direction of f (z).

Now assume that the order of f (z) vanishes. In view of Lemma 1.1.8, logdensW =
1, where W = {r > 0 : T (2r, f ) � 2T (r, f )}. From the condition (3.4.7), we can take
a sequence of positive numbers {rn} such that (logrn)3 = o(T (rn, f )). It is easy to
see that for sufficiently large n, W ∩ (rn,r2

n) �= ∅. Take an r′n ∈W ∩ (rn,r2
n) and then

we have T (2r′n, f ) � 2T (r′n, f ) and

(logr′n)
3 � 8(logrn)3 = o(T (rn, f )) = o(T (r′n, f )).

Employing Theorem 3.1.5 and Lemma 3.4.2 again yields that there exists a T direc-
tion of f (z) for {r′n} which is also a Hayman T direction of f (z).

Thus we have shown the existence of a Hayman T direction for f (z) being of
finite lower order.

(II) f (z) is of infinite lower order. In view of Lemma 3.4.3 it is not difficult to
complete our proof for this case in question by consulting the proof of Theorem
3.2.2 in view of Lemma 3.4.3. The proof is left to the reader. ��

From the above proof, we cannot confirm that each T direction must be a Hay-
man T direction and so this is a problem. However, we can show that a Hayman
T direction may not be a T direction by using the example which Yang and Zhang
[49] used to describe that a Hayman direction may not be a Borel direction. In fact,
the relation between Hayman T direction and T direction has something to do with
the existence of common T direction of f (z) and its derivatives f (p)(z). The latter
will be carefully discussed in the next section.

For a meromorphic function of zero order, Yang [47] gave out a singular direction
similar to the Julia direction corresponding to the Hayman inequality and his result
was later reinforced by Chen [3] who proved that if
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limsup
r→∞

T (r, f )
(logr)3 = ∞,

then there exists a radial argz = θ such that for arbitrary ε > 0, arbitrary positive
integer k and arbitrary two complex numbers a and b(�= 0), we have

limsup
r→∞

n(r,Zε(θ), f = a)+n(r,Zε (θ ), f (k) = b)
(logr)2 = ∞. (3.4.8)

It is obvious that Theorem 3.4.1 is an improvement of Chen’s above result. Actually,
from the inequality 1

2 n(r
1
2 ,∗) logr � N(r,∗) � n(r,∗) logr it follows that (3.4.8) is

equivalent to the following equation

limsup
r→∞

N(r,Zε(θ), f = a)+N(r,Zε(θ), f (k) = b)
(logr)3 = ∞.

Certainly, we can also determine condition of growth for the existence of Hayman
T direction with respect to an angle in terms of Lemma 3.4.2 and Lemma 3.4.3.

3.5 The Common T Directions of a Meromorphic Function and

Its Derivatives

From this section on, we shall discuss several topics on T directions which should
attract many interests and in the final section, we shall suggest the investigation of
other functions than meromorphic functions.

In 1928, G. Valiron [33] asked if there exists a common Borel direction of a
meromorphic function and its derivative. This problem was investigated by many
mathematicians such as Valiron [33], Rauch [23], Chuang [6], Milloux [20], Yang
[45] and Zhang [54]. In the end of this section, we shall introduce some of their
works. However, the Valiron problem is still open. Here we consider a problem of
Valiron type for T directions, that is,

Question 3.5.1. Does there exist a common T direction of a transcendental mero-
morphic function and its derivative?

A Borel direction of derivative of a meromorphic function may not be itself Borel
direction. This can be described by observing the following examples of Stein-
metz’s:

(1) f (z) = e−iz/(ez +1) has Borel directions argz = π/4,π ,3π/2, while f ′(z) =
e−iz(iez − ez + i)/(ez +1)2 has in addition the Borel direction argz = π/2;

(2) f (z) = cos(z)/cosh(z) has Borel directions argz = π/4,3π/4,5π/4,7π/4,
while f ′(z) has in addition the Borel directions argz = π/2 and 3π/2.
(which Prof. Steinmetz was very kind to send to the author by e-mail.) We can also
give out more examples. The assertions about the above examples can be demon-



152 3 T Directions of a Meromorphic Function

strated in terms of the Stokes rays of exponential functions (Please consult Section
3.7).

It is obvious that each Borel direction of Steinmetz examples above is also their
T direction and vice versa and so is it for their derivatives. Therefore, a T direction
of derivative of a meromorphic function may not be itself T direction.

Furthermore, let g(z) be defined in (3.3.3). The two Julia directions of g(z), the
positive and negative imaginary axes, are not Julia directions of g′(z) (see Rossi[24])
and hence are not T directions of g′(z). According to the growth of g′(z) and Theo-
rem 3.1.5, g′(z) has to have T directions and therefore, we obtain the following

Theorem 3.5.1. Let g(z) be the function with the form in (3.3.3). Then g(z) and
g′(z) have no common T directions.

In the following we introduce some notations for simplicity. Let f (z) be a tran-
scendental meromorphic function. Set

JD( f ) = {θ ∈ [0,2π) : argz = θ is a Julia direction of f}

and BD( f ) and T D( f ) are defined in the same way for Borel directions and T di-
rections, respectively.

Theorem 3.5.2. Let f (z) be a transcendental meromorphic function with

liminf
r→∞

T (dr, f )
T (r, f )

= ∞ (3.5.1)

for some d > 1. Then there exists at least a radial which is one common T direction
of f (z) and f (p)(z) for each p, that is,

⋂∞
j=1 T D( f ( j)) �= ∅.

Proof. In view of (2.2.5) and (2.2.15), we have

Sα,β (r, f (p)) � Cα ,β (r, f (p) = a)+O(1) � 2ω sin(ωδ )
N(r,Ωδ , f (p) = a)

rω
+O(1),

where Ω = Ω(α,β).
On the other hand, it follows from the Nevanlinna second fundamental theorem

for an angle and (2.2.14) that

Sα,β (r, f (p)) � (p+1)Sα ,β (r, f )+O(logrT (r, f ))

� (p+1)
3

∑
v=1

Cα ,β (r, f = av)+O(logrT (r, f ))

� 4(p+1)ω
N(r,Ω)

rω
+2(p+1)ω2

∫ r

1

N(t,Ω)
tω+1 dt

+O(logrT (r, f )), r �∈ E( f ),

where N(r,Ω ) = ∑3
v=1 N(r,Ω , f = av).

Under the assumption (3.5.1) employing Lemma 1.1.2 yields that for arbitrary
σ > 0 and sufficiently large r
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1

T (t, f )
tσ+1 dt � K

T (r, f )
rσ

+O(1).

Let M(e) be the set M(K) for K = e in Theorem 2.6.4. Take a sequence of positive
number {rn} tending to ∞ outside M(e)∪E( f ) and so T (rn, f ) � 4e2T (rn, f (p)). It
is easy from (3.5.1) to see that limn→∞

logT (rn, f )
logrn

= ∞.

Let argz = θ0 be a T direction of f (p) for {rn}. Suppose that argz = θ0 is not a
T direction of f (z). Then for some ε > 0 and three distinct points av in Ĉ,

3

∑
v=1

N(r,Z2ε(θ0), f = av) = o(T (r, f )).

As before, we denote the sum on the left side of above equality by N(r,Z2ε (θ0)).
Combining the above inequalities together yields that

N(rn,Zε (θ0), f (p) = a) � 2(p+1)
sin(ωε)

N(rn,Z2ε (θ0))

+
(p+1)ω
sin(ωε)

rωn

∫ rn

1

N(t,Z2ε(θ0))
tω+1 dt

+O(rωn logrnT (rn, f ))

= o(T (rn, f ))+o
(

rωn

∫ rn

1

T (t, f )
tω+1 dt

)
= o(T (rn, f )).

On the other hand, we have

limsup
n→∞

N(rn,Zε(θ0), f (p) = a)
T (rn, f )

� 1
4e2 limsup

n→∞

N(rn,Zε (θ0), f (p) = a)
T (rn, f (p))

> 0.

A contradiction is derived, from which we have proved that at least one of T di-
rections of f (p)(z) must be a T direction of f (z) and actually a common T direction
of f ( j)(z) ( j = 1,2, · · · , p). This is because

T (rn, f ( j)) � 2( j +1)T (rn, f ) and T (rn, f ( j)) � 8e2( j +1)T (rn, f (p))

and in view of Theorem 2.6.1 and (2.6.1), we have

liminf
r→∞

T (d2r, f ( j))
T (r, f ( j))

= liminf
r→∞

C−1
d T (dr, f )

( j +1)T (r, f )+o(T (dr, f ))
= ∞.

The above argument is also available for the case when f (z) is replaced by f ( j)(z).
Thus it is clear that Theorem 3.5.2 follows. ��
For the case of the infinite order, we can prove
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Theorem 3.5.3. Let f (z) be of infinite order. Then T D( f (p))∩T D( f (q)) �= ∅ for
each pair of non-negative integers p and q in N.

Proof. Suppose that Theorem 3.5.3 does not hold and so we assume without any
loss of generalities that T D( f )∩T D( f (p)) = ∅ for some positive integer p. Then for
each θ ∈ T D( f (p)) there exist ε(θ) > 0 and three distinct points av(θ ) (v = 1,2,3)
in Ĉ such that

3

∑
v=1

N(r,Z2ε(θ )(θ), f = av) = o(T (r, f )).

Clearly, {(θ − ε(θ ),θ + ε(θ )) : θ ∈ T D( f (p))} is a covering of T D( f (p)). Let ε is
the Lebesgue number of this covering and ε > 0 exists as T D( f (p)) is compact in
[0,2π].

Given sufficiently large K, let M(K) and δ (K) be the set and the constant in
Theorem 2.6.4. By induction, we construct a non-decreasing sequence {r̃n} such
that r̃n ∈ [1,Kn] and

T (r̃n, f )
r̃ω+1

n
= max

1�t�Kn

{
T (t, f )
tω+1

}
with ω = π

2ε . Assume that we have obtained r̃n satisfying the above requirement.
Now take a r̃n+1 ∈ [r̃n,Kn+1] such that

T (r̃n+1, f )
r̃ω+1

n+1
= max

r̃n�t�Kn+1

{
T (t, f )
tω+1

}
.

It is obvious that r̃n+1 satisfies our requirement and hence the desired sequence {r̃n}
is attained.

Since f (z) is of infinite order, we thus have that {r̃n} ↑ ∞ as n → ∞,∫ r̃n

1

T (t, f )
tω+1 dt � T (r̃n, f )

r̃ωn

and liminfn→∞
logT (r̃n, f )

log r̃n
� ω +1.

Since
(logK)δ (K) � logK

2eK−1 −1
→ 0

as K → ∞, we therefore find two fixed C and K such that 2C < K and logC >
(logK)δ (K). Below we need to treat two cases.

(I) For each n, Cr̃n < r̃n+1. Set I =
⋃∞

n=1[r̃n,Cr̃n] and then since∫
I(Cr̃n)

dt
t

=
n

∑
k=1

∫ Cr̃k

r̃k

dt
t

= n logC and logCr̃n � logC +n logK,

I has the upper logarithmic density at least logC
logK > δ (K) and hence there exist a

sequence {rnk} such that rnk ∈ [r̃nk ,Cr̃nk ] \M(K). Thus, we can obtain a sequence
{rn} such that rn ∈ [r̃n,Cr̃n] which contains a subsequence outside M(K).
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Let argz = θ0 be a T direction of f (p) for {rn} such that

limsup
k→∞

N(rnk ,Zε (θ0), f (p) = a)
T (rnk , f (p))

> 0.

This follows from Theorem 3.1.5, for the argument in the proof of Theorem 3.1.5 is
available for any subsequence of {rn}. By noting that ε is the Lebesgue number, we
have

3

∑
v=1

N(r,Z2ε(θ0), f = av) = o(T (r, f )).

For these rn we have∫ rn

1

T (t, f )
tω+1 dt =

∫ r̃n

1

T (t, f )
tω+1 dt +

∫ rn

r̃n

T (t, f )
tω+1 dt

� T (r̃n, f )
r̃ωn

+T (rn, f )
Cω −1
ωCω

1
r̃ωn

�
(

Cω +
Cω −1

ω

)
T (rn, f )

rωn
.

As in the proof of Theorem 3.5.2, we have

N(rn,Zε(θ0), f (p) = a) = o(T (rn, f ))

and since {rn} contains a subsequence {rnk} outside M(K), a contradiction can be
derived by the same argument as in the proof of Theorem 3.5.2.

(II) There exist a sequence {nk} such that r̃nk+1 � Cr̃nk . For these nk, we have
2Cr̃nk < Knk+1 and hence

T (2Cr̃nk , f ) �
(

2Cr̃nk

r̃nk+1

)ω+1

T (r̃nk+1, f ) � (2C)ω+1T (Cr̃nk , f ).

Set rn = Cr̃n and then for a subsequence of {rn}, T (2rn, f ) � (2C)ω+1T (rn, f ). For
each n we have ∫ 2rn

1

T (t, f )
tω+1 dt �

(
Cω +

(2C)ω −1
ω2ω

)
T (2rn, f )

rωn
.

Let argz = θ0 be a T direction of f (p) for {2rn} such that

d = liminf
k→∞

N(2rnk ,Zε (θ0), f (p) = a)
T (2rnk , f (p))

> 0.

Actually, it follows from Theorem 3.1.5 that the above liminf is positive for a sub-
sequence of {rnk} which is still denoted by the same notations. As in the proof of
Theorem 3.5.2, we have
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N(2rn,Zε(θ0), f (p) = a) = o(T (2rn, f ))

and hence for nk, N(2rnk ,Zε(θ0), f (p) = a) = o(T (rnk , f )). Then for sufficiently
large k in view of Chuang’s inequality (2.6.2) we have

T (rnk , f ) � K0T (2rnk , f (p)) � 2
d

K0N(2rnk ,Zε(θ0), f (p) = a) = o(T (rnk , f )).

A contradiction is derived.
Consequently Theorem 3.5.3 follows. ��
We should mention that under the assumption of Theorem 3.5.3, we don’t know

if
⋂∞

j=0 T D( f ( j)) �= ∅. However, the author guesses it would be true.
Up to now, to solve Question 3.5.1, we are only required to answer problem of

whether there exist a common T direction of a meromorphic function f (z) and its
derivative if f (z) is of finite order and satisfies (3.4.7) in view of Theorems 3.5.1
and 3.5.3.

The Hayman T directions of a meromorphic function have something to do with
common T directions of itself and its derivatives. From Theorem 3.4.1 we immedi-
ately deduce the following

Theorem 3.5.4. Let f (z) be a transcendental meromorphic function such that

limsup
r→∞

T (r, f )
(logr)3 = ∞.

If for some a ∈ C, δ (a, f ) = 1, then
⋂∞

j=0 T D( f ( j)) �= ∅.

Proof. As in the proof of Theorem 3.4.1, we can find a sequence of positive num-
bers {rn} outside F( f ) such that the T direction argz = θ of f (z) for {rn} must
be also a Hayman T direction of f (z). Since δ (a, f ) = 1, that is N(r, f = a) =
o(T (r, f )), this implies that for each b �= 0

limsup
n→∞

N(rn,Zε(θ), f (k) = b)
T (rn, f )

> 0.

Noting that T (rn, f (k)) � (k +1)T (rn, f )+O(logrnT (rn, f )), we have

limsup
n→∞

N(rn,Zε(θ), f (k) = b)
T (rn, f (k))

> 0

and hence this Hayman T direction argz = θ must be a T direction of f (k)(z) for
each k. Theorem 3.5.4 has been proved. ��

In the following we consider the case when the function in question has few
poles. For this, we first establish a preliminary result.

Given an angular domain Ω(α,β ), consider the conformal transformation
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ζ =
uω −Rω

uω +Rω = φ−1(u), (3.5.2)

where R is a positive number, ω = π/(β −α) and then

z = eiξ φ(ζ ) = Reiξ
(

1+ζ
1−ζ

)1/ω
, ξ =

α +β
2

,

conformally maps the unit disk |ζ | < 1 onto Ω and sends 0 to Reiξ . Putting z =
reiθ ∈Ω and u = e−iξ z, from (3.5.2) we have

1−|ζ |2 =
4Rωrω cos(ω [θ −ξ ])

R2ω + r2ω +2Rωrω cos(ω [θ −ξ ])
(3.5.3)

and by noting 1
2 (1−|ζ |2) � 1−|ζ | � 1−|ζ |2 and −π

2 < ω[θ −ξ ] < π
2 we have

1−|ζ | � 4
(

R
r

)ω

and

1−|ζ | � 2Rωrω

(Rω + rω)2 cos(ω [θ −ξ ]).

Therefore φ−1(e−iξ z) maps the domain

Ωε [M,R] = {z : M−1R � |z| � MR,α + ε � argz � β − ε}

into the disk {ζ : |ζ |< 1−η}, η = 2Mω

(Mω+1)2 sin(ωε) and z = eiξ φ(ζ ) maps the disk
{ζ : |ζ | < 1− τ} into

|z| � R
∣∣∣∣1+ζ
1−ζ

∣∣∣∣1/ω
� 21/ωRτ−1/ω .

It is easy to deduce that

φ ′(ζ ) =
2
ω
φ (ζ )

1
1−ζ 2

so that
|φ ′(ζ )| � 2r

ω
1

1−|ζ | and
1

|φ ′(ζ )| =
ω
2r

|1−ζ 2| � ω
r

,

where r = |φ(ζ )|.
Lemma 3.5.1. Let f (z) be a transcendental meromorphic function. Consider an
angular domain Ω(α,β ). Let M and R be two positive numbers. Then for a fixed
positive number δ � β−α−2ε

10 , there exists a positive constant K only depending on
ω , δ and ε such that if
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K(M3ω logT (dMR, f )+ logMR)+NM2ω logM +1) < n(Ωε [M,R], f ′ = 0),
(3.5.4)

where d = 6×81/ω(sin(ωε))−1/ω and N = n(dMR,Ω , f = 0)+n(dMR,Ω , f =∞),
then for z,z0 ∈Ωε [M,R]\(γ), (γ) is the set of disks the total sum of whose diameters
is not greater than δM−1R, we have

log+ | f (z)| � log+ | f (z0)|+π (3.5.5)

and furthermore

log+ | f (−p)(z)| �
p

∑
j=0

log+ | f (− j)(z0)|+Kp log(MR) (3.5.6)

for some positive constant Kp and each positive integer p, where f (−p) is the pth
primitive of f (z) (if exists), that is, ( f (−p))(p) = f .

Proof. Set

τ =
2(2M)ω

((2M)ω +1)2 sin(ωε) and ν =
2(3M)ω

((3M)ω +1)2 sin(ωε).

A routine calculation confirms the existence of ρ between τ and ν such that each
point z whose corresponding point ζ lies on the circle |ζ | = 1−ρ by z = eiξ φ(ζ )
has the distance δ (z) � (MR T (dMR, f ))−1 from zeros and poles of f (z). Since

ρ−1/ω � ν−1/ω =
((3M)ω +1)2/ω

(2(3M)ω)1/ω (sin(ωε))−1/ω

� (2(3M)ω)1/ω(sin(ωε))−1/ω

= 3×21/ω(sin(ωε))−1/ωM,

the disk |ζ | � 1−ρ is mapped by z = eiξ φ(ζ ) into the disk {z : |z| � d
2 MR} where

d = 6×81/ω(sin(ωε))−1/ω .

Define F(ζ ) = f (eiξ φ(ζ )) = f (z). We come to estimate log+
∣∣∣F ′(ζ )

F(ζ )

∣∣∣ in |ζ | <

1−η . Employing Lemma 2.5.2 for R = 1−ρ and r = 1−η yields that in |ζ |< 1−η

log
∣∣∣∣F ′(ζ )

F(ζ )

∣∣∣∣ � 2
η− τ

m
(

1−ρ ,
F ′

F

)
+(n(1−ρ ,F = 0)+n(1−ρ ,F = ∞)) log

2
H

− (1−ρ− t)2

2(1−ρ)2 n(t,F ′ = 0), (3.5.7)

where 1−η � t < 1−ρ and ζ �∈ (γ)ζ , (γ)ζ is the set of Boutroux-Cartan exceptional
disks for zeros and poles of F in |ζ | < 1−ρ and H.
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In the following, let us estimate each term in the right side of (3.5.7). In view of
Lemma 2.5.1 on |ζ | = 1−ρ we have

log+
∣∣∣∣F ′(ζ )

F(ζ )

∣∣∣∣ � log+
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣+ log+ |φ ′(ζ )|
� K1(logT (dMR, f )+ logMR),

K1 is a constant only depending on ε , so that

m
(

1−ρ ,
F ′

F

)
� K1(logT (dMR, f )+ logMR).

In view of the formulae of η and τ , we have

η− τ = 2sin(ωε)Mω
(

1
(Mω +1)2 − 2ω

((2M)ω +1)2

)
= 2(2ω −1)sin(ωε)

Mω(2ωM2ω −1)
(Mω +1)2((2M)ω +1)2

� (2ω −1)2 sin(ωε)
2(2ω +1)2

1
Mω .

Noting that Ωε [M,R] is mapped into {ζ : |ζ | � 1−η} and {ζ : |ζ | � 1−ρ} into
{z : |z| � d

2 MR}, we have

n(1−η,F ′ = 0) � n(Ωε [M,R], f ′ = 0)

and
n(1−ρ ,F = 0)+n(1−ρ ,F = ∞) � N.

Thus in virtue of (3.5.7), putting t = 1−η and H = cM−ω−2, c � 2ωω sin(ωε)
de(2ω+1)2 δ such

that 2eHπ < 1, we obtain

log
∣∣∣∣F ′(ζ )

F(ζ )

∣∣∣∣ � K2Mω(logT (dMR, f )+ logMR)

+N((ω +2) logM + log(2/c))
−K3M−2ωn(Ωε [M,R], f ′ = 0),

for ζ �∈ (γ)ζ and |ζ | < 1−η , where we used (1−ρ − t)2 = (η −ρ)2 � (η − τ)2.

Then this can assert the existence of K such that if (3.5.4) holds, then
∣∣∣F ′(ζ )

F(ζ )

∣∣∣� 1 for

such ζ . Hence for this K we have

| log |F(ζ )|− log |F(ζ0)|| �
∫

L(ζ ,ζ0)

∣∣∣∣F ′(ζ )
F(ζ )

∣∣∣∣ |dζ | � π ,
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where ζ ,ζ0 �∈ (γ)ζ and L(ζ ,ζ0) is the shortest curve in {ζ : |ζ | < 1} outside (γ)ζ
connecting ζ and ζ0 with the length less than π. This implies that

log+ |F(ζ )| � log+
∣∣∣∣ F(ζ )
F(ζ0)

∣∣∣∣+ log+ |F(ζ0)| � log+ |F(ζ0)|+π ,

where ζ ,ζ0 �∈ (γ)ζ . Thus (3.5.5) follows. We denote by (γ) the set of disks which
just cover the images of elements in (γ)ζ via z = eiξ φ(ζ ) and then the total sum of
diameters of disks in (γ) does not exceed

( max
|ζ |<1−ρ

|φ ′(ζ )|)2eH = ( max
|ζ |=1−ρ

|φ ′(ζ )|)2eH

� dMR
ωρ

2eH � dMR
ωτ

2eH

=
de(2ω +1)2

2ωω sin(ωε)
Mω+2H

R
M

� δ
R
M

.

(3.5.6) follows from (3.5.5) and the equality (2.6.4). Thus Lemma 3.5.1 follows.
��

To treat the derivative, we need the following, which can be immediately deduced
in view of Lemma 2.7.1.

Lemma 3.5.2. Let f (z) be a function meromorphic in an angular domain Ω . If
argz = θ in Ω is not a T direction of f (z) for Ω , then for a fixed a ∈ C, a fixed
positive integer m and some small ε > 0 we have

N(r,Z2ε(θ), f = azm +b) = o(T (2r,Ω , f ))+O((logr)3)

for all b ∈ Ĉ possibly outside a set of b with measure zero.

Now let us establish final result of this section dealing with few poles, which
supplements the Milloux Theorem mentioned in end of this section in some sense.

Theorem 3.5.5. Let f (z) be a transcendental meromorphic function with order λ ,
0 < λ < ∞. If δ (∞, f ) = 1, then

⋂∞
j=0 T D( f ( j)) �= ∅

Proof. Since f (z) has the finite positive order λ , in view of Theorem 2.6.3 we
can take a sequence of relaxed Pólya peak {rn} of f (z) of order λ which is also a
sequence of relaxed Pólya peak f (m)(z) of order λ for each m, that is to say, for a
sequence of positive numbers {ηn} such that ηn → 0 as n → ∞, we have

T (t, f ) � K
(

t
rn

)λ
T (rn, f )

and for each positive integer m we have some positive constant K̂m such that
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T (t, f (m)) � K̂m

(
t
rn

)λ
T (rn, f (m))

for ηnrn � t � rn/ηn. We can assume K = K̂1 = 1 and rn � 2n in the below discus-
sion.

Assume that argz = θ0 is a T direction of f ′(z) for {rn}, but not of f (z). We can
take a complex number a and a ε > 0 such that

N(rn,Zε (θ0), f ′ = a) > C0T (rn, f ′)

and find three complex numbers a j( j = 1,2,3) such that

3

∑
j=1

N(r,Z3ε(θ0), f = a j) = o(T (r, f )).

Then in view of Lemma 3.5.2 and the assumption δ (∞, f ) = 1, we have

N(r,Z2ε (θ0), f = az+b)+N(r,Z2ε(θ0), f = ∞) = o(T (2r, f ))

for some b ∈ C. Take a number τ > 1 with τ−λ < C0 and it is easy to see that

n(rn,Zε(θ0), f ′ = a) � (logτ)−1(N(rn,Zε (θ0), f ′ = a)
−N(rn/τ ,Zε (θ0), f ′ = a))

� (logτ)−1(C0T (rn, f ′)−T (rn/τ , f ′))+O(1)

� (logτ)−1(C0T (rn, f ′)− τ−λT (rn, f ′))+O(1)
� C1T (rn, f ′).

Set

N(rn) = N(2drn,Z2ε(θ0), f = az+b)+N(2drn,Z2ε (θ0), f = ∞),

and therefore
N(rn) = o(T (4drn, f )) = o(T (rn, f )),

where d is defined in Lemma 3.5.1 with ω = π
4ε . Choose δn � ηn with δn → 0 as

n → ∞ and such that letting Mn = 1/
√
δn, we have

N(rn)M2ω
n logMn +M3ω

n logrn = o(T (rn, f )).

Set Rn = 2
√
δnrn and so MnRn = 2rn and M−1

n Rn = 2δnrn. Since f (z) is of finite
order, we have

M3ω
n (logT (dMnRn, f )+ logMnRn) = o(T (rn, f )).

Then
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n(Zε(θ0)[Mn,Rn], f ′ = a) = n(2rn,Zε (θ0), f ′ = a)−n(2δnrn,Zε(θ0), f ′ = a)

� C1T (rn, f ′)− 1
log2

N(4δnrn,Zε(θ0), f ′ = a)

� C1T (rn, f ′)− 1
log2

(4δn)λT (rn, f ′)+O(1)

� C2T (rn, f ′)+O(1)

� C22−λT (2rn, f ′)+O(1)
� C3T (rn, f ), (3.5.8)

and therefore

N(rn)M2ω
n logMn +M3ω

n (logT (dMnRn, f )+ logMnRn) = o(T (rn, f ))

= o(n(Zε (θ0)[Mn,Rn], f ′ = a)).

Using Lemma 3.5.1 for sufficiently large n we deduce that for z,z0 ∈Zε (θ0)[Mn,Rn]\
(γ)n, (γ)n is the set of disks the total sum of whose radius is not greater than
ε
5 M−1

n Rn, with |z0| = 2Rn/Mn, we have

log+ | f (z)| � log+ | f (z)−az−b|+ log+ |az+b|+ log2
� log+ | f (z0)−az0 −b|+π + log+ |2arn|+ log+ |b|+2log2
� log+ | f (z0)|+π +2log+ |2arn|+2log+ |b|+4log2
� C4T (4Rn/Mn, f )+π +2log+ |2arn|+2log+ |b|+4log2

� C5((8δn)
λT (rn, f )+ logrn), (3.5.9)

where we used Lemma 2.1.3 to estimate log+ | f (z0)|.
We can use a finite number of disks Γj ( j = 1,2, · · · ,qn) with center at z j con-

tained in Z2ε(θ0) \ (γ)n to cover the domain Un = {4δnrn � |z| � rn}∩Zε (θ0) and
qn = O(log(δ−1

n )). By means of Lemma 2.1.6, Lemma 2.5.1 and (3.5.9) we have

n(Γj, f ′ = α) � 1
log2

N(2Γj, f ′ = α)

� 1
log2

(
T (2Γj, f ′)+ log+ |α|+ log2+ log

1
| f ′(z j)−α|

)
� 1

log2

(
2T (2Γj, f )+m

(
2Γj,

f ′

f

)
+ log

1
| f ′(z j),α|

)
� K2(

3

∑
i=1

n(4Γj, f = ai)+ log+ | f (z j)|+ log(rnT (2rn, f ))+ log
1

| f ′(z j),α| )

� K2

3

∑
i=1

n(4Γj, f = ai)+K3(δλ
n T (rn, f )+ logrn)+K2 log

1
| f ′(z j),α| .

Set Ejn = {α : | f ′(z j),α| � e−n}. Then for α �∈ ∪∞
n=N ∪qn

j=1 E jn we have for n � N
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n(Un, f ′ = α) � K4

3

∑
i=1

N(4rn,Z3ε(θ0), f = ai)

+K3qn(δλ
n T (rn, f )+ logrn)+K2qnn

= o(T (rn, f )).

On the other hand, using the argument which derived (3.5.8) we can attain that

n(Un, f ′ = α) � C(α)T (rn, f )

for all but at most two values of α , for argz = θ0 is a T direction of f ′ for {rn},
where C(α) is a positive constant depending on α .

A contradiction is derived and hence argz = θ0 is also a T direction of f (z).
Using the same argument as in above to f (m)(z) and f ( j)(z) for 0 < j < m with
suitable modification implies that for each positive integer m, every T direction of
f (m)(z) for {rn} must be a common T direction of f ( j)(z) ( j = 0,1, · · · ,m). Thus
Theorem 3.5.5 follows. ��

Finally, let us recall some of main results about common Borel directions of a
meromorphic function and its derivatives. In 1951, H. Milloux [20] proved that for
a transcendental entire function f (z) of finite positive order, every Borel direction
of its derivative f ′(z) must be a Borel direction of itself f (z). We do not know if the
Milloux Theorem would hold for T directions, that is to say, whether every T direc-
tion of derivative of a meromorphic function with δ (∞, f ) = 1 must be a T direction
of this function itself. However, Theorem 3.5.5 only asserts that they have at least
one common T direction. Zhang [54] in 1977 and Yang [45] in 1979 extended the
Milloux Theorem to the case of meromorphic function with the infinity as a Borel
exceptional value and predigested the complicated proof of the Milloux Theorem
H. Milloux gave. Chuang [7] in 1951 proved that under some additional assump-
tion imposed on function considered besides it being of finite positive order, a Borel
direction of a transcendental meromorphic function must be a Borel direction of
its derivative. Chuang’s theorem was improved by Zhang [54] who proved Theorem
3.5.4 with Borel directions in the place of T directions and with δ (a, f ) = 1 replaced
by that a is a Borel exceptional value of f (z).

3.6 Distribution of the Julia, Borel Directions and T Directions

There exists a meromorphic function of infinite order or finite order such that all
of JD( f ), BD( f ) and T D( f ) are finite. In 1976, Drasin and Weitsman [9] gave
sufficient and necessary conditions for a non-empty closed subset E of [0,2π) such
that E is exactly the set of arguments of all Borel directions of an entire function
with given order. Yang and Zhang [48] proved that any non-empty closed subset of
[0,2π) (without any more requirements) is exactly the set of arguments of all Borel
directions of a meromorphic function with given order. In view of the methods of
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Yang and Zhang [48] and Zhang Q. D. [56] (the reader is referred to the proof of
Theorem 3.3.2), we can prove the following

Theorem 3.6.1. For λ > 0 and a closed subset E of [0,2π), then there exists a
meromorphic function with order λ such that

BD( f ) = T D( f ) = E.

It is, however, obvious that a non-empty closed subset of [0,2π) may not be
the set of arguments of all Borel (T ) directions of any meromorphic function with
given order and given δ = δ (∞, f ) > 0. Given λ > 1/2 and 0 < δ � 1, let E be a
non-empty closed subset of [0,β ] with

0 < β < min

{
2π− π

λ
,

4
λ

arcsin

√
δ
2

}
.

Then for any meromorphic function f (z) with order λ and δ (∞, f ) = δ , we have

BD( f ) �= E and T D( f ) �= E.

This is because

2π−β > max

{
π
λ

,2π− 4
λ

arcsin

√
δ
2

}
and in view of Theorem 3.1.6 there exists at least one Borel direction and T direction
with argument in (β ,2π).

Then what conditions are sufficient and necessary for this case such that BD( f ) =
E or/and T D( f ) = E?

We are given m radials argz = θ j (1 � j � m) from the origin with

θ1 < θ2 < · · · < θm < θ1 +2π .

If {θ j}m
j=1 is the set of arguments of all Borel (T -) directions of a meromorphic

function f (z) with order λ > 1/2 and δ = δ (∞, f ), Theorem 3.1.6 then shows that
(1) θ j+1 −θ j �Θ , j = 1,2, · · · ,m−1;
(2) θm −θ1 � 2π−Θ ,

where Θ =Θ(δ ,λ ) = max
{

π
λ ,2π− 4

λ arcsin
√

δ
2

}
.

It is natural to ask whether or not (1) and (2) are sufficient to the existence of
a meromorphic function with order λ > 1/2 and δ = δ (∞, f ) such that BD( f ) =
{θ j}m

j=1 or/and T D( f ) = {θ j}m
j=1.

Drasin and Weitsman [9] proved that (1) and (2) with π
λ in the place of Θ and

2π−Θ are sufficient to the existence of such an entire function with order λ > 1/2.
It is easily seen that (1) and (2) given by Drasin and Weitsman imply (1) and (2)
stated above by noting π

λ �Θ and 2π−Θ � π
λ when δ (∞, f ) = 1.

It is interesting to discuss the linear measure of these three sets JD( f ), BD( f ) and
T D( f ). That mesBD( f ) > 0 and mesT D( f ) > 0 follows from Theorem 4.1.4 below
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provided that f (z) is an entire function of finite positive lower order and has an
infinite number of Nevanlinna deficient values. Here we can establish the following

Theorem 3.6.2. Let f (z) be a transcendental meromorphic function. If there are
an unbounded sequence {rn} of positive numbers such that

log | f (z)| � T d(rn, f ), |z| = rn,d > 0

and

lim
n→∞

logT (rn, f )
logrn

= ∞,

then
BD( f ) = JD( f ) = [0,2π),

that is, each ray from the origin is a Borel direction of f (z) with infinite order .

Proof. We are given an arbitrary radial argz = θ . According to the definition of
Bα,β (r, f ), for ε > 0 we have

rωn Sθ−ε ,θ+ε (rn, f ) � rωn Bθ−ε ,θ+ε (rn, f )

� 2ω
π

T d(rn, f )
∫ θ+ε

θ−ε
sin(ω(φ −θ + ε))dφ

=
4
π

T d(rn, f ),

where ω = π
2ε . On the other hand, we use Lemma 2.2.1, Theorem 2.4.7 and Theorem

2.4.4 in turn to obtain that for three distinct complex numbers av (v = 1,2,3)

rωSθ−ε ,θ+ε(r, f ) = rω Ṡθ−ε ,θ+ε (r, f )+O(rω)

� 2ωT (r,Zε(θ))+ω2rω
∫ r

1

T (t,Zε (θ))
tω+1 dt +O(rω)

� 2ωT (r,Zε(θ))+ωrωT (r,Zε(θ))+O(rω)
� 6ωN(2r)+3ωrωN(2r)+O(rω(logr)2)
� (6ω2 +3ω2rω)N(2r)+O(rω(logr)2),

where N(t) = ∑3
v=1 N(t,Z2ε(θ), f = av). This yields that

lim
n→∞

logN(2rn)
logT (rn, f )

� d (3.6.1)

and therefore argz = θ is a Borel direction of f (z) with infinite order, from which
Theorem 3.6.2 follows. ��

Actually, if rn �∈ E( f ), then using the Nevanlinna second fundamental theorem
on an angle we can get (3.6.1) with N(rn) in the place of N(2rn). However, we do
not know if the above result is still true for T D( f ).
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Finally, we conclude this section with the following result, which is a direct con-
sequence of Lemma 2.7.1.

Theorem 3.6.3. Let f (z) be a transcendental meromorphic function. If f (z) has
no T directions in an angular domain Ω(α,β ), then for arbitrarily small ε > 0, we
have

N(r,Ωε , f = a) = o(T (2r, f ))+O((logr)2 log logr) (3.6.2)

for all a ∈ C possibly outside a set of a with measure zero.

Proof. Since f (z) has no T directions in Ω(α ,β ), there exist m directions argz =
θ j(1 � j � m) such that Ωε ⊂ ∪m

j=1Vj(ε), Vj(ε) = {z : |argz− θ j| < ε} and for
three distinct values aj,b j and c j (1 � j � m),

N(r,Vj(2ε), f = aj)+N(r,Vj(2ε), f = bj)+N(r,Vj(2ε), f = c j) = o(T (r, f )).

In view of Lemma 2.7.1, we get

N(r,Vj(ε), f = a) = o(T (2r, f ))+O((logr)2 log logr)

for all a ∈ C possibly outside a set of a with measure zero. Since

N(r,Ωε , f = a) �
m

∑
j=1

N(r,Vj(ε), f = a),

(3.6.2) therefore follows. ��

3.7 Singular Directions of Meromorphic Solutions of Some

Equations

In this section we mainly consider a linear differential equation

w(n) +an−1(z)w(n−1) + · · ·+a0(z)w = 0 (3.7.1)

with meromorphic functions a j(z) ( j = 0,1, · · · ,n−1). When every a j(z) is an en-
tire function, each solution of (3.7.1) is an entire function. In this section, we discuss
the singular directions of meromorphic solutions of (3.7.1).

Let us begin with the case when the coefficient functions a j(z) ( j = 0,1, · · · ,
n− 1) are rational. It is well-known that the results from the theory of asymptotic
integration are important tools in discussion of such an equation. For this reason, we
collect some basic concepts and results from the theory of asymptotic integration
which will be often used below.

Consider n linearly independent formal functions

wj(z) = ePj(z)zλ j [logz1/p]m j(1+o(1)), 1 � j � n, (3.7.2)
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where Pj(z) is a polynomial in z1/p for some p ∈ N\{0}, λ j ∈ C, m j ∈ N.
For this function system {w1,w2, · · · ,wn}, let us introduce the concept of its

Stokes ray.

Definition 3.7.1. Let a function system {w1,w2, · · · ,wn} with the form (3.7.2) be
given. A ray argz = θ ∈ R is called a Stokes ray of this system, provided that for
some δ > 0, there exist two different Pi(z) and Pj(z) such that

lim
r→∞

Re(Pj(reiϕ)−Pi(reiϕ))
rλ

{
> 0, ϕ ∈ (θ ,θ +δ ),
< 0, ϕ ∈ (θ −δ ,θ),

where λ is a positive rational number called order of the Stokes ray.

Indeed, λ is the degree of Pj(z)−Pi(z) in z1/p divided by p. Obviously, there
exist only a finite number of Stokes rays for a system.

Let w(z) be a meromorphic function such that for arbitrary ray argz = θ , it is
a linear combination of the system {w1,w2, · · · ,wn} in a sector containing this ray,
that is,

w(z) = c1wi1(z)+ c2wi2(z)+ · · ·+ cmwim(z), (3.7.3)

in |argz−θ | < h where c j �= 0,1 � i1 < · · · < im � n.
Below we introduce concept of Stokes rays for such a function, which is very

useful in studying singular directions of such a function.

Definition 3.7.2. Let w(z) be given as above. A ray argz = θ ∈R is called a Stokes
ray of this function, provided that it is expressed in (3.7.3) and for some δ , 0 < δ <
h, there exist Pik(z) and Piv(z) with Pik(z) �≡ Piv(z) such that for θ < ϕ < θ +δ and
every Pis(z) �≡ Pik(z), we have

Re(Pik(reiϕ )−Pis(reiϕ)) → +∞,

as r → ∞ and Piv(z) has the same property for θ − δ < ϕ < θ . Furthermore, if
Pik(z)−Piv(z) ∼ azλ as |z| → ∞, then the ray argz = θ is called a Stokes ray of
order λ .

Obviously, a Stokes ray of the function w(z) is also one of the corresponding
system {wi1(z), · · · ,wim(z)}, but the converse may not be correct. We understand by
observing a simple example: w(z) = ez2

+ eiz + 1. The function w(z) has all Stokes
rays at argz = π

4 , 3π
4 , 5π

4 and 7π
4 . However, the positive and negative real axes are

also Stokes rays of the system {ez2
,eiz,1}. Fortunately, every Stokes ray of order

λ (w) of the system {wi1(z), · · · ,wim(z)} must be one of w(z) of order λ (w).
In view of basic property of value distribution of exponential polynomial and the

Rochousé Theorem, we can prove (compare Lemma 1 of [1]) that a ray argz = θ is
a Stokes ray of w(z) of order λ if and only if for arbitrary small sector S containing
the ray

n(r,S,w = 0) = crλ (1+o(1)), (3.7.4)
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where c is a positive constant depending on S. This can be shown in view of below
Theorem 3.7.1. For instance, consider the function w(z) = ez2

+ ez + 1. The ray
argz = π

2 is a Stokes ray of w(z) with order 1 and it is easy to see that (3.7.4) holds
with λ = 1.

According to the theory of asymptotic integration (compare Sternberg [30], Wa-
sow [39], Dietrich [8] and Brüggemann[1]), the following is true. The equation
(3.7.1) with rational functions a j(z) ( j = 0,1, · · · ,n− 1) has a formal fundamen-
tal system (FS for short) {w1,w2, · · · ,wn} of solutions with the form

w j(z) = ePj(z)zλ j [logz1/p]m j Q j(z, logz), 1 � j � n, (3.7.5)

where Pj(z), λ j, p and m j are as in (3.7.2) and Q j(z, logz) is a polynomial in

(logz)−1 over the field of formal series
∞
∑

s=0
csz−s/p, and Q j(z, logz)= 1+O(1/ logz),

as |z| → ∞.
The function system {w1,w2, · · · ,wn} in (3.7.5) is a system in (3.7.2) and there-

fore, we can consider its Stokes rays. The system has only finitely many Stokes rays
argz = θ j (1 � j � m) with

0 � θ1 < θ2 < · · · < θm < 2π.

Important is that every meromorphic solution of (3.7.1) must be a linear combina-
tion of the system {w1,w2, · · · ,wn} in (3.7.5) in each sector

S j = {z ∈ C : θ j−1 < argz < θ j+1}, j = 1,2, · · · ,m,

where θ0 = θm −2π and θm+1 = θ1 +2π .
In view of the proof of Theorem 1 of Steinmetz [27], we can establish the fol-

lowing result, which is an improvement of his Theorem 1.

Theorem 3.7.1. Let w(z) be a transcendental meromorphic solution of (3.7.1) with
rational coefficients and have the Stokes rays argz = θ j (1 � j � m) as in above.
Then for each j, there exists a P(z) = Piv(z) such that

log |w(z)| = ReP(z)+O(log |z|)

as z → ∞ in θ j � argz � θ j+1, possibly outside an exceptional set consisting of
(1) countably many disks {z : |z− zn| < |zn|1−τ}, where τ is positive and the

counting function of the sequence {zn} is O(logr), and
(2) two logarithmic semi-strips

0 � argz−θ j < C
log+ |z|
|z|1/p

and 0 � θ j+1 − argz < C
log+ |z|
|z|1/p

.

Theorem 3.7.1 applies to the case when w(z) is a linear combination of the system
(3.7.5) in a sector but may not be a meromorphic solution of an equation (3.7.1).
From Theorem 3.7.1, one immediately implies that if argz = θ is not a Stokes ray



3.7 Singular Directions of Meromorphic Solutions of Some Equations 169

of w(z), then there exists a sector S containing the ray such that n(r,S,w = 0) =
O(logr). Therefore, (3.7.4) confirms that the ray argz = θ is a Stokes ray of w(z) of
order λ . Conversely, (3.7.4) follows from the asymptotic representation of w(z) in
the boundary of a neighborhood of the Stokes ray given in Theorem 3.7.1.

The following is a consequence of Theorem 3.7.1.

Theorem 3.7.2. Let w(z) be given as in Theorem 3.7.1. Then there exist finitely
many rays argz = θ j ( j = 1,2, · · · ,N) such that the number of a-points of w(z) for
every a ∈ C in |z| � r but outside the logarithmic strips

|argz−θ j| < K
log+ |z|
|z|1/p

(3.7.6)

is O(logr) for two positive constants K and p.

Thus Stokes rays of w(z)−a lie only on the rays in Theorem 3.7.2. It is easy to
see that w(z)−a has the equal Stokes rays of the order λ (w) for all complex number
a except possibly at most one of a.

Define the indicator function hw(θ) of w(z) by

hw(θ ) = limsup
r→∞

log |w(reiθ )|
rλ (w)

for 0 < λ (w) < ∞. If w(z) is a meromorphic solution of the equation (3.7.1) with
rational coefficients, then in view of Theorem 3.7.1 we have

log |w(reiθ )| = hw(θ )rλ +O(rλ−ε),

uniformly as r → ∞, possibly outside a set E(r) ⊂ [0,2π) of measure mes(E(r)) =
O(r−ε), where λ = λ (w). Since w(z) has at most finitely many poles, we easily get

T (r,w) = m(r,w)+O(logr) = rλ
1

2π

∫ 2π

0
h+

w (θ )dθ +O(rλ−ε/2)

and

N
(

r,
1
w

)
= N(r,w)+

1
2π

∫ 2π

0
log |w(reiθ )|dθ − log |c(0)|

= rλ
1

2π

∫ 2π

0
hw(θ)dθ +O(rλ−ε/2),

where h+
w (θ) = hw(θ), when hw(θ) � 0, and otherwise, h+

w (θ) = 0 and c(0) is the
coefficient of the first term in Laurant series of w(z) at 0. Thus

δ (0,w) = Δ(0,w) = 1−
∫ 2π

0 hw(θ)dθ∫ 2π
0 h+

w (θ)dθ
,
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and this implies that δ (0,w) = Δ (0,w) = 1 is equivalent to that 0 is a Borel excep-
tional value (BEV for brevity) of w(z) (cf. Corollary 2 of [27]).

From the above discussion and Theorem 3.7.2, we immediately obtain the fol-
lowing

Theorem 3.7.3. Let w(z) be given as in Theorem 3.7.1. Then
(1) w(z) has only finitely many Borel and T directions;
(2) its Borel and T directions coincide and are Stokes rays of order λ (w) of

w(z)−a for some a ∈ C and vice versa;
(3) a ray argz = θ is a Borel direction of w(z) if and only if for some a ∈ C,

the a-points of w(z) has the exponent λ (w) of convergence in the logarithmic strip
(3.7.6) for argz = θ .

Let us consider a second order linear differential equation

w′′ +A(z)w = 0, (3.7.7)

where A(z) is a rational function with A(z) ∼ czn,n � 0 as z → ∞. We calculate the
leading terms of Pj(z) in the formal solutions (3.7.5) for (3.7.7). To the end, we note
that the corresponding algebraic equation

y2 +A(z) = 0

has two solutions with the form, near z = ∞, y j = ±√
czn/2(1 + o(1)), j = 1,2 and

then

Pj(z) = ± 2
√

c
n+2

z(n+2)/2 + · · · (3.7.8)

The following result is obvious.

Theorem 3.7.4. Let w(z) be a meromorphic solution of (3.7.7). Then T (r,w) ∼
cr(n+2)/2 with c > 0 and w(z) has exactly n + 2 Stokes rays of order n+2

2 for some
a ∈ Ĉ and equivalently, w(z) has exactly n + 2 Borel and T directions. If w1 and
w2 are linearly independent meromorphic solutions of (3.7.7), setting f = w1/w2,
then T (r, f ) ∼ br(n+2)/2 with some b > 0 and f (z) has exactly n + 2 Borel and T
directions.

The final part of Theorem 3.7.4 follows from the equality N(r, f = a) = N(r,w1−
aw2 = 0) and that w1 −aw2 has the same Stokes rays for all but at most two values
of a. For a general case, we pose the following

Question 3.7.1. Does a meromorphic solution w(z) of the equation (3.7.1) with
rational coefficients have at most nλ(w) Borel and T directions?

There is a close relation between the equation (3.7.7) and the Schwarzian deriva-
tive. The Schwarzian derivative of a meromorphic function f (z) is

S f =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

.
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We can consider the equality as an algebraic differential equation. The reader is re-
ferred to Chapter 6 of Laine [17] for the basic knowledge. For a given meromorphic
function S f , meromorphic solution, if exists, of the algebraic differential equation
is unique up to a Möbius transformation. If S f is a polynomial, then f must be a
ratio of two linearly independent solutions of (3.7.7) with A(z) = 1

2 S f (z). There-
fore, in terms of Theorem 3.7.4, a meromorphic function f (z) with the polynomial
Schwarzian derivative has exactly 2λ ( f ) Borel and T directions. Furthermore, in
terms of Theorem 3.7.1, the complex plane C is divided by the 2λ ( f ) Stokes rays
argz = φ j into 2λ ( f ) equal angular domains:

D j = {z : φ j−1 < argz < φ j}, 1 � j � 2λ( f ), φ2λ = φ0,

φ j −φ j−1 = π/λ and for some a j ∈ Ĉ we have

log
1

| f (reiθ )−a j| = πCrλ sinλ (θ −φ j−1)+o(rλ ), r → +∞, (3.7.9)

uniformly with respect to θ in any angle being inside Dj (where 1/( f − aj) is re-
placed with f for aj = ∞) and T (r, f ) ∼ Crλ , where c is a positive number which
can be found from the coefficient of the first term of 1

2 Sf (z) in terms of (3.7.8). Ac-
tually, (3.7.9) follows from the following implication. Let wj, j = 1,2, be the formal
solutions (3.7.5) of (3.7.7). Thus

f =
α1w1 +α2w2

β1w1 +β2w2
, αi,βi ∈ C

in Dj. Assume that ReP1(z) > 0 in Dj. If β1 �= 0, we take a j such that α1 −a jβ1 = 0
and thus

1
f −a j

=
β1

α2 −a jβ2

w1

w2
+

β2

α2 −a jβ2
.

From the representation (3.7.5) of w1 and w2, and (3.7.8), we have (3.7.9). If β1 = 0,
then we have for a j chosen to be ∞

f =
α1

β2

w1

w2
+
α2

β2
.

This yields (3.7.9) with a j = ∞. Finally, from the representation of f we always
have

T (r, f ) ∼ m
(

r,
w1

w2

)
∼ m

(
r,

w2

w1

)
∼ crλ .

From (3.7.9), we have
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m
(

r,
1

f −a

)
=

1
2π

∫ 2π

0
log+ 1

| f (reiθ )−a|dθ

=
1
2

crλ ∑
j: a j=a

∫ φ j

φ j−1

sinλ (θ −φ j−1)dθ +o(rλ )

= crλ
p(a)
λ

+o(rλ )

so that δ (a, f ) = p(a)/λ where p(a) is the number of a j’s equal to a and ∑
a
δ (a, f ) =

2. These results belong to F. Nevanlinna [21] and the reader is referred to Chapter 7
of this book for the discussion of general case, i.e., the Nevanlinna conjecture.

Theorem 3.7.5. Let f (z) be a transcendental meromorphic function with polyno-
mial Schwarzian derivative. Then T (r, f ) ∼ crλ for some c > 0 with 2λ being a
natural number, f has exactly 2λ Borel and T directions argz = φ j(1 � j � 2λ)
with φi+1 −φi = π

λ ,φ2λ = φ1 +2π and asymptotic representation (3.7.9) in D j and
∑
a
δ (a, f ) = 2.

Below we shall mean Stokes rays of w(z)− a by Stokes rays of w(z) with re-
spect to a in order to stress what value-points are considered. Note that if the linear
representation of w(z) in terms of the formal fundamental system contains at least
two exponential polynomials with distinct first terms, then w(z) has the same Stokes
rays of order λ (w) as those of w(z)−a with the exception of at most one of a and
therefore its Borel and T directions are exactly and completely determined by the
argument distribution of almost its zeros.

Since the product Fm = f1 f2 · · · fm of m meromorphic solutions of (3.7.1) with ra-
tional coefficients can be linearly represented in terms of items of the set produced
by the products of elements of the formal fundamental system. Then the above dis-
cussion about one solution w(z) including Theorem 3.7.1 and Theorem 3.7.2 applies
to the Fm(z) and so Theorem 3.7.3 is also true for the Fm(z).

For a FS { f1, f2, · · · , fn} of an equation (3.7.1), it is well known (see Proposition
1.4.8 of Laine [17]) that

W ′ +an−1W = 0,

where W =W ( f1, f2, · · · , fn) is the Wronskian determinant of f1, f2, · · · , fn, and thus
for an−1(z) ≡ 0, we have W ≡ c �= 0. This yields

m
(

r,
1
E

)
= m

(
r,

W
E

)
+m

(
r,

1
W

)
= O(logr), (3.7.10)

E = f1 f2 · · · fn, and then if E(z) is transcendental, δ (0,E) = Δ(0,E) = 0 and E(z)
has the exponent λ (E) of convergence of zeros. Thus we can establish the following
result.

Theorem 3.7.6. Let E = f1 f2 · · · fn be given as in above with an−1(z)≡ 0. Assume
that E(z) is transcendental. Then

(1) E(z) has only finitely many and at least one Borel and T directions;



3.7 Singular Directions of Meromorphic Solutions of Some Equations 173

(2) a ray is a Borel and T direction of E if and only if it is a Stokes ray of E(z)
with order λ (E).

Proof. In view of Theorem 3.7.3, we need only to prove (2) here. Let argz = θ j(1 �
j � m) be all Stokes rays of E(z) with order λ (E). It is obvious that every argz = θ j
is a Borel and T direction of E. In view of Theorem 3.7.2 and (3.7.4), there exists a
ε0 > 0 such that for arbitrary 0 < ε < ε0, we have Vj(ε) = {z : |argz−θ j| < ε} are
disjoint and

N(r,C\∪m
j=1Vj(ε),E = 0) = O(rλ−η )

for some 0 < η < λ and

N(r,Vj(ε),E = 0) ∼ N(r,Vj(ε),E = a)

as r → ∞ for all but at most one value of a. From (3.7.10) it follows that

T (r,E) = N
(

r,
1
E

)
+O(logr)

=
m

∑
j=1

N(r,Vj(ε),E = 0)+O(rλ−η )

∼
m

∑
j=1

N(r,Vj(ε),E = a)+O(rλ−η )

� N
(

r,
1

E −a

)
+O(rλ−η)

� T (r,E)+O(rλ−η ),

so that
N(r,C\∪m

j=1Vj(ε),E = a) = O(rλ−η ).

This implies that any ray argz = θ with θ �= θ j(1 � j � m) cannot be a Borel
direction of E, from which Theorem 3.7.6 follows. ��

Therefore, by using the same argument as in the proof of Theorem 3.7.6, we can
prove that if δ (0,w) = Δ(0,w) = 0 for a meromorphic solution w of (3.7.1), then a
ray is a Borel direction of w(z) if and only if it is a Stokes ray of order λ(w) with
respect to zeros, and equivalently (3.7.4) holds for any sector containing this ray.
This result also holds for Fm(z).

Consider the equation of (3.7.1) with an−1 ≡ 0 and polynomial coefficients
a j(z)(1 � j � n−2). For a FS of meromorphic solutions { f1, f2, · · · , fn}, in view of
Theorem 2 of [28], E = f1 f2 · · · fn is transcendental if and only if

T (r,E) �= o( max
1� j�n

{T (r, f j)}),

that is to say, in view of (3.7.10),
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N
(

r,
1
E

)
�= o( max

1� j�n
{T (r, f j)}).

By using Theorem 3.7.6 and (3.7.4) it is equivalent to that

T (r,E) = c(1+o(1))rλ , λ = max
1� j�n

{λ ( f j)}

for some c > 0. And E = f1 f2 · · · fn is transcendental if and only if E(z) has the
exponent λ of convergence of zeros. Theorem 2 of [28] asserts that if at least one of
a j(z)(1 � j � n−1) is not a constant, then E = f1 f2 · · · fn is transcendental for any
FS { f1, f2, · · · , fn}.

We remark that actually, Theorem 3.7.6 for the case when n = 2 with a0(z) being
a non-constant polynomial is essentially Theorem 1 proved in Wu [40], while our
proof is completely different from Wu’s.

In what follows we discuss singular directions of solutions of (3.7.1) with mero-
morphic function coefficients at least one of which is transcendental. It is well-
known that an admissible meromorphic solution of such an equation (3.7.1) is of
infinite order. Here a meromorphic solution of (3.7.1) is admissible if all coeffi-
cients are its small functions. In view of Theorem 2.7.3, however it is easily seen
that a ray is a Borel direction of infinite order if the convergent exponent of a-points
for some fixed a ∈ Ĉ is infinite for any angular domain containing this ray. In fact,
for the case of infinite order, we have further result.

Theorem 3.7.7. Let f (z) be a transcendental meromorphic function with λ ( f ) =∞
and let λ (r) be a Hiong’s infinite order of f (z). Then a ray will be a Borel direction
of λ (r) order of f (z) if it is of λ(r) order for a-points for some fixed a ∈ Ĉ, that is to
say, n(r,Ω , f = a) for every Ω which contains this ray has the infinite order λ (r).

Proof. Consider any angular domain Ω(α,β ). In view of the Nevanlinna second
fundamental inequality (2.2.6) for Ω and for a,a j ∈ Ĉ ( j = 1,2,3) we easily get

Cα ,β

(
r,

1
f −a

)
�

3

∑
j=1

Cα,β

(
r,

1
f −a j

)
+O(logrT (r, f )), r �∈ E( f ).

From Lemma 2.2.2 for small ε > 0 it follows that

N(r,Ωε , f = a) � 2(sin(ωε))−1N(r,Ω , f = a1,a2,a3)

+ω(sin(ωε))−1rω
∫ r

1

N(t,Ω , f = a1,a2,a3)
tω+1 dt

+O(rω logrT (r, f )),r �∈ E( f ) (3.7.11)

with ω = π
β−α . Thus

logN(r,Ωε , f = a) � logN(r,Ω , f = a1,a2,a3)+2ω logr

+ log logr + log logT (r, f )+O(1), r �∈ E( f )
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so that letting λ (r) be a Hiong’s infinite order of f (z), we have

limsup
r→∞

logN(r,Ωε , f = a)
λ (r) logr

� limsup
r→∞

logN(r,Ω , f = a1,a2,a3)
λ (r) logr

. (3.7.12)

This yields our desired result. ��
The above result is used to admissible meromorphic solutions of (3.7.1) with

meromorphic function coefficients at least one of which is transcendental to get that
a ray will be a Borel direction of λ (r) order of such a meromorphic solution if it is
of λ (r) order for zeros. But the inverse of the result is not always true by observing
the example f (z) = eez

which satisfies

f ′′ − (ez + e2z) f = 0.

This leads us to pose a question:

Question 3.7.2. Is ρΩ (0) infinite for any angle Ω containing a Borel direction of
infinite order if the convergent exponent of zeros of the meromorphic solution is
infinite for the complex plane?

Let f (z) be an admissible meromorphic solution of an equation (3.7.1) with
meromorphic function coefficients at least one of which is transcendental. It is easy
to see that

N
(

r,
f ′

f

)
= N

(
r,

1
f

)
+N(r, f ) � N

(
r,

1
f

)
+N(r),

where N(r) = max{N(r,ak) : 0 � k � n−1}. In view of Lemma 7.6 of Laine [17],
we have

m
(

r,
f ′

f

)
= O

(
log+ T

(
r,

f ′

f

)
+Φ(r)+ logr

)
, r �∈ E( f )

and hence

m
(

r,
f ′

f

)
= O

(
log+ N

(
r,

f ′

f

)
+Φ(r)+ logr

)
= O

(
log+ N

(
r,

1
f

)
+ log+ N(r)+Φ(r)+ logr

)
, r �∈ E( f ),

where Φ(r) = max{m(r,ak) : 0 � k � n−1}. As in Lemma 7.6 of Laine [17] and in
view of Theorem 2.5.1, for an angular domain Ω(α,β ) we can get
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(Aα ,β +Bα,β )

(
r,

f ( j)

f

)
= O

(
log+ Sα−δ ,β+δ

(
r,

f ′

f

)
+Φα,β (r)+ logr

)
= O

(
log+ T

(
r,

f ′

f

)
+Φα ,β (r)+ logr

)
= O

(
log+ N

(
r,

1
f

)
+ log+ T (r)

+ Φα ,β (r)+ logr
)
,r �∈ E( f ), (3.7.13)

where T (r)= max{T (r,ak) : 0 � k � n−1} andΦα ,β (r)= max{(Aα,β +Bα,β )(r,ak) :
0 � k � n−1}.

For a meromorphic FS { f1, f2, · · · , fn} of such an equation (3.7.1) with an−1 ≡ 0,
letting E = f1 f2 · · · fn, as in (3.7.10) and in view of (3.7.13) we easily get

Sα ,β (r,E) = Cα ,β

(
r,

1
E

)
+O

(
log+ Sα−δ ,β+δ (r)+Φα,β (r)+ logr

)
� Cα ,β

(
r,

1
E

)
+O

(
n

∑
j=1

log+ N
(

r,
1
f j

)
+ log+ T (r)+Φα,β (r)+ logr

)

� Cα ,β

(
r,

1
E

)
+O(log+ T (r,E)+ log+ T (r)+Φα ,β (r)+ logr)

where we have used the inequality N(r,1/ f j)� N(r,1/E)+N(r) and Sα−δ ,β+δ (r)=
max{Sα−δ ,β+δ (r, f ′k/ fk) : 1 � k � n}, so that for a ∈ Ĉ

Cα,β

(
r,

1
E −a

)
� Cα ,β

(
r,

1
E

)
+O(log+ T (r,E)+ log+ T (r)+Φα ,β (r)+ logr)

(When a = ∞, Cα,β
(
r, 1

E−a

)
is replaced by Cα ,β (r,E)).

In view of Theorem 2.4.7, for a meromorphic function on the complex plane we
have

log+ Sα ,β (r, f ) � log+ T (r, f )+O(logr)

so that
log+Φα ,β (r) � log+ T (r)+O(logr).

By the same argument as above to produce (3.7.12) and the above inequalities, we
easily show

limsup
r→∞

logN(r,Ωε ,E = a)
λ (r) logr

� limsup
r→∞

logN(r,Ω ,E = 0)
λ(r) logr

if logT (r) = o(λ(r) logr) and further, a ray is of λ(r) order for zeros of E(z) if it
is a Borel direction of λ (r) order. This together with Theorem 3.7.7 establishes the
following theorem.
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Theorem 3.7.8. Consider equation (3.7.1) with an−1 ≡ 0. Assume that λ(E) = ∞
and λ (r) is a Hiong’s infinite order of E(z) such that logT (r) = o(λ(r) logr). Then
a ray argz = θ is a Borel direction of λ(r) order of E(z) if and only if it is of λ (r)
order for zeros of E(z).

Obviously, for a function a(z) of finite order, logT (r,a) = o(λ (r) logr). There-
fore we directly get a consequence of Theorem 3.7.8.

Corollary 3.7.1. The result of Theorem 3.7.8 holds, if each ak is of finite order.

This result with entire coefficients of finite order instead was proved in [42] for
the nth order equation and [40] for the second order equation. In fact, it is easy to see
that if each ak is of finite order, then for sufficiently small ε , Φθ−ε,θ+ε (r) = O(1)
and Sθ−ε,θ+ε (r) = O(1). For this case of that each ak is entire of finite order, Yi [50]
got by the Wiman-Valiron theory for sufficiently small ε > 0

Sθ−ε ,θ+ε(r,E) = Cθ−ε,θ+ε

(
r,

1
E

)
+O(1).

Using this equation is easy to deduce Corollary 3.7.1.
We can directly use the lemma of logarithmic derivative (see Lemma 2.5.3) to

get the following inequality

Sα ,β (r,E) = Cα ,β

(
r,

1
E

)
+(Aα ,β +Bα ,β )

(
r,

1
E

)
+O(1)

= Cα ,β

(
r,

1
E

)
+(Aα ,β +Bα ,β )

(
r,

W
E

)
+O(1)

= Cα ,β

(
r,

1
E

)
+O(log+

n

∑
j=1

T (r, f j)+ logr),

possibly outside a set of r with finite linear measure. If ∑n
j=1 T (r, f j) = O(T (r,E)),

then

Cα,β

(
r,

1
E −a

)
� Cα ,β

(
r,

1
E

)
+O(log+ T (r,E)+ logr)

so that a ray argz = θ is a Borel direction of λ(r) order of E(z) if and only if it
is of λ (r) order for zeros of E(z). We stress that we do not explicitly impose any
conditions on the coefficients ak(z). The readers are suggested to study the condition
∑n

j=1 T (r, f j) = O(T (r,E)).
Here we suggest to investigate the T directions of admissible solutions of (3.7.1)

with meromorphic function coefficients at least one of which is transcendental. We
also ask whether a ray is a T direction of an admissible meromorphic solution if it
is a Borel direction of Hiong’s infinite order.

By means of the above discussion, we can establish the following result, whose
proof is left to the reader.

Theorem 3.7.9. Consider equation (3.7.1) with an−1 ≡ 0. Assume that λ(E) = ∞
and T (r) = o(T (r,E)). Let {rn} be a sequence of positive numbers determined in



178 3 T Directions of a Meromorphic Function

Lemma 1.1.3 with sn → ∞ as n → ∞. Then

limsup
r→∞

N(r,Zε (θ ),E = 0)
T (r,E)

> 0

if the ray argz = θ is a T direction of E(z) for {rn}.

The study of singular directions of meromorphic solutions of a difference equa-
tion is an important and interesting topic, either. Let us mention the Schröder equa-
tion as an example. Consider a rational function R(z) of degree d � 2 and a complex
number s. The following is the Schröder equation

f (sz) = R( f (z)). (3.7.14)

Suppose that f (z) is a non-constant meromorphic solution. Then f (z) is transcen-
dental and

T (|s|r, f ) = (d +o(1))T (r, f ), r → ∞.

This implies that |s| > 1 and λ( f ) = μ( f ) = logd/ log |s|.
Assume that there exists a point ζ such that R(ζ ) = ζ and s = R′(ζ ). If |s|> 1, in

view of Poincaré’s Theorem (see Chapter VII of Valiron [37]), there exists a unique
meromorphic solution f (z) with f (0) = ζ and f ′(0) = 1. The solution f is called
the Poincaré function. In the complex dynamics, it has been revealed that there exist
a close connection between the value distribution of the Poincaré function f and the
distribution of roots of the equation Rn(z) = a, where Rn is the nth iterates of R.

Ishizaki and Yanagihara in [16] proved that every Julia direction of a meromor-
phic solution of the Schröder equation must be a Borel direction and T direction as
well. They in [15] discussed singular directions of meromorphic solutions of non-
autonomous Schröder equation

f (sz) = R(z, f (z)),

where R(z,w) is a fixed rational function in z and w with degw[R(z,w)] � 2 and
proved that each direction of its transcendental solution for |s|> 1 and args/(2π) �∈
Q must be a Borel direction and a T direction as well. They obtained their result
by using the fact that 2nπ args mod(2π) is dense in [0,1]. Therefore, we ask if a
transcendental solution has only finitely many singular directions for |s| > 1 and
args/(2π) ∈ Q. And is the previous result about the Schröder equation correct for
the non-autonomous Schröder equation?

3.8 Value Distribution of Algebroid Functions

We consider the v-valued algebroid functions which are determined by the equation

ψ(z,w) = Av(z)wv +Av−1(z)wv−1 + · · ·+A0(z) = 0, (3.8.1)
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where A j’s are entire functions without common zeros. For the basic knowledge
of value distribution of algebroid functions, the reader is referred to He and Xiao’s
book [13]. Following Valiron [34] and [35], define the characteristic of v-valued
algebroid function w by

T (r,w) =
1

2π

∫ 2π

0
logA(reiθ )dθ ,

where A(z) = max0� j�v |A j(z)|, and the integrated counting function for a ∈ C by

N(r,w = a) = N
(

r,
1

ψ(z,a)

)
and

N(r,w = ∞) = N
(

r,
1
Av

)
.

We define N(r,w = a) and N(r,w = ∞) by the above equalities with N replaced
by N (Note: the definition of N and N here is different from that in some of other
literatures). When v = 1, w =−A0/A1 is a meromorphic function and its Nevanlinna
characteristic and integrated counting function agree with those defined above.

If w(z) is non-constant, then T (r,w) is increasing and convex in logr so that
T (r,w) → ∞ as r → ∞. This is because logA is subharmonic on C (see Chapter 7).
T (r,w) = O(logr) if and only if w(z) is an algebraic function, that is, every Aj is a
polynomial. The order and lower order of w is defined by those of T (r,w).

Obviously, T (r,w) = T (r,1/w). For a ∈ C, set f = w− a and substituting w =
f +a into (3.8.1) yields an algebraic equation

Bv f v +Bv−1 f v−1 + · · ·+B1 f +B0 = 0

with Bv = Av and Bj = ∑v
k=1 c( j)

k Ak. Then for some constant c > 0, we have

B(z) = max
0� j�v

|B j(z)| � cA(z)

so that
T (r,w−a) � T (r,w)+O(1).

The above inequality also yields

T (r,w) = T (r,w−a+a) � T (r,w−a)+O(1)

and thus we get the first fundamental inequality for an algebroid function

T
(

r,
1

w−a

)
= T (r,w)+O(1).

The second fundamental theorem for an algebroid function is stated as follows.
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Theorem 3.8.1. Let w(z) be a v-valued algebroid function defined by (3.8.1). Then
for q distinct values a j ∈ Ĉ ( j = 1,2, · · · ,q), we have

(q−2v)T (r,w) �
q

∑
j=1

N(r,w = a j)+S(r,w), (3.8.2)

where S(r,w) = O(logr) if w is of finite order and S(r,w) = O(logrT (r,w)) for all
but a set of r with finite linear measure.

Theorem 3.8.1 was established by Valiron [33] without the bar over N in (3.8.2)
and by Yu [52] who improved the Valiron result.

For uniqueness of algebroid functions, Valiron [33] claimed the 4v+1 CM shared
value unique theorem for v-valued algebroid functions, which was improved by He
[11] to establish the following

Theorem 3.8.2. Let w(z) and ŵ(z) be v-valued and s-valued algebroid functions
respectively and s � v. If w(z) and ŵ(z) have 4v+1 distinct IM shared values, then
w(z) ≡ ŵ(z).

Actually, he only proved the above result for shared-value points counted once
for each circle and the complete proof of Theorem 3.8.2 was given by Yu in [51]
with help of Theorem 3.8.1 and by He and Li in [12] who gave a different proof
from Yu’s. For further information, the reader is referred to He [11] and Yu [51].

For singular directions of algebroid functions, Toda [31] discussed Borel direc-
tions of an algebroid function and his result on the existence of Borel directions was
improved by Lü and Gu [18]. The following is the result of Lü and Gu.

Theorem 3.8.3. Let w(z) be a v-valued algebroid function with the order 0 <
λ (w) < ∞. Then there exists at least one Borel direction argz = θ of w(z), that is,
for any ε > 0,

limsup
r→∞

logn(r,Zε(θ),w = a)
logr

= λ ,

possibly except at most 2v values of a.

Here n(r,Zε (θ ),w = a) = n(r,Zε (θ),ψ(z,a) = 0). We naturally consider the T
direction for an algebroid function. We first of all give out the definition of T direc-
tions (see [57]).

Definition 3.8.1. Let w(z) be a v-valued algebroid function. A ray argz = θ is
called a T direction of w, if for arbitrarily small ε > 0, we have

limsup
r→∞

N(r,Zε (θ),w = a)
T (r,w)

> 0

for all a ∈ Ĉ, possibly except at most 2v values of a.

Here N(r,Zε (θ),w = a) = N(r,Zε (θ ),ψ(z,a) = 0). The first question we should
solve is the existence of T directions of algebroid functions. We conjectured in [57]
that an algebroid function with T (r,w)/(logr)2 → ∞ as r → ∞ would have at least
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one T direction. This conjecture was recently solved by Wu[41], Xuan [43] and
Wang and Gao [38].

Finally, we mention that it is interesting to discuss corresponding aspects for an
algebroid function to those for a meromorphic function in this book. For exam-
ple, establish the characteristic of algebroid functions for an angular domain and
the basic results; discuss the growth of algebroid function when some restriction
is imposed on arguments of certain a-points of it; study relation between singular
directions and Nevanlinna deficient values of algebroid functions.
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Chapter 4

Argument Distribution and Deficient Values

Jianhua Zheng
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, P. R. China

jzheng@math.tsinghua.edu.cn

Abstract: We investigate above bound of total number of deficient values of a tran-
scendental meromorphic function and its derivatives of every order if most of its ze-
ros and poles distribute along finitely many rays starting from the origin and prove
that the bound is the number of the rays under some assumption, for example, the
function considered is of finite lower order. Next we discuss relations between the
numbers of deficient values and common T directions of the functions and their
every order derivatives, and demonstrate that total number of deficient values of a
meromorphic function and its every order primitive is not greater than the number
of common T directions of the functions and its every order derivatives. We then go
to the case of entire functions. For example, we verify that a bound of total number
of deficient values of the function and its derivatives and primitives of all orders is
two times its lower order for an entire function with the finite positive lower order.
Finally, we make a simple survey of some of the celebrated related works of Edrei
and Fuchs’ and Yang and Zhang’s and others.

Key words: Deficient value, T directions, Derivatives, Harmonic measures

Many results obtained in 1950’s drop a hint on non-existence of the Nevanlinna
deficient values under some restriction imposed on the distribution of arguments of
points of some value a (for example, compare the results in next chapter). Noting
that the deficiency is an important object in the study of the module distribution
of a meromorphic function, this actually hints vaguely some relations between the
module distribution and the argument distribution of a meromorphic function. It is
the celebrated results obtained in a series of papers by Edrei and Fuchs [1] [2] in
1962 that made the relations clear and distinct. As we have known, the singular
directions are the study object of argument distribution of a meromorphic function
and then it is worth to investigate relation between deficient values and singular
directions. Since 1975, L. Yang and G. H. Zhang attained a series of results about
connection of deficient values and Borel or Julia directions. We will retrospect those
works in Section 4.2, while in Section 4.1 we will discuss relations between deficient
values and T directions.
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4.1 Deficient Values and T Directions

The purpose of this section devotes to discussion of relations between the numbers
of deficient values and T directions of a meromorphic function, which is motivated
by works of Edrei and Fuchs’, Yang and Zhang’s.

First of all, we establish the following important lemma, some of whose ideas
come from those of Edrei and Fuchs [1] and the section 3.5 of Zhang [11]. Let f (z)
be a transcendental meromorphic function. For four positive numbers R, H,ε and η
with 4eH < η and two complex numbers a �= 0 and ξ with |ξ | = R, let

Xε ( f ,a) = Xε(R,η ,ξ ; f ,a)

=
{

z : MR � εC log+ 1
| f (z)−a| and |z−ξ | < η

}
, (4.1.1)

where

C = min
{

1
18

,
1

100
Q
}

, MR = logRT (R+6η, f )+N log+ 6η
H

+1

and

Q =
(

log
4η
H

)−1

, N = n(5η ,ξ , f = 0)+n(5η ,ξ , f = ∞).

Lemma 4.1.1. Let f (z) be a transcendental meromorphic function. Given positive
numbers R, H and η with 4eH < η � R and H � T−1(R, f ), consider the disk
{z : |z−ξ | < 5η}, ξ = Reiθ .

We denote by (γ) the set of the Boutroux-Cartan exceptional disks for the zeros
and poles of f (z), by (γ ′) one for the zeros of f ′(z) in |z− ξ | < 5η and H and by
(γ)a the set of

n = n(R+6η, f = 0)+n(R+6η , f = ∞)+n(R+6η, f = a)

disks centered at zeros, poles and a(a �= 0)-points of f in {z : |z| < R + 6η} with
radius H

n .
Then there exists a positive constant κ such that if for 0 < ε < κ , Xε( f ,a)\((γ)∪

(γ ′)∪ (γ)a) �= ∅, then for z0 ∈ Xε( f ,a)\ ((γ)∪ (γ ′)∪ (γ)a), we have

C
2

log+ 1
| f (z0)−a| � log+ 1

| f (z)−a| +2log+ 2+ log+ |a|+8πη (4.1.2)

and
log | f ′(z)| � −C

2
log+ 1

| f (z0)−a| + log+ | f (z0)|+4πη (4.1.3)

for all z in {z : |z−ξ | < η} outside (γ)∪ (γ ′)∪ (γ)a.

Proof. First of all we estimate log
∣∣∣ f ′(z)

f (z)

∣∣∣ in {z : |z− ξ | < η}. In view of Lemma
2.5.2, we have
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log
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣ � u+η
u−η

m
(

u,ξ ,
f ′

f

)
− u−η

u+η
m
(

u,ξ ,
f
f ′

)
+(n(u,ξ , f = 0)+n(u,ξ , f = ∞)) log

u+η
H

− (u− t)2

u2 + t2 n(t,ξ , f ′ = 0) (4.1.4)

inside |z−ξ | � η < t < u < 5η outside (γ).
A simple application of Lemma 2.5.1 implies that

log+
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣+ log+
∣∣∣∣ f ′(z)

f (z)−a

∣∣∣∣� K1 logRT (R+6η, f ), (4.1.5)

for z in {z : |z| < R + 5η} except (γ)a the total sum of whose diameters equals to
2H, by noting that δ (z) � H

n , where we have used the inequality n(R + 5η,∗) �
R+6η
η N(R + 6η ,∗) and T−1(R, f ) � H < η � R. Since 4eH < η , there exist 2η <

u0 < 3η and 4η < u1 < 5η such that {z : |z−ξ | = ui}∩ (γ)a = ∅ (i = 0,1). Thus
integrating the first item of the above inequality along |z−ξ | = ui (i = 0,1) shows

m
(

ui,ξ ,
f ′

f

)
� K1 logRT (R+6η, f ) (i = 0,1), (4.1.6)

here and below we denote by K1,K2, · · · positive constants depending only on a.
Now we estimate m

(
u,ξ , f

f ′
)

. An application of the Poisson-Jensen Formula

(2.1.28) to f (z)/ f ′(z) deduces that

log+
∣∣∣∣ f (z)

f ′(z)

∣∣∣∣� u+η
u−η

m
(

u,ξ ,
f
f ′

)
+n(u,ξ , f ′ = 0) log

u+η
H

, (4.1.7)

for 2η < u < 5η and |z−ξ | � η outside (γ ′). From the identical equality

1
f (z)−a

=
1
a

f (z)
f ′(z)

(
f ′(z)

f (z)−a
− f ′(z)

f (z)

)
,

it follows, in virtue of (4.1.5) and (4.1.7), that

log+
∣∣∣∣ 1

f (z)−a

∣∣∣∣ � log+
∣∣∣∣ f (z)

f ′(z)

∣∣∣∣+ log+ 1
|a| + log+

∣∣∣∣ f ′(z)
f (z)

∣∣∣∣
+ log+

∣∣∣∣ f ′(z)
f (z)−a

∣∣∣∣+ log2

� K2 logRT (R+6η , f )+3m
(

u,ξ ,
f
f ′

)
+n(u,ξ , f ′ = 0) log

u+η
H

, (4.1.8)
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for 2η < u < 5η and |z− ξ | � η outside (γ ′)∪ (γ)a. Substituting (4.1.8) for z =
z0 ∈ Xε( f ,a)\{(γ)∪ (γ ′)∪ (γ)a} and u = u0 into (4.1.4) for u = u0 implies that

log
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣ � 3K1 logRT (R+6η, f )− 1
3

m
(

u0,ξ ,
f
f ′

)
+N log

u0 +η
H

� K3 logRT (R+6η, f )+
1
9

n(u0,ξ , f ′ = 0) log
u0 +η

H

−1
9

log+ 1
| f (z0)−a| +N log

u0 +η
H

(4.1.9)

for |z−ξ | � η outside (γ)∪ (γ ′)∪ (γ)a.
Below we need to treat two cases.
(I) If n(u0,ξ , f ′ = 0) log u0+η

H > 1
2 log+ 1

| f (z0)−a| , then from (4.1.4) for u = u1 and
t = u0, we have

log
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣ � K4 logRT (R+6η, f )+N log
u1 +η

H

− 1
68

(
log

4η
H

)−1

log+ 1
| f (z0)−a| (4.1.10)

for |z−ξ | � η outside (γ).
(II) If n(u0,ξ , f ′ = 0) log u0+η

H � 1
2 log+ 1

| f (z0)−a| , then from (4.1.9), we have

(4.1.10) for K3 in place of K4 and with the coefficient 1
18 in front of log+ 1

| f (z0)−a|
instead of 1

68 Q and for |z−ξ | � η outside (γ)∪ (γ ′)∪ (γ)a. Thus we always have

log
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣� K4 logRT (R+6η , f )+N log
6η
H

−C log+ 1
| f (z0)−a|

for |z− ξ | � η outside (γ)∪ (γ ′)∪ (γ)a, where C = min{ 1
18 , 1

68 Q}. In view of the
definition (4.1.1) of Xε ( f ,a), then for 0 < ε < 1/(2K4) we have

log
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣� −C
2

log+ 1
| f (z0)−a| (4.1.11)

and hence ∣∣∣∣ f ′(z)
f (z)

∣∣∣∣< 1

for |z−ξ | � η outside (γ)∪ (γ ′)∪ (γ)a.
Since

| log | f (z)|− log | f (z0)|| �
∫

L(z,z0)

∣∣∣∣ f ′(z)
f (z)

∣∣∣∣ |dz| � 4πη ,

where L(z,z0) is a curve in |z−ξ | < η connecting z and z0 which does not intersect
(γ)∪ (γ ′)∪ (γ)a with the length not greater than 4πη , we have in virtue of (4.1.11)
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| f ′(z)| = | f (z)|
∣∣∣∣ f ′(z)

f (z)

∣∣∣∣
� | f (z0)|exp

(
4πη + log

∣∣∣∣ f ′(z)
f (z)

∣∣∣∣)
� e4πη | f (z0)|exp

(
−C

2
log+ 1

| f (z0)−a|
)

, (4.1.12)

which produces (4.1.3).
Furthermore, in virtue of (4.1.12), we have

| f (z)−a| � | f (z)− f (z0)|+ | f (z0)−a|
� 4πηe4πη | f (z0)|exp

(
−C

2
log+ 1

| f (z0)−a|
)

+ | f (z0)−a|

� | f (z0)−a|
[

1+4πη
(

1+
|a|

| f (z0)−a|
)

exp(4πη

− C
2

log+ 1
| f (z0)−a|

)]
for |z−ξ | � η outside (γ)∪ (γ ′)∪ (γ)a. Thus

log+ 1
| f (z0)−a| � log+ 1

| f (z)−a| +2log+ 2+ log+ 4πη + log+ |a|

+4πη−
(

C
2
−1

)
log+ 1

| f (z0)−a| .

This yields (4.1.2).
Lemma 4.1.1 follows. ��
By noting the following equality

log | f (k)(z)| = log

∣∣∣∣∣ f (k)(z)
f (k−1)(z)

∣∣∣∣∣+ · · ·+ log
∣∣∣∣ f ′(z)

f (z)−a

∣∣∣∣+ log | f (z)−a|, (4.1.13)

it is easy to see that if log | f (z)−a| is very small, then log | f (k)(z)| is also to do so.
Thus (4.1.3) essentially also follows from (4.1.2). To deal with deficient values of
derivatives of a meromorphic function we need the following lemma.

Lemma 4.1.2. Let f (z) be a transcendental meromorphic function. Consider the
disk {z : |z−ξ | < 5η} with ξ = Reiθ and H � T−1(R, f ) and 4eH < η � R. Then

n(η,ξ , f (m) = 0) � 5(mn(4η,ξ , f = ∞)+n(4η,ξ , f = 0)) log
4η
H

+K logRT (R+5η , f )−5log

∣∣∣∣∣ f (m)(z0)
f (z0)

∣∣∣∣∣ , (4.1.14)
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for arbitrary z0 ∈ {z : |z− ξ | < η} outside (γ) where (γ) is the set of Boutroux-
Cartan exceptional disks for the zeros and poles of f (z) and H.

Proof. We can find a 2η < R0 < 3η such that {z : |z− z0| = R0} has the distance
at least η

4n , n is the number of zeros and poles of f (z) in {z : |z−ξ |< 4η}, from the
zeros and poles of f (z). It is easily seen that {z : |z− z0|< R0} ⊂ {z : |z−ξ |< 4η}.
In view of Lemma 2.5.1, we have

m

(
R0,z0,

f (m)

f

)
� K logRT (R+5η , f ).

For z0 �∈ (γ), using Lemma 2.5.2 to {z : |z− z0| < R0} with R = R0,r = t = η , we
have

log

∣∣∣∣∣ f (m)(z0)
f (z0)

∣∣∣∣∣ � 3K logRT (R+5η, f )+(mn(4η,ξ , f = ∞)

+n(4η,ξ , f = 0)) log
4η
H

− 1
5

n(η,ξ , f (m) = 0).

This yields immediately (4.1.14). ��
Now we come to establish our first main result of this section.

Theorem 4.1.1. Let f (z) be a transcendental meromorphic function. Consider a
sequence of annuli An defined by

αnrn � |z| � κrn, n = 1,2,3, · · ·

with rn → ∞, 0 < αn � 1 and κ > 1 and T (κrn, f ) � KT (rn, f ) for some positive
constant K.

With each An it is possible to associate s(� 1) arguments

0 � αn1 < αn2 < · · · < αns < αn1 +2π

such that there are at most o(T (rn, f )) zeros and poles of f (z) in the portion of An
and outside the s sectors

|argz−αn j| � ε, j = 1,2, · · · ,s,

for arbitrary fixed ε > 0. Then p0 � s.
If, in addition, αn → 0 as n→∞, T (ηnrn, f ) = o(T (rn, f )) for any sequence {ηn}

such that ηn → 0 and κ > 12, then

∞

∑
j=0

p j � s, (4.1.15)

where p j is the number of finite non-zero deficient values of f ( j)(z).
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Proof. Here we only prove (4.1.15). Let c be a real number greater than 1 and
sufficiently close to 1. For any non-negative integer m and sufficiently large n, in
view of (2.6.1) and (2.6.2), we have

T (c2rn, f (m)) � 2(m+1)T (2rn, f )
� 2K(m+1)T (rn, f ) (4.1.16)

� K(m+1)Km,cT (crn, f (m)).

Set

A( j)
n = {z : rn/2 � |z| � 2rn,αn j < argz < αn( j+1)}, j = 1,2, · · · ,s.

Let al be a non-zero and finite Nevanlinna deficient value of f (l)(z). In virtue of
Lemma 2.8.1 it follows that for all sufficiently large n, mesEn(al , f (l)) � t(al) > 0
for some Rn ∈ (crn,c2rn). Take a ε > 0 such that 40sε < t(al) and κ > 2d, d =
6× 81/ω(sin(ωε))−1/ω , ω = π

10ε , and the d is that in Lemma 3.5.1. Then there
exists at least one j0 such that

mes{En(al , f (l))∩ (αn j0 +20ε ,αn( j0+1) −20ε)} > 0

for all sufficiently large n, which we can assume without any loss of generali-
ties. Now let us restrict our discussion to this angle A( j0)

n . Set θi = αn j0 + (i +

19)ε (i = 1, · · · ,q), where q =
[αn( j0+1)−αn j0

ε

]
− 39. There exists a i0 such that

mes{En(al , f (l))∩ (θi0 − ε ,θi0 + ε)} > 0.
Choose δn � αn with δn → 0 as n → ∞ such that letting Mn = 1/

√
δn, we have

M3ω
n logT (2dRn, f )+ log(2dRn)+N(Rn)M2ω

n logMn = o(T (rn, f ))

where N(Rn)= N(2dRn,(A
( j0)
n )ε , f = 0)+N(2dRn,(A

( j0)
n )ε , f =∞). Set Pn = 2

√
δnRn

and so MnPn = 2Rn and M−1
n Pn = 2δnRn.

We consider the sector Z5ε(θi0). We need to treat two cases below.
(I) Assume that

n(Z5ε(θi0)[Mn,Pn], f (l) = 0) �= o(T (rn, f )).

In view of Lemma 3.5.1 and using the same argument as in the proof of Theorem
3.5.5, we have

log | f (z)| = o(T (rn, f ))

for all z ∈ Z5ε (θi0)[Mn,Pn] outside the union (γ) of disks the total sum of whose
radius is not greater than ε

10 M−1
n Pn = ε

5δnRn. Since for a point z0 with argz0 ∈
En(al , f (l))∩ (θi0 − ε ,θi0 + ε) we have

log+ 1
| f (l)(z0)−al |

� δ
4

T (Rn, f (l)) � K0T (rn, f )
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with δ = δ (al , f (l)) and furthermore, | f (l)(z0)−al |< |al |
2 and so |al |

2 � | f (l)(z0)| and
− log | f (l)(z0)| < − log |al |

2 . In view of Lemma 4.1.2, we have

n(Bn, f (l) = 0) = o(T (rn, f )), Bn = B(Rneiθi0 ,5εRn),

and hence using Lemma 4.1.1 yields

log | f (l)(z)−al | � −K1T (rn, f ) (4.1.17)

for z in the arc {z : |z| = Rn}∩Zε (θi0) possibly except the set of the measure not
greater than ε

16 Rn.
(II) Assume that

n(Z5ε(θi0)[Mn,Pn], f (l) = 0) = o(T (rn, f )).

The same argument as in above deduces (4.1.17). Thus we always have (4.1.17).
Notice that the arc {z : |z| = Rn}∩ (A( j0)

n )20ε can be covered by a finite number
of disks whose cardinality is independent of n. Thus we have (4.1.17) for z in the
arc {z : |z|= Rn}∩ (A( j0)

n )20ε outside a set of disks the total sum of whose diameters
does not exceed L/16 where L is the length of the arc.

Let bk be another non-zero and finite Nevanlinna deficient value of f (k)(z). Then
we also have the similar inequality to (4.1.17) for bk and f (k) and arc {z : |z| =
Rn} ∩ (A(i)

n )20ε for some i (if necessary, we shall shrink ε). If k �= l, assume that
k > l and then in view of (4.1.13), in the arc {z : |z| = Rn}∩ (A( j0)

n )20ε associated to
al ,

log | f (k)(z)| � −K2T (rn, f ).

Since bk �= 0, the two domains A(i)
n and A( j0)

n associated to al and bk respectively
do not coincide; If k = l but al �= bk, then A(i)

n and A( j0)
n are also distinct. Thus it is

obvious that Theorem 4.1.1 follows. ��
Theorem 4.1.1 still holds even if the ring An is divided by s B-regular curves,

which is easily attained when the derivatives are not considered, while in general,
we need to modify Lemma 3.5.1 to be available for this case.

We remark that under the assumption in Theorem 4.1.1, f (z) is usually of the
finite lower order and that a sequence {rn} of relaxed Pólya peak of positive order
will satisfy the requirement of Theorem 4.1.1.

In what follows, we come to estimate the number of deficient values in term of
the number of T directions. In order to discuss the case of deficient values of the
|l|th primitive of f (z) for a negative integer l, which is denoted by f (l)(z), we need
the following lemma, some of whose idea comes essentially from Lemma 4 of Yang
[7]. Recall that in Lemma 4.1.1, we require a �= 0, while no restriction is imposed
on a in Theorem 2.1.7. Set

Yε( f ,a) =
{

z : M̂R < ε log+ 1
| f (z)−a| , |z−ξ | < η

}
,
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M̂R = logRT (R+6η, f )+N log+ 6η
H

+1,

ξ = Reiθ and 4eH < η.

Lemma 4.1.3. Under the assumption of Lemma 4.1.1, assume l is a negative
integer, a ∈ Ĉ and

N =
3

∑
j=1

n(5η ,ξ , f = a j)

instead where a j( j = 1,2,3) are three distinct complex numbers or ∞. Then there
exists a positive number κ such that for 0 < ε < κ and z0 ∈ Yε( f (l),a) \ ((γ)∪
(γ ′)∪ (γ)a) �= ∅, we have

K log+ 1
| f (l)(z0)−a| � log+ 1

| f (l)(z)−a| (4.1.18)

for all z in {z : |z−ξ | < η} outside (γ)∪ (γ ′)∪ (γ)a, where K is a positive constant
depending only on a and l.

Proof. Below we always denote by K1,K2, · · · positive constants only depending
on a and l. As in (4.1.5), for z0 ∈ {z : |z−ξ | < η}\ ((γ)∪ (γ ′)∪ (γ)a), we can get

log | f (l+ j)(z0)| � − log
1

| f (l)(z0)−a| +K1 logRT (R+6η, f (l))

= − log+ 1
| f (l)(z0)−a| +K1 logRT (R+6η, f (l)),

j = 1,2, · · · ,−l. Specially, we have

log
1

| f (z0)| � log+ 1
| f (l)(z0)−a| −K1 logRT (R+6η , f (l)).

Thus from the proof of Theorem 2.1.7 it follows that

log+ 1
| f (z)| � K2 log+ 1

| f (z0)| −N log+ 6η
H

−1

� K2 log+ 1
| f (l)(z0)−a| −K2K1 logRT (R+6η, f (l))−N log+ 6η

H
−1

and then there exists a positive number κ < 1
2K1

such that for 0 < ε < κ and for

z0 ∈ Yε( f (l),a)\ ((γ)∪ (γ ′)∪ (γ)a) �= ∅, we have

log+ 1
| f (z)| � K2

2
log+ 1

| f (l)(z0)−a|
that is,

log | f (z)| � −K2

2
log+ 1

| f (l)(z0)−a| ,
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with 0 < K2 < 1, for all z in {z : |z− ξ | < η} outside (γ)∪ (γ ′)∪ (γ)a. Notice the
following equality

f (l)(z)−a =
1

(|l|−1)!

∫ z

z0

(z−ζ )−l−1 f (ζ )dζ

+
|l|−1

∑
j=1

f (l+ j)(z0)
j!

(z− z0) j +( f (l)(z0)−a),

where the path of the integral is from z0 to z along Γ which is constructed from z0z
by replacing the part of z0z in (γ)∪ (γ ′)∪ (γ)a with the minimum arcs. We estimate
every term in the right side of above equality. We have∣∣∣∣∫ z

z0

(z−ζ )−l−1 f (ζ )dζ
∣∣∣∣ � (2η)−l−1L(Γ )exp

(
−K2

2
log+ 1

| f (l)(z0)−a|
)

� exp
(
−K2

3
log+ 1

| f (l)(z0)−a|
)

and

|l|−1

∑
j=1

| f (l+ j)(z0)|
j!

|z− z0| j + | f (l)(z0)−a|

� emax{|z− z0| j| f (l+ j)(z0)| : 1 � j � |l|−1}+ | f (l)(z0)−a|
� exp

(
−1

2
log+ 1

| f (l)(z0)−a|
)

+ exp
(
− log+ 1

| f (l)(z0)−a|
)

� exp
(
−1

3
log+ 1

| f (l)(z0)−a|
)

.

The above inequalities can hold if we suitably shrink κ .
Therefore

log | f (l)(z)−a| � −K2

4
log+ 1

| f (l)(z0)−a| ,

so that (4.1.18) follows. ��
Now we are in position to establish the second main result of this section.

Theorem 4.1.2. Let f (z) be a transcendental meromorphic function with μ( f ) <∞
and λ ( f ) > 0. We denote by q the number of common T directions of f (z) and its
every order derivative. Then

0

∑
j=−∞

p j � q;

If, in addition, δ (∞, f ) = 1, we have

∞

∑
j=−∞

p j � q.



4.1 Deficient Values and T Directions 195

Here when j is negative, f ( j)(z) stands for the | j|th primitive of f (z).

Proof. Since f (z) has the finite lower order and non-zero order, we can find a
sequence {rn} of common relaxed Pólya peak of f ( j)(z) for finitely many integers j
with positive order such that for all sufficiently large n, mesEn(al , f (l)) � t(al) > 0
for rn for finitely many fixed Nevanlinna deficient values al of f (l)(z) (see Theorem
2.6.3 and Lemma 2.8.1).

Let argz = θ j(1 � j � q) be all common T directions of f (z) and its every order
derivative. We can choose a ε > 0 such that for some j0, mes(En(al , f (l))∩ (θ j0 +
20ε,θ j0+1−20ε)) > 0. We can choose finitely many φi such that (φi−τ ,φi +τ) is a
open covering of [θ j0 +20ε ,θ j0+1−20ε ] with τ � ε and for each i, there exist three
distinct complex numbers bk(k = 1,2,3) such that

3

∑
k=1

N(r,Z5τ (φi), f (mi) = bk) = o(T (r, f (mi))),

as r → ∞. Then for some i0, mes(En(al , f (l))∩ (φi0 − τ ,φi0 + τ)) > 0. If l � mi0 ,
then using Lemma 4.1.3 yields (4.1.17) on {z : |z| = rn,φi0 − τ � argz � φi0 + τ}
possibly except a set with measure not greater than τ

16 rn; If l > mi0 , then using the
method in the proof of Theorem 4.1.1 under the additional assumption δ (∞, f ) = 1
implies the above result. Furthermore, we therefore have (4.1.17) on the arc {z :
|z| = rn,θ j0 + 20ε � argz � θ j0+1 − 20ε} possibly except a set with measure not
greater than L

16 , where L is the length of the arc.
Thus using the same method as in the proof of Theorem 4.1.1, we can deduce the

result of Theorem 4.1.2. ��
We guess that the result in Theorem 4.1.2 would not be true without the assump-

tion about the growth of f (z), but here we do not know how one get it.
The following is a result on the majorant of the harmonic measure, which follows

from Theorem III.67, Tsuji[5] and will be used in the below discussion.

Lemma 4.1.4. Let D be a domain in {z : r < |z| < R} (0 < r < R < ∞) such
that both Γ = D∩{z : |z| = R} and γ = D∩{z : |z| = r} contain segment arcs and
ω(z,Γ ,D) and ω(z,γ,D) be the harmonic measures of, respectively, Γ and γ with
respect to D at z ∈ D. Then for z ∈ D we have

ω(z,Γ ,D) � 3√
1−η

c+1
c−1

exp
(
−π

∫ ηR

c|z|
dt

tΘ(t)

)
(4.1.19)

and

ω(z,γ,D) � 3√
1−η

c+1
c−1

exp
(
−π

∫ |z|/c

r/η

dt
tΘ(t)

)
, (4.1.20)

0 < η < 1 and 1 < c, where Θ(t) is defined in this way: when {z : |z| = t} is wholly
in D, Θ(t) = ∞; otherwise, Θ(t) is the quantity such that tΘ(t) is the arc length of
the part of the circle {z : |z| = t} in D.
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Proof. In fact, (4.1.19) follows from the proof of Corollary of Theorem III.67,
Tsuji[5] and however we deduce (4.1.20) in view of (4.1.19).

Define transformation w = T (z) = Rr/z. Then using the result on (4.1.19) yields
that

ω(z,γ,D) = ω(T (z),T (γ),T (D))

� 3√
1−η

c+1
c−1

exp
(
−π

∫ ηR

c|T (z)|
dt

tΘ ∗(t)

)
,

whereΘ ∗(t) =Θ (Rr/t). By means of the formula for integration by transformation
x = Rr/t, we have∫ ηR

c|T (z)|
dt

tΘ ∗(t)
= −

∫ r/η

|z|/c

dx
xΘ(x)

=
∫ |z|/c

r/η

dt
tΘ(t)

.

Then (4.1.20) follows. ��
It is easy to see that the harmonic measure in Lemma 4.1.4 will become small

provided thatΘ(t) is small and/or kr
2|z| is large by notingΘ(t) � 2π . For the domain

D = {z : r < |z| < R,α < argz < β}, elementary estimates of harmonic measures in
Lemma 4.1.4 are given in Lemma 7.4 of Yang [6]. However, Lemma 4.1.4 is able to
be used in discussion of the annuli in question divided by B-regular curves in below
theorems and in problem on asymptotic values and direct singularities in Chapter 6.

The method used to prove the below Theorems 4.1.3 and 4.1.4 is that to estimate
log | f (z)− a| in terms of its values on the boundary by applying the two constant
theorem of harmonic measure, whose idea is essentially due to Edrei and Fuchs [1].

Theorem 4.1.3. Under the same assumption as in Theorem 4.1.1, assume in addi-
tion that f (z) is analytic in each An with sufficiently large κ and {rn} is a sequence
of relaxed Pólya peak with order σ > 0. Then we have

∞

∑
j=0

p j � min{s/2, 2σ}. (4.1.21)

Proof. We continue to use the notations in the proof of Theorem 4.1.1. We
have known that al and bk are associated to, respectively, curvilinear quadrilater-
als (A( j)

n )20ε and (A(i)
n )20ε in which but a small set (4.1.17) and its alternation for

bk hold for arbitrarily fixed sufficiently small 0 < ε < π
200σ . Since f (z) is analytic,

the above-mentioned inequalities hold in the whole domains (A( j)
n )20ε and (A(i)

n )20ε
respectively, that is,

log | f (l)(z)−al | � −K0T (rn, f ), z ∈ (A( j)
n )20ε (4.1.22)

and
log | f (k)(z)−bk| � −K0T (rn, f ), z ∈ (A(i)

n )20ε , (4.1.23)
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where K0 is a positive constant only depending on ε . It is obvious that the associated
A( j)

n and A(i)
n to al and bk are distinct. We want to prove that they are not next to

each other. Suppose they are next to each other, that is to say A(i)
n = A( j+1)

n or A( j)
n =

A(i+1)
n . Without any loss of generalities we assume A(i)

n = A( j+1)
n . Then (αn j,αn( j+1))

and (αn( j+1),αn( j+2)) are associated to al and bk respectively. We assume that k � l
and consider the domain

Un = {z : αn( j+1) −20ε < argz < αn( j+1) +20ε ,c−3rn < |z| < c3rn},

where c = 4
√
κ . We denote by Γ1 the part on the circles {z : |z| = c3rn} and {z : |z| =

c−3rn} of the boundary of Un and set Γ2 = ∂Un \Γ1. In virtue of Lemma 4.1.4, on
the arc {z : |z| = rn}∩Un we have

ω(z,Γ1,Un) � 3√
1−1/c

c+1
c−1

(
exp

(
−π

∫ c3rn/c

crn

dt
40εt

)

+ exp
(
−π

∫ rn/c

c−3rn/c−1

dt
40εt

))
=

6
√

c√
c−1

c+1
c−1

exp
(
− π

40ε
logc

)
.

Let Γ ′
1 be the boundary of U ′

n = {z : αn( j+1) −20ε < argz < αn( j+1) + 20ε ,rn/2 <
|z|< 2rn} on the circles {z : |z|= 2rn} and {z : |z|= rn/2}. Then as in above estimate
with c3 = 2 we have

ω(z,Γ ′
1 ,U ′

n) � C exp
(
− π

120ε
log2

)
on the arc {z : |z|= rn}∩Un, where C is an absolute constant. According to the basic
properties of harmonic functions, for small ε > 0 we have

ω(z,Γ1,Un)+ω(z,Γ2 \Γ ′
2 ,Un) � ω(z,Γ ′

1 ,U ′
n) <

1
2
,

whereΓ ′
2 =Γ2∩{z : rn/2 � |z|� 2rn} and hence ω(z,Γ ′

2 ,Un) > 1
2 . Using the method

in the proof of Theorem 4.1.1 we have that (4.1.22) and (4.1.23) hold respectively
on the two segments ofΓ2 with the coefficients K0 depending on c and ε . Since k � l,
in view of (4.1.13), (4.1.22) and (4.1.23), we have

log | f (k+1)(z)| � 0, z ∈ Γ2

and
log | f (k+1)(z)| � −K1T (rn, f ), z ∈ Γ ′

2 ,

where K1 is a positive constant depending only on ε . On {z : c−3rn � |z| � c3rn}, in
virtue of Lemma 2.1.3, we have
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log | f (k+1)(z)| � K2T (c3√crn, f (k+1)) � K2K3κσ (k +2)T (rn, f ),

where K2 and K3 do not depend on c when c � 2. From the two constant theorem of
harmonic measure, by noting that 0 < ε < π

200σ we have

log | f (k+1)(z)| � ω(z,Γ1,Un)K2K3κσ (k +2)T (rn, f )−ω(z,Γ ′
2 ,Un)K1T (rn, f ),

� K2K3(k +2)
6
√

c√
c−1

c+1
c−1

exp(−σ logc)T (rn, f )− K1

2
T (rn, f ),

< −K1

3
T (rn, f ), on |z| = rn and z ∈Un

for the small fixed ε and sufficiently large κ .
If k > l, from (4.1.22) and (4.1.13) we have

log | f (k)(z)| � −K0

2
T (rn, f ), z ∈ (A( j)

n )20ε .

Then

|bk| � | f (k)(rn exp(i(αn( j+1) −20ε)))− f (k)(rn exp(i(αn( j+1) +20ε)))|
+| f (k)(rn exp(i(αn( j+1) −20ε)))|+ | f (k)(rn exp(i(αn( j+1) +20ε)))−bk|

� 80εrn exp
(
−K1

3
T (rn, f )

)
+ exp(−K0

2
T (rn, f ))+ exp(−K0T (rn, f ))

→ 0, as n → ∞,

that is, bk = 0, a contradiction is derived. Thus k = l. In this case, in view of the
same method as above, we can deduce al = bk, a contradiction is also derived. Thus
A( j)

n and A(i)
n associated to al and bk are not next to each other. It is obvious that

∞

∑
j=0

p j � s
2
.

The inequality
∞
∑
j=0

p j � 2σ is able to follow from the proof of below Theorem

4.1.4. ��
A ray argz = θ is called a T cluster line of f (z) for a-points if for arbitrary ε > 0

limsup
r→∞

N(r,Zε(θ), f = a)
T (r, f )

> 0.

Then we have the following consequence of Theorem 4.1.3.

Corollary 4.1.1. Let f (z) be a transcendental entire function with the finite positive
lower order μ . Suppose that s is the number of T cluster lines for zeros and poles of
f (z) and s < ∞. Then
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∞

∑
j=0

p j � min
{ s

2
,2μ

}
.

If we consider T directions, then we have the following

Theorem 4.1.4. Let f (z) be a transcendental entire function with the finite positive
lower order μ . Set

Ω = {θ ∈ [0,2π) : argz = θ is a common T direction of f (z) and every f ( j)}.

If Ω has measure zero, then we have

∞

∑
j=−∞

p j � 2μ . (4.1.24)

Proof. Suppose that (4.1.24) does not hold. Then we choose p non-zero values
ak j (k = 1,2, · · · , p; p > 2μ) which are Nevanlinna deficient values of f ( j)(z) (−∞<
j < ∞) and as j �= at j for s �= t (However, ak j is allowed to be equal for distinct j).
Write

δ = min
k, j

{δ (ak j, f ( j))} > 0 and q = max{ j : ak j is a deficient value of f ( j)}.

Since the lower order μ of f (z) is finite, in virtue of Theorem 2.6.3 and Lemma
2.8.1, there exist a sequence of common relaxed Pólya peaks {rn} of order μ for
each f ( j) which is decided by ak j such that

min
k, j

{mes(En(ak j, f ( j)))} � B > 0,

where B is a constant independent of n. Since Ω is a compact set, Φ = [0,2π) \
Ω consists of at most countably infinite number of maximum open intervals and

there exist such s maximum open intervals Ii (1 � i � s) such that mes(Φ \
s⋃

i=1
Ii) <

p−1B and hence from mesΩ = 0, mes([0,2π)\
s⋃

i=1
Ii) < p−1B. We denote by Ωi =

Ω(αi,βi) the angular domain corresponded by Ii and then no common T directions
are contained in Ωi (1 � i � s). As in the proof of Theorem 4.1.1 and Theorem
4.1.3, each ak j is associated to at least one Ii(k j) such that

log | f ( j)(z)−ak j| < −K(M)T (rn, f ), (4.1.25)

e−Mrn � |z| � eMrn and argz ∈Ω(αi(k j) +20ε ,βi(k j) −20ε),

where K(M) is a positive constant depending on M (Please see the proof of The-
orems 4.1.1 and 4.1.3). As in the proof of Theorem 4.1.1, Ii(k j) does not intersect
each other. According to the increasing order of αi(k j) + 20ε and βi(k j) − 20ε, we
write them in γi and θi in turn. We consider the angle Si = Ω(θi,γi+1) bounded by
the rays argz = θi and argz = γi+1. Set
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Θi(t) = γi+1(t)−θi(t)

where θi(t) is the argument of intersecting point of ray argz = θi and circle |z| = t
and the same significance is given to γi+1(t) (Here in fact, θi(t)≡ θi, while the state-
ment is required in consideration of B regular curves). Since applying the Schwarz’s
inequality and the obvious fact ∑Θi(t) � 2π yields

p2 =

{
p

∑
i=1

(Θi(t))1/2(Θi(t))−1/2

}2

� 2π
p

∑
i=1

(Θi(t))−1,

we therefore have

1
2

p2(M−2log2) =
1
2

p2
∫ 1

2 eMrn

2rn

dt
t

�
p

∑
i=1

π
∫ 1

2 eMrn

2rn

dt
tΘi(t)

and there exists at least one angle Si0 such that

π
∫ 1

2 eMrn

2rn

dt
tΘi0(t)

� 1
2

p(M−2log2). (4.1.26)

In what follows, we confine our discussion to the angle S = Si0 . Denote by Γ1 the
part of the boundary argz = θ = θi0 and argz = γ = γi0+1 of S in e−Mrn � |z|� eMrn,
by Γ2 the arc of |z| = eMrn in S and by Γ3 the arc of |z| = e−Mrn in S. Let D be the
domain bounded by Γ1, Γ2 and Γ3 and for a 1 < Q � eM , set

U = {z : θ < argz < γ, rn/Q < |z| < Qrn},

Γ ′
1 = Γ1 ∩{z : rn/Q � |z| � Qrn} and Γ = ∂U \Γ ′

1 . From Lemma 4.1.4, it follows,
by noting Θi0(t) � 2π , that

ω(z,Γ ,U) � 9
√

2exp

(
−1

2

∫ 1
2 Qrn

2|z|
dt
t

)
+9

√
2exp

(
−1

2

∫ |z|/2

2rn/Q

dt
t

)

= 36

√
2
Q

, on |z| = rn,

and therefore choosing a sufficiently large Q, we have

ω(z,Γ ′
1 ,D) � 1−ω(z,Γ ,U) >

1
2
, on |z| = rn.

It follows from (4.1.26) that
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ω(z,Γ2,D) � 9
√

2exp

(
−π

∫ 1
2 eMrn

2|z|
dt

tΘi0(t)

)

� 9
√

2exp
(
−1

2
p(M−2log2)

)
= 9

√
2×2p exp(− p

2
M), on |z| = rn,

From discussion of the first paragraph and (4.1.25), for simple writing we have

log | f (l)(z)−a| < −K(Q)T (rn, f ), on Γ ′
1 ∩{z : argz = θ}

log | f (k)(z)−b| < −K(Q)T (rn, f ), on Γ ′
1 ∩{z : argz = γ}

and log | f (l)(z)− a| < 0, on Γ1 ∩{z : argz = θ}; log | f (k)(z)− b| < 0, on Γ1 ∩{z :
argz = γ} for two non-zero values a and b and two integers l and k. If k > l, then in
view of the equality (4.1.13), we have

log | f (k)(z)| < −K1(Q)T (rn, f ), on Γ ′
1 ∩{z : argz = θ}.

Therefore, we can assume that k = l and a �= b, because the below argument is also
available in treating the above case.

Now we estimate log | f (k+1)(z)| on the part of |z|= rn in D. In this time, we have

log | f (k+1)(z)| < −K1(Q)T (rn, f ), on Γ ′
1 .

From Lemma 2.1.3, (2.6.1) and 3) of Definition 1.1.1 for relaxed Pólya peak, it
follows that

logM(eMrn, f (k+1)) � 3m(2eMrn, f (k+1)) � K2eμMT (rn, f )

and
logM(e−Mrn, f (k+1)) � 3m(2e−Mrn, f (k+1)) � K2e−μMT (rn, f ),

where K2 is independent of n. Application of the two constant theorem of harmonic
measure yields that

log | f (k+1)(z)| � −ω(z,Γ ′
1 ,D)K1T (rn, f )

+ω(z,Γ2,D)K2eμMT (rn, f )+ω(z,Γ3,D)K2e−μMT (rn, f )

� −K1

2
T (rn, f )+9

√
2×2pK2 exp((μ− p

2
)M)T (rn, f )

+K2 exp(−μM)T (rn, f )

� −K1

4
T (rn, f ), on {|z| = rn}∩D

holds for sufficiently large M. Thus for any two points z1,z2 ∈ {z : |z| = rn}∩D,
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| f (k)(z1)− f (k)(z2)| � 2πrn exp
(
−K1

4
T (rn, f )

)
→ 0, as n → ∞,

this deduces definitely that a = b, a contradiction is derived. Theorem 4.1.4 follows.
��

4.2 Retrospection

In 1962, A. Edrei and W. H. J. Fuchs published two papers [1] [2] in which they
estimated the number of deficient values in terms of the distribution of argument of
zeros and poles of a meromorphic function. Here we state some of their celebrated
results.

Theorem 4.2.1. (Edrei and Fuchs, 1962) Let f (z) be a transcendental meromor-
phic function. Assume that there exist a number δ (0 � δ < 1) and a positive, in-
creasing, unbounded sequence {ρk} such that the annuli Ak defined by

ρk

σk
� |z| � σkρk, k = 1,2,3, · · ·

with σk = 1+{logT (ρk, f )}−δ have the following property.
With each Ak it is possible to associate s(� 1) arguments

0 � αk1 < αk2 < · · · < αks < αk1 +2π

such that there are at most O(T d(ρk, f )) (1 > d = constant) zeros and poles of f (z)
in the portion of Ak and outside the s sectors

|argz−αk j| � {logT (σkρk, f )}−1−η , j = 1,2, · · · ,s; δ < η = constant.

Then f (z) has at most s+1 deficient values. Moreover, if s+1 values are exactly
deficient, then 0 and ∞ are among them.

Theorem 4.2.2. (Edrei and Fuchs, 1962) Let f (z) be an entire function of the finite
order λ and let L1,L2, · · · ,Ls (L j : z = z(t) = teiα j(t)) be the s B- regular paths.
Given a fixed δ > 0, nδ (r) denotes the number of distinct zeros of f in r0 � |z| � r
but outside the s sectors:

α j(t)−δ � argz � α j(t)+δ , |z| = t.

Assume that for every fixed δ , we have

lim
r→∞

nδ (r)
T (r, f )

= 0.

If p is the number of finite non-zero deficient values of f (z), then p � min{2λ ,s}.
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Theorem 4.2.3. (Edrei and Fuchs, 1962) Let f (z) be an entire function of the finite
order λ . Set

Ω = {θ ∈ [0,2π) : z = |z|eiθ is a zero of f}.
If Ω is of measure zero, then f has at most 2λ deficient values other than 0 and ∞.

In 1954, A. A. Gol’dberg proved that for any λ and an at most countable set
E ⊂ C, there exits a meromorphic function with order λ and exactly with each
element of E as its deficient value. N. U. Arakelyan in 1966 and A. E. Eremenko
in 1987 obtained the same result for the case of an entire function. These describes
significance of Theorems of Edrei and Fuchs in some extent.

Oum K. in [3] proved that an entire function of order 0 < λ < +∞ has at most 2λ
finite deficient values if it is of completely regular growth. In 1975, Yang and Zhang
[8] considered and revealed a relation between the number of deficient values and
the number of the Borel directions.

Theorem 4.2.4. (Yang L. and Zhang G. H., 1975) Let f (z) be a transcendental
meromorphic function with the finite positive order λ . If we denote by q the number
of Borel directions and by p the number of deficient values, then p � q.

In [9], for the case of entire function, they obtained more precise result than
above Theorem 4.2.4.

Theorem 4.2.5. (Yang L. and Zhang G. H., 1975) Let f (z) be an entire function of
order λ (0 < λ < +∞). If the number of Borel directions, denote by q, is finite, then

∞

∑
l=0

pl � min
{

2λ ,
q
2

}
.

Let f (z) be a transcendental meromorphic function with the finite positive order
λ . A ray argz = θ is called a cluster line of order λ of f for a-points, if for arbitrary
ε > 0, (3.3.4) holds for ρ = λ .

Theorem 4.2.6. (Yang L. and Zhang G. H. [10], 1982) Let f (z) be a transcendental
meromorphic function with the finite positive order λ . Suppose that q is the number
of cluster lines of order λ of f (z) for zeros and poles. Then

∞

∑
j=0

p j � q.

Moreover, if f is entire and q < ∞, then

∞

∑
j=0

pj � min
{q

2
,2λ

}
. (4.2.1)

Theorem 4.2.5 follows immediately from Theorem 4.2.6 and Valiron Theorem
2.7.5.

In 1985, Zhang Q. D. and Pang X. C. [14] and Pang X. C. and Ru M. [4] took into
account this subject on small deficient functions together with ( common ) Borel di-
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rections of a meromorphic function and its derivatives. Let f (z) be a transcendental
meromorphic function with finite positive order. Let U(r) be a type function of f (z).
For a small function a(z) with respect to f (z), define

δ ∗(a, f ) = 1− limsup
r→∞

N(r, f = a)
U(r)

, a(z) �≡ ∞;

δ ∗(a, f ) = 1− limsup
r→∞

N(r, f )
U(r)

, a(z) ≡ ∞.

If δ ∗(a, f ) > 0, a(z) is called a precise deficient function of f (z).

Theorem 4.2.7. (Zhang and Pang, 1985) Let f (z) be a transcendental meromor-
phic function with finite positive order. Let p∗ be the number of precise deficient
functions of f (z) and q∗ the number of common Borel directions of f ( j)(z)( j =
0,1,2, · · ·). Then p∗ � q∗ or p∗ � 1.

In 1988, Yang [7] considered the case of the lower order.

Theorem 4.2.8. (Yang L., 1988) Let f (z) be a transcendental entire function with
the finite positive lower order μ . If f has finitely many Borel directions of order μ ,
then −∞

∑
j=0

pj � 2μ.

Since a T direction must be a Borel direction of the lower order μ , Theorem
4.1.4 is a generalization of Yang Lo’s Theorem 4.2.8. In fact, under the assumption
of Theorem 4.2.8, f (z) has only finitely many T directions.

In 1978 and 1983, Zhang [13] and [12] discovered a relation among the numbers
of deficient values, asymptotical values and the Julia directions of an entire function.

Theorem 4.2.9. (Zhang G. H., 1978, 1983) Let f (z) be a transcendental entire
function with the finite lower order μ . Then (1) 2p + l � J and (2) p + l � 2μ if
J < +∞, where p is the number of finite deficient values, l the number of finite
distinct asymptotic values which are not deficient values and J the number of the
Julia directions.

Therefore, an entire function of the finite lower order has finitely many asymp-
totic values if it has finitely many Julia directions. In 1986, Zhang (see Theorem
5.14, [11]) generalized in fact the above-mentioned Theorem 4.2.9 and obtained
the second inequality in Theorem 4.2.9 with “J < ∞” replaced by J directions
argz = θk, k = 1,2, · · · ,J such that

limsup
r→∞

log+ n(r,∪J
k=1Ω(θk + ε ,θk+1 − ε), f = 0)

logr
= 0.

In 1978, Zhang at the same paper [13] considered the case of meromorphic func-
tions and established the inequality p + l � J with f being meromorphic and with
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asymptotic values replaced by direct singularities of the inverse of f (see Theo-
rem 6.2, [11]) and in 1983, the inequality (2) under some additional condition (see
Theorem 6.1, [11]).

Finally we conclude this section with the following questions.
Is Theorem 4.2.9 still true, provided that “the Julia directions” is replaced by “the

Borel directions”?
And could we consider the Nevanlinna deficient values of the derivatives and the

primitive in Theorem 4.2.9?
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Abstract: A value on the extended complex plane is a radially distributed value
of a transcendental meromorphic function if most of points at which the value is
assumed distribute closely along a finite number of rays from the origin. In this
chapter, we study the growth order of a meromorphic function with two radially
distributed values and a distinct deficient value (in other words, this hints a condi-
tion under which deficient values do not exist). We respectively treat two cases: one
is without assumption about the growth of the function considered and the other is
under assumption of the function being of the finite lower order. The Nevanlinna
characteristic for an angle plays crucial role in the investigation of this subject. Ac-
tually, the idea to study this subject is the following: the Nevanlinna characteristic
T (r, f ) for {|z|< r} is controlled by the corresponding proximate function m(r,∗) to
a deficient value; there exists a solid relation between m(r,∗) and the sum of B(r,∗)
on the finitely many angular domains; and according to some fundamental theorems,
we estimate B(r,∗) in terms of two C(r,∗∗), which describes the number of poles
of the function ∗∗ in the angle. Thus T (r, f ) is controlled in terms of the number of
value-points in the angles. This way also produces discussion of the growth order
dealing with other type of radially distributed values. Finally, we simply survey the
background and other main results of the subject.

Key words: Angle Nevanlinna characteristic, Growth order, Radially distributed
value

This chapter is devoted to discussing how the growth of a meromorphic function
could be affected by distribution of the arguments of its a-points (i.e., points at which
the function assumes the value a). Radially distributed values mean such values that
most of corresponding value-points distribute nearly along a finite number of rays
from the origin. We shall determine an simple approach to make discussion of this
subject, roughly speaking, certain radially distributed values will affect the growth
of function provided that in an angle B(r,∗) can be controlled by C(r,∗∗) related
to these values. Therefore, we shall proceed with the Nevanlinna characteristic on
an angle. In the first part, we shall consider the functions with radially distributed
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values without any restriction on its growth and then in the second part, take those
functions of finite lower order into account.

5.1 Growth of Such Meromorphic Functions

In this section, our basic idea is to use B(r,∗) on angles to control the Nevanlinna
characteristic on disks and then use C(r,∗∗) and further the number of value-points
on angles to estimate B(r,∗) so that the Nevanlinna characteristic on disks can be
controlled by the number of value-points on angles. Thus we attain the purpose that
the order of the function with suitable radially distributed values is bounded from
above in term of the arguments of rays in question.

Given
−π � α1 < α2 < · · · < αq < π , αq+1 = α1 +2π, (5.1.1)

we set
D(α1,α2, · · · ,αq) = ∪q

j=1{z : argz = α j}
and consider the following quantity

W (r,D, f = a) = max
{

rω j Bα j ,α j+1

(
r,

1
f −a

)
: 1 � j � q

}
,

where ω j = π
α j+1−α j

and ω = max{ω j : 1 � j � q}. Our first result is to control the
characteristic in terms of W , i.e., B.

Theorem 5.1.1. Let f (z) be a transcendental meromorphic function. Assume that
a is a Nevanlinna deficient value of f (p) for an integer p. Then for a fixed τ > 0 and
for all r possibly outside a set of finite logarithmic measure, we have

T (r, f ) � K1(logT (r, f ))2+τW (r,D, f (p) = a) (5.1.2)

and if, in addition, W (r,D, f (p) = a) is of finite order, then given ε > 0, we have

T (r, f ) � K2W (r,D, f (p) = a), r �∈ E

(for negative p, f (p) stands for the |p|th primitive of f , if it exists), where K1 and K2
are positive constants and K2 depends on ε and logdens(E) < ε .

Proof. Here we assume p � 0, while we leave the proof of the case p < 0 to the
reader. For each r let ε(r) be a positive number which will be determined in the
sequel. From the definition of Bα ,β (r,∗), we have

∫ α j+1−ε(r)

α j+ε(r)
log+ 1

| f (p)(reiθ )−a|dθ � π
2ω j sin(ε(r)ω j)

rω j Bα j ,α j+1

(
r,

1
f (p)−a

)
� π

2ω j sin(ε(r)ω j)
W (r,D, f (p) = a). (5.1.3)
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In view of Lemma 2.1.5 for R = r(1+(logT (r, f (p)))−1−τ ), it follows that∫ α j+ε(r)

α j−ε(r)
log+ 1

| f (p)(reiθ )−a|dθ � 14[1+(logT (r, f (p)))1+τ ]T (R, f (p))

×2ε(r)
(

1+ log+ 1
2ε(r)

)
� 29e(logT (r, f (p)))1+τT (r, f (p))

×ε(r)
(

1+ log+ 1
ε(r)

)
, (5.1.4)

where the second inequality follows from Corollary 1.1.1 for r outside a set of finite
logarithmic measure. Now choose

ε(r) =
δ
4

1
29eq

(logT (r, f (p)))−1−2τ , δ = δ (a, f (p))

and hence

ε(r)
(

1+ log+ 1
ε(r)

)
� δ

4
1

29eq
(logT (r, f (p)))−(1+τ)

for sufficiently large r. Thus combining (5.1.3) and (5.1.4), by noting that a is a
deficient value of f (p) we have

δ
2

T (r, f (p)) � m
(

r,
1

f (p) −a

)
� δ

4
T (r, f (p))+K(logT (r, f (p)))1+2τW (r,D, f (p) = a),

for a positive constant K and therefore

T (r, f (p)) � 4K
δ

(logT (r, f (p)))1+2τW (r,D, f (p) = a).

In virtue of Theorem 2.6.2, we have

T (r, f ) � T (r, f (p))(logT (r, f (p))1+τ

for all r outside a set of finite logarithmic measure. Thus noting T (r, f (p)) < (p +
2)T (r, f ), we have

T (r, f ) � 4K
δ

(logT (r, f (p)))2+3τW (r,D, f (p) = a)

� 2
4K
δ

(logT (r, f ))2+3τW (r,D, f (p) = a)
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for all r outside a set of finite logarithmic measure. This yields (5.1.2) by replacing
3τ with τ .

Now assume that W (r,D, f (p) = a) is of finite order. Employing (5.1.2) deduces
that T (r, f ) and hence T (r, f (p)) is of finite order λ ( f ). Take a number C > 1 with
λ ( f ) log2

logC < ε and set

E = {r : T (2r, f (p)) � CT (r, f (p))}.

In virtue of Lemma 1.1.8 we know that logdensE < ε .
In the above discussion we fix the ε(r) ≡ η, a positive constant, such that

56Cη
(

1+ log+ 1
η

)
=

δ
4

.

Then as in above we have

δ
2

T (r, f (p)) � m
(

r,
1

f (p)−a

)
� 14×2T (2r, f (p))2η

(
1+ log+ 1

2η

)
+KW (r,D, f (p) = a)

� δ
4

T (r, f (p))+KW (r,D, f (p) = a), r �∈ E,

so that, in view of Chuang’s inequality (see Theorem 2.6.1),

T (r, f ) � C2T (2r, f (p)) � C2CT (r, f (p)) � 4C2CK
δ

W (r,D, f (p) = a),r �∈ E.

Thus Theorem 5.1.1 follows. ��
From Theorem 5.1.1 and a modified version of the Milloux inequality (2.2.8),

we come to estimate the growth of meromorphic functions in terms of distribution
of arguments of points of two values. This is one of our main purposes of this chap-
ter. This process immediately deduces some remarkable results of Ostrovskii and
actually we can get more. However, the proof of Theorem 5.1.1 is simpler and more
elementary than that of Ostrovskii’s Theorem 5.3.4 (I). The reader is referred to
Section Retrospection for further review about that.

Let us begin with the following lemma which follows from the Milloux inequal-
ity (2.2.8).

Lemma 5.1.1. Let f (z) be a meromorphic function in C and consider an angular
domain Ω(α,β ). Then

(1) for two integers p � k � 0 and a ∈ C\{0}, we have

Bα ,β

(
r,

1
f (p)−a

)
� (p− k +1)Cα,β (r, f )+(2p+1−2k)Cα,β

(
r,

1
f (k)

)
+Rα,β (r, f ); (5.1.5)
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(2) for k > p and a ∈ C, we have

Bα ,β

(
r,

1
f (p) −a

)
� Cα,β (r, f )+Cα ,β

(
r,

1
f (k) −1

)
+Rα ,β (r, f ). (5.1.6)

Proof. We first prove the case (1). From (2.2.8), we have

B
(

r,
1

f (p) −a

)
� S(r, f (p))−C

(
r,

1
f (p)−a

)
+O(1)

� S

(
r,

f (p)

f (k)

)
+S(r, f (k))−C

(
r,

1
f (p)−a

)
+O(1)

� (p− k)C(r, f )+(p− k)C
(

r,
1

f (k)

)
+C(r, f (k))

+C
(

r,
1

f (k)

)
−C

(
r,

1
f (p+1)

)
+R(r, f )

� (p+1− k)C(r, f )+(2p+1−2k)C
(

r,
1

f (k)

)
+R(r, f ).

This is (5.1.5). To prove the case (2), by (2.2.8), we have

B
(

r,
1

f (p)−a

)
= S(r, f (p)−a)−C

(
r,

1
f (p)−a

)
+O(1)

� C(r, f (p)−a)+C
(

r,
1

f (k) −1

)
−C

(
r,

1
f (k+1)

)
+R(r, f )

� C(r, f )+C
(

r,
1

f (k) −1

)
+R(r, f ).

This is (5.1.6) ��
Now we consider the quantity concerning value points

V (r,D, f = a) = max{rω jCα j ,α j+1(r, f = a) : 1 � j � q}

and V (r,D, f = a) for Cα j ,α j+1(r, f = a). Combining Theorem 5.1.1 and Lemma
5.1.1 yields the following

Theorem 5.1.2. Let f (z) be a transcendental meromorphic function and a ∈ Ĉ \
{0,∞}. Assume that a is a Nevanlinna deficient value of f (p)(z) (p � k � 0). Then
for τ > 0,

T (r, f ) � K(logT (r, f ))2+τ (V (r,D, f (k) = 0)+V (r,D, f = ∞)
+rω logrT (r, f )), (5.1.7)

for all r outside a set of finite logarithmic measure.
If, in addition, V (r,D, f (k) = 0)+V (r,D, f = ∞) is of finite order, then for ε > 0
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T (r, f ) � K(V (r,D, f (k) = 0)+V (r,D, f = ∞)+ rω), r �∈ E,

where K is a positive constant and logdensE < ε .

Proof. From (5.1.5) it is easy to see that

W (r,D, f (p) = a) � (2p+1)(V (r,D, f (k) = 0)+V (r,D, f = ∞))+ rωR(r, f ),

where R(r, f ) = max{Rα j ,α j+1(r, f ) : 1 � j � q}. In view of Lemma 2.5.3 we have
R(r, f ) = O(logrT (r, f )) and furthermore if f (z) is of finite order, then R(r, f ) =
O(1). Thus application of Theorem 5.1.1 yields our desired results. ��

Obviously, the same argument as in above yields a result corresponding to the
case (2) of Lemma 5.1.1, that is to say, we also have the inequalities in Theorem
5.1.2 for k > p and a ∈ C with V (r,D, f (k) = 1) +V (r,D, f = ∞) in the place of
V (r,D, f (k) = 0)+V (r,D, f = ∞).

In what follows, we connect the growth of meromorphic functions with the num-
ber of value points in the angular domains. To the end we need

Lemma 5.1.2. Let f (z) be a meromorphic function in an angular domain Ω(α,β).
If for ρ > 0,

limsup
r→∞

logn(r,Ω , f = a)
logr

� ρ , (5.1.8)

then for arbitrary small ε > 0 with ρ + ε �= ω(= π
β−α ) and all sufficiently large r,

we have

Cα,β (r, f = a) �
(

4ω +
2ω2

|ρ + ε−ω |
)

rρ−ω+ε +O(1).

Proof. In view of Lemma 2.2.2 it suffices to estimate the integrate in (2.2.14). This
is because that it follows from (5.1.8) that

limsup
r→∞

logN(r,Ω , f = a)
logr

� ρ

and thus for all r � r0 � 1, N(r,Ω , f = a) < rρ+ε . This also implies∫ r

r0

N(t,Ω , f = a)
tω+1 dt <

∫ r

1
tρ+ε−ω−1dt <

1
|ρ + ε−ω | (r

ρ−ω+ε +1).

Thus Lemma 5.1.2 follows. ��
Lemma 5.1.2 still holds for n and C in the places of n̄ and C̄.

Theorem 5.1.3. Let f (z) be a transcendental meromorphic function such that
for some a ∈ Ĉ \ {0,∞} and an integer p � 0, δ = δ (a, f (p)) > 0. Given q radii

argz = α j (1 � j � q) satisfying (5.1.1), set Y = C\
q⋃

j=1
{z : argz = α j}. Let k be an

integer with 0 � k � p.
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(1) If for some ρ � 0,

limsup
r→∞

log(n(r,Y, f (k) = 0)+n(r,Y, f = ∞))
logr

� ρ , (5.1.9)

then λ ( f ) � max{ω ,ρ};
(2) If for some τ > 0

N(r,Y, f (k) = 0)+N(r,Y, f = ∞) = o(T (r, f )(logT (r, f ))−2−τ), r �∈ F, (5.1.10)

where densF < 1, then λ ( f ) � ω.
Here ω = max{ω j : 1 � j � q}.

Proof. (1) Under (5.1.9), in view of Lemma 5.1.2 we have for arbitrary ε > 0 and
all sufficiently large r > 0

V (r,D, f (k) = 0)+V (r,D, f = ∞) � rρ+ε +O(rω).

This with the help of Theorem 5.1.2 implies that λ ( f ) � max{ω,ρ}.
(2) Set

N(r) = N(r,Y, f (k) = 0)+N(r,Y, f = ∞) = o(T (r, f )(logT (r, f ))−2−τ ).

We first of all want to show that N(r) is of order not greater than ω . Suppose that it
fails. Then from Lemma 1.1.3 and Theorem 1.1.3 for some σ > ω, there exists an
unbounded sequence {rn} of positive numbers such that

N(t) � e
(

t
rn

)σ
N(rn), for 1 � t � rn.

Let F1 be the except set outside which Rα ,β (r, f ) = O(logrT (r, f )) for the error term
in (5.1.5) holds and then dens(F ∪F1) = densF < 1. For d with d > (1−densF)−1

we can find r′n ∈ [rn,drn]\ (F ∪F1). Thus∫ r′n

1

N(t)
tω+1 dt =

∫ rn

1

N(t)
tω+1 dt +

∫ r′n

rn

N(t)
tω+1 dt

<
e

σ −ω
N(rn)

rωn
+

1
ω

N(r′n)
rωn

�
(

e
σ −ω

+
1
ω

)
dω N(r′n)

r′ωn

so that in view of (2.2.14) and then by using (5.1.10) we have

V (r′n,D, f (k) = 0)+V (r′n,D, f = ∞) = o(T (r′n, f )(logT (r′n, f ))−2−τ ).

It follows from (5.1.7) that
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T (r′n, f ) = o(T (r′n, f ))+O(r′n
ω(logT (r′n, f ))2+τ logr′nT (r′n, f ))

and noting that the order of T (r′n, f ) is at least σ , we have T (r′n, f ) = o(T (r′n, f )),
this is impossible.

Thus we have proved that N(r) is of order at most ω and employing (1) yields
that λ ( f ) � ω .

Theorem 5.1.3 follows. ��
We remark we can obtain the corresponding results to above Theorems if that

a(�= 0,∞) is a Nevanlinna deficient value is replaced by that a(�= 0,∞) is a Borel
exceptional value.

Recall that n(r,Y, f = a) is the number of distinct roots of f (z) = a in {z : |z| <
r}∩Y , that is, ignoring the roots lying on the rays argz = α j( j = 1,2, · · · ,q). Ac-
tually from the proof of Theorem 5.1.1 we can redefine W (r,D,∗) and V (r,D,∗)
with α j and α j+1 replaced respectively by α j +ε(r) and α j+1 −ε(r), where ε(r) is
chosen suitably such that ε(r) = O(logT (r, f ))−1−τ . Therefore, we can replace Y in
Theorem 5.1.3 with

Z = ∪q
j=1{z = reiθ : α j + ε(r) < θ < α j+1 − ε(r)}.

Finally, according to a result of Ostrovskii (see Theorem 5.3.4(2) in below Sec-
tion 5.3) we get

Theorem 5.1.4. Let f (z) be a transcendental meromorphic function such that for
some a ∈ Ĉ\{0,∞} and an integer p � 0, δ = δ (a, f (p)) > 0. Assume that

N(r,Ω j, f = 0)+N(r,Ω j, f = ∞)+N(r,Ω j, f = a) = O
(

rω

(logr)τ

)
, (5.1.11)

where τ > 1, Ω j = Ω(α j,α j+1) and ω = max{ω j : 1 � j � q}. Then

log | f (reiθ )| = rω j c j sin(ω j(θ −α j))+o(rω j)

uniformly relative to θ , α j � θ � α j+1, with c j ∈ R as r → ∞ perhaps passing
outside a set of finite logarithmic measure.

Proof. In view of (2.2.14) and (5.1.11), we have

rω j−ωCα j ,α j+1(r, f = X) � 4ω jN(r,Ω j, f = X)r−ω

+2ω2
j rω j−ω

∫ r

1

N(t,Ω j, f = X)
tω j+1 dt

= O((logr)−τ)+O
(

rω j−ω
∫ r

1

tω−ω j

t(log t)τ
dt
)

= O((logr)−τ)+O
(∫ ∞

1

dt
t(log t)τ

)
= O(1),
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X = 0,∞,a, and therefore the condition in (2) of Theorem 5.3.4 in below Section
5.3 is satisfied. Theorem 5.1.4 follows. ��

5.2 Growth of Such Meromorphic Functions with Finite Lower

Order

It is noted that in Theorems 5.1.1-5.1.4, no restriction is imposed on the growth
of the meromorphic function considered. In what follows, we always assume that
transcendental meromorphic function f (z) has the finite lower order and thus we
can impair the requirement on the argument distribution of value points.

Let

−π � α1 < β1 � α2 < β2 � · · · < αq < βq � π, αq+1 = α1 +2π , (5.2.1)

and by D we denote the corresponding ray system D(α1,β1, · · · ,αq,βq). Define for
D

ω ′ = ω ′(D) = max{π/(β j −α j) : 1 � j � q}
and

ω ′′ = ω ′′(D) = min{π/(α j+1 −β j) : 1 � j � q}.
In [14], we studied this topic and established two fundamental theorems which

are formulated in the following form, which make the discussion of this subject very
simple and elementary.

Theorem 5.2.1. Let f (z) be a transcendental meromorphic function with the finite
lower order μ( f ) and for N distinct values ai ∈ Ĉ (1 � i � N) and an integer
p � 0, δi = δ (ai, f (p)) > 0. For q pair of real numbers {α j,β j} satisfying (5.2.1)
and arbitrary sequence of Pólya peak {rn} of f (p)(z) of any order σ outside E( f )
such that μ( f ) � σ � λ ( f ) and σ > ω j = π

β j−α j
, 1 � j � q (if exists), for each i

we have

Bα j ,β j

(
rn,

1
f (p)−ai

)
= o

(
T (rn, f )

r
ω j
n

)
+Kj log(rnT (rn, f )), 1 � j � q, (5.2.2)

(we replace Bα j ,β j(r,1/( f (p)−a)) by Bα j ,β j(r, f (p)) if a =∞.), where Kj is a positive
constant only depending on j and σ . If

q

∑
j=1

(α j+1 −β j) <
4
γ

N

∑
i=1

arcsin

√
δ (ai, f (p))

2
, (5.2.3)

γ = max{ω ′(D),μ}, then
λ ( f ) � ω ′(D).
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Proof. We assume that a ∈ C. By the same argument we can show Theorem 5.2.1
for the case when a = ∞. Suppose conversely that λ ( f ) > ω ′. We need to treat two
cases.

(I) λ ( f ) > μ. Then λ ( f (p)) = λ( f ) > γ � μ( f ) = μ( f (p)). And by the inequality
(5.2.3), we can take a real number ε > 0 such that

q

∑
j=1

(α j+1 −β j +2ε)+2ε <
4

γ +2ε

N

∑
i=1

arcsin

√
δi

2
, (5.2.4)

where αq+1 = 2π +α1, and

λ ( f (p)) > γ +2ε > μ .

Applying Theorem 1.1.3 to f (p)(z) determines the existence of a sequence {rn} of
the Pólya peaks of order γ +2ε of f (p) outside E( f ). Set Λ(r) = Γ 1/2(r) and

Γ (r) = max

{
r
ω j
n

Bα j ,β j(rn,1/( f (p)−ai))

T (rn, f (p))
: 1 � j � q,1 � i � N

}
, (5.2.5)

rn−1 < r � rn.

From the Chuang’s inequality and (3) in Definition 1.1.1 it follows that

T (rn, f ) = O(T (2rn, f (p))) = O(T (rn, f (p))). (5.2.6)

Thus from (2) in Definition 1.1.1 and by noting γ + ε > ω ′ � ω j, we have

r
ω j
n log(rnT (rn, f )) = o(T (rn, f (p))), n → ∞.

From this, using (5.2.2) to the sequence of Pólya peak {rn} of f (p) of order σ =
γ+2ε , we can deduce that as r →+∞,Γ (r)→ 0 andΛ(r)→ 0. Then from Theorem
2.8.1 for sufficiently large n we have

mes
N⋃

i=1

DΛ (rn,ai) =
N

∑
i=1

mesDΛ (rn,ai) >
4

γ +2ε

N

∑
i=1

arcsin

√
δi

2
− ε , (5.2.7)

since γ +2ε > 1/2. We can assume for all the n (5.2.7) holds. Set

Kn = mes

(
N⋃

i=1

DΛ (rn,ai)∩
q⋃

j=1

(α j + ε ,β j − ε)

)
.

Then from (5.2.4) and (5.2.7) it follows that
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Kn � mes
N⋃

i=1

DΛ (rn,ai)−mes

(
[−π ,π)\

q⋃
j=1

(α j + ε ,β j − ε)

)

= mes
N⋃

i=1

DΛ (rn,ai)−mes

(
q⋃

j=1

(β j − ε ,α j+1 + ε)

)

= mes
N⋃

i=1

DΛ (rn,ai)−
q

∑
j=1

(α j+1 −β j +2ε) > ε > 0.

It is easy to see that there exists a j0 and a i0 such that for infinitely many n, we have

mes(DΛ (rn,ai0)∩ (α j0 + ε ,β j0 − ε)) � Kn

qN
>

ε
qN

. (5.2.8)

We can assume for all the n (5.2.8) holds. Set En = DΛ (rn,a)∩ (α j0 + ε ,β j0 − ε)
with a = ai0 . Thus from the definition of DΛ (r,a) it follows that∫ β j0−ε

α j0 +ε
log+ 1

| f (p)(rneiθ )−a|dθ �
∫

En
log+ 1

| f (p)(rneiθ )−a|dθ

� mes(En)Λ(rn)T (rn, f (p))

� ε
qN

Λ(rn)T (rn, f (p)). (5.2.9)

On the other hand, by the definition of Bα,β (r,∗) and (5.2.5), we have

∫ β j0−ε

α j0 +ε
log+ 1

| f (p)(rneiθ )−a|dθ � π
2ω j0 sin(εω j0)

r
ω j0
n Bα j0 ,β j0

(
rn,

1
f (p)−a

)
� π

2ω j0 sin(εω j0)
Λ2(rn)T (rn, f (p)). (5.2.10)

Combining (5.2.9) with (5.2.10) gives

0 <
2εω j0 sin(εω j0)

πqN
�Λ(rn) → 0, n → ∞.

This is impossible.
(II) λ ( f ) = μ . Then γ = μ = λ ( f ). By the same argument as in (I) with all the

γ +2ε replaced by γ = μ , we can derive a contradiction.
Theorem 5.2.1 follows. ��
We remark on a condition of Theorem 5.2.1. If there exist no σ such that for each

j, σ > ω j, then it is easy to see that λ ( f ) � ω ′(D).

Theorem 5.2.2. Let f (z) and ai(i = 1,2, · · · ,N) be given as in Theorem 5.2.1.
For q pair of real numbers {α j,β j} satisfying (5.2.1) and arbitrary small ε > 0, for
each i we have
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Bα j ,β j

(
r,

1
f (p)−ai

)
< Kj[rρ−ω j+ε + log(rT (r, f ))], r �∈ E, 1 � j � q, (5.2.11)

(we replace Bα j ,β j(r,1/( f (p)−a)) by Bα j ,β j(r, f (p)) if a =∞.), whereω j = π
β j−α j

, 1 �
j � q, ρ is a positive number, Kj a positive constant only depending on j and ε. If
(5.2.3) holds for γ = max{ω ′(D),ρ ,μ}, then

λ ( f ) � max{ω ′(D),ρ}.

Proof. Suppose conversely that λ ( f ) > max{ω ′,ρ}. We shall derive a contradic-
tion by making a minor modification of the proof of Theorem 5.2.1, so below we
put the same meanings on the same notations in the proof of Theorem 5.2.1.

(I) λ ( f ) > μ . {rn} is a sequence of the Pólya peaks of order γ+2ε of f (p) outside
E( f ). Set Λ(r) = [logr]−1. Then we can deduce

∫ β j0−ε

α j0 +ε
log+ 1

| f (p)(rneiθ )−a|dθ � ε
qN

T (rn, f (p))
logrn

. (5.2.12)

On the other hand, from (5.2.11), we have for r �∈ E∫ β j0−ε

α j0 +ε
log+ 1

| f (p)(reiθ )−a|dθ � π
2ω j0 sin(εω j0)

rω j0 Bα j0 ,β j0

(
r,

1
f (p)−a

)
< K̃ j0 [r

ρ+ε + rω j0 log(rT (r, f ))]. (5.2.13)

Combining (5.2.12) with (5.2.13) gives

T (rn, f (p)) � qNK̃j0
ε

logrn[rρ+ε
n + r

ω j0
n log(rnT (rn, f ))]

and then applying (5.2.6) gives that

logT (rn, f (p)) � 2loglogrn +max{ρ + ε ,ω j0} logrn + log logT (rn, f (p))+O(1).

Thus from (2) in Definition 1.1.1 for γ +2ε, we have

γ +2ε � limsup
n→∞

logT (rn, f (p))
logrn

� max{ρ + ε ,ω j0} � γ + ε .

This is impossible.
(II) λ ( f ) = μ . Then γ = μ = λ ( f ). By the same argument as in (I) with all the

γ +2ε replaced by γ = μ , we can derive

μ = γ � max{ρ ,ω ′}+ ε < λ ( f ).

This is impossible.
Theorem 5.2.2 follows. ��
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In what follows, we deal with the argument distribution of value points in term of
Theorem 5.2.1 and Theorem 5.2.2. First of all let us establish connection between
C(r,∗) and the number of corresponding value points in an angle.

Lemma 5.2.1. Let f (z) be a transcendental meromorphic function with the finite
lower order μ and 0 < λ = λ ( f ) � +∞. If for d � 1 and an integer k � 0,

n(r,Ω(α,β ), f (k) = a) = o(T (dr, f )), (5.2.14)

then for arbitrary sequence of the relaxed Pólya peaks {rn} of f (p) (p � 0) of any
order σ outside E( f ) such that μ � σ � λ and σ > ω = π

β−α , we have

Cα,β

(
rn,

1
f (k) −a

)
= o

(
T (rn, f )

rωn

)
. (5.2.15)

(If in (5.2.14), n is in the place of n, then we have (5.2.15) for C in place of C).

Proof. From (3) in Definition 1.1.1 and the Chunag’s inequality (2.6.2), we have

T (drn, f ) � KpT (2drn, f (p)) � KpKd,σT (rn, f (p))

and since rn �∈ E( f ), in view of (2.6.1) and (2.5.1) we have

T (rn, f (p)) � CpT (rn, f ),

where Kp, Kd,σ and Cp are constants depending on their subscripts.
Applying the Chunag’s inequality (2.6.2) again and then (4) in Definition 1.1.1,

we estimate the following integral∫ rn

1

T (dt, f )
tω+1 dt � Kp

∫ rn

1

T (2dt, f (p))
tω+1 dt

= Kp(2d)ω
∫ 2drn

2d

T (t, f (p))
tω+1 dt

� KKp(2d)ω
∫ 2drn

2d

(
t
rn

)σ−εn T (rn, f (p))
tω+1 dt

= KKp(2d)ω
T (rn, f (p))

rσ−εn
n

∫ 2drn

2d
tσ−εn−ω−1dt

=
KKp(2d)σ−εn

σ − εn −ω
T (rn, f (p))

rσ−εn
n

(rσ−εn−ω
n −1)

<
KKp(2d)σ−εn

σ − εn −ω
T (rn, f (p))

rωn

� KKpCp(2d)σ−εn

σ − εn −ω
T (rn, f )

rωn
.
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Now in view of (2.2.14) (also see the proof of Lemma 2.2.2) and (5.2.14), we
obtain

Cα ,β

(
rn,

1
f (k) −a

)
� 4ω

∫ rn

1

n(t,Ω , f (k) = a)
tω+1 dt

= o
(∫ rn

1

T (dt, f )
tω+1 dt

)
= o

(
T (rn, f )

rωn

)
,

this is (5.2.15). ��
Combination of Lemmas 5.1.1 and 5.2.1 with Theorems 5.2.1 and 5.2.2 yields

the following

Theorem 5.2.3. Let f (z) be given as in Theorem 5.2.1. Then the following two
statements hold.

(1) If
q

∑
j=1

(α j+1 −β j) <
4
γ ∑

a�=0,∞
arcsin

√
δ (a, f (p))

2
, (5.2.16)

γ = max{ω ′(D),μ}, and for some d � 1

n(r,Y, f (k) = 0)+n(r,Y, f = ∞) = o(T (dr, f )), (5.2.17)

where Y =
q⋃

j=1
{z : α j < argz < β j}, then λ ( f ) � ω ′(D).

(2) If (5.2.16) holds for γ = max{ω ′(D),ρ,μ}, and

limsup
r→∞

log(n(r,Y, f (k) = 0)+n(r,Y, f = ∞))
logr

� ρ , (5.2.18)

then λ ( f ) � max{ω ′(D),ρ}.
Proof. Here we only provide the proof of (1) of Theorem 5.2.3. In fact, (5.2.3) fol-
lows from (5.2.16) for some N and hence it suffices to prove (5.2.2) under (5.2.17).
Given arbitrarily a sequence of Pólya peak {rn} of f (p)(z) of any order σ outside
E( f ) such that μ( f ) � σ � λ ( f ) and σ >ω j = π

β j−α j
, 1 � j � q (if exists), in view

of (5.2.17) and Lemma 5.2.1, we have

Cα j ,β j

(
rn,

1
f (k)

)
+Cα j ,β j(rn, f ) = o

(
T (rn, f )

r
ω j
n

)
and then from Lemma 5.1.1 it follows that for any a ∈ Ĉ\{0,∞}, we have

Bα j ,β j

(
rn,

1
f (p) −a

)
= o

(
T (rn, f )

r
ω j
n

)
+Kj log(rnT (rn, f )), 1 � j � q.

This is (5.2.2) and hence Theorem 5.2.3 (1) follows. ��
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It is clear from the above proof that the result (2) in Theorem 5.2.3 still holds if
the condition (5.2.18) is directly replaced by the inequality

Cα j ,β j(r, f (k) = 0)+Cα j ,β j(r, f = ∞) < Kj(rρ−ω j+ε + logr), r �∈ E.

Corollary 5.2.1. Let f (z) be given as in Theorem 5.2.1. Then in any angular
domain Ω = {z : α < argz < β} such that

β −α > max

{
π
μ

, 2π− 4
μ

arcsin

√
δ
2

}
,

δ = δ (a, f ) > 0, there exists a radial argz = θ such that for arbitrary small ε > 0,

limsup
r→∞

n(r,Z, f (k) = 0)+n(r,Z, f = ∞)
T (dr, f )

> 0,

where Z = {z : θ − ε < argz < θ + ε} and d � 1.

Let us discuss significance of Theorems 5.1.1, 5.2.1 and 5.2.2. Actually, they
assert that as long as we can estimate B(r,∗) in terms of a few C(r,∗∗), we can
establish the results on the growth order of a meromorphic function with suitable
restriction imposed on distribution of arguments of value points expressed by the
corresponding C(r,∗∗), and further by n(r,Ω(α,β ),∗∗) by noticing the closed rela-
tion between n(r,Ω(α,β ),∗) and Cα,β (r,∗). The above statements prove important
and thus it made those very simple and elementary the discussions on the growth of
transcendental meromorphic functions dealing with some radially distributed val-
ues. Let us make it clear once more by establishing the following result.

Theorem 5.2.4. Let f (z) be given as in Theorem 5.2.1 with δ = δ (∞, f ) > 0
instead of δ (a, f (p)) > 0 and

q

∑
j=1

(α j+1 −β j) <
4
γ

arcsin

√
δ
2

,

γ = max{ω ′(D),μ} or max{ω ′(D),ρ ,μ}. Then the results of Theorem 5.2.3 hold,
provided that (5.2.17) and (5.2.18) are respectively replaced by

n(r,Y, f 2 f ′ = 1) = o(T (dr, f )), d � 1

and

limsup
r→∞

logn(r,Y, f 2 f ′ = 1)
logr

� ρ. (5.2.19)

Proof. Analyzing the proof of Theorem 5.2.3, it suffices to show an inequality
of that B(r, f ) is controlled by C(r, f 2 f ′ = 1). Using the Milloux’s fundamental in-
equality (2.2.8) on an angle to f 3/3, we have



222 5 Meromorphic Functions with Radially Distributed Values

3S(r, f ) = S
(

r,
f 3

3

)
+O(1)

� C(r, f 3)+C(r, f 3 = 0)+C(r,( f 3/3)′ = 1)−C(r,( f 3/3)′′ = 0)+R(r, f )
� C(r, f )+2C(r, f = 0)+C(r, f 2 f ′ = 1)+R(r, f ),

and hence
B(r, f ) = S(r, f )−C(r, f ) � C(r, f 2 f ′ = 1)+R(r, f ).

Thus Theorem 5.2.4 follows. ��
Yang and Yang [11] proved Theorem 5.2.4 for entire function f (z) under (5.2.19)

with “ f 2 f ′ = 1” replaced by “ f f ′ = 1” and Y =∪q
j=1{z : α j +ε � argz � α j+1−ε}

for arbitrary small ε and β j = α j+1.

5.3 Retrospection

The discussion on this subject considered in this chapter can go back to the result
obtained by Bieberbach in 1919, which says that an entire function of finite order λ
assumes infinitely often every finite value with the possible exception of one value
in each angular domain Ω(α,β ) such that

β −α > max
{π
λ

, 2π− π
λ

}
. (5.3.1)

Therefore if an entire function has only finitely many zeros and 1-points in Ω(α,β),
then we have the inequality opposite to (5.3.1), which implies that

λ � π
β −α

or 2π +α−β � π
λ

.

We state the Bieberbach’s result in the following way which is suitable to the point
of view we consider in this paper.

Theorem 5.3.1. (Bieberbach, 1919) Let f (z) be a transcendental entire function
with order λ < +∞. If f (z) has only finitely many zeros and 1-points in Ω(α,β)
and

(2π +α)−β <
π
λ

, (5.3.2)

then
λ � π

β −α
.

The Bieberbach Theorem 5.3.1 reveals that the order of entire function can be
estimated in term of distribution of points of its two values. There seems to be
a little relationship between the Bieberbach Theorem 5.3.1 and Nevanlinna Theo-
rem 2.7.7, the former asserts that distribution of its two value points in an angular
domain determines the growth of an entire function not only in the angle consid-
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ered but also in the complement of the angle whose opening is not too large and
however, the latter impairs the restriction imposed on the number of value points
in the angular domain considered. Actually, the Bieberbach Theorem 5.3.1 is able
to follow from the Nevanlinna Theorem 2.7.7 and the Phragmén-Lindelöf Theo-
rem demonstrated in 1908 (see Corollary 4.2, page 139 in [1] and Theorem 4.3.2,
page 102, in [15]) by noting the fact that the condition (5.3.2) produces inequality
logM(r, f ) < rπ/(2π+α−β )−ε for all sufficiently large r and a suitable small positive
ε . Therefore, the Nevanlinna Theorem 2.7.7 is actually an extension of the Bieber-
bach Theorem 5.3.1.

The Bieberbach Theorem 5.3.1 was also extended by Valiron in 1932 and
Cartwright in 1932 and 1935. Their results can be stated in the following format.

Theorem 5.3.2. (Valiron, 1932 and Cartwright, 1932 and 1935) Let f (z) be a
transcendental entire function with order λ < +∞. If f (z) has no Borel direction of
maximal kind in Ω(α,β ) and (5.3.2) holds, then λ � π

β−α .

Here we remark on that Valiron and Cartwright Theorem 5.3.2 without “maximal
kind” follows immediately from Nevanlinna Theorem 2.7.7 and Valiron Theorem
2.7.5 and the Phragmén-Lindelöf Theorem as mentioned previously by noting the
finite covering property of a compact set. Theorem 5.3.2 without “maximal kind”
was extended by Yang Lo [10] to the case of meromorphic functions with some
Nevanlinna deficient value (see Theorem 3.1.6 for the Borel directions) in terms of
the spread relation proved by Baernstein II.

A. Edrei[2] in 1955 turned to this problem. He seems to be the first one who in-
vestigated this aspect dealing with meromorphic function, its derivative and Nevan-
linna deficiency to extend in some extent the Bieberbach Theorem 5.3.1.

Theorem 5.3.3. (Edrei, 1955) Let f (z) be a transcendental meromorphic function
and such that all but finitely many roots of the three equations

f (z) = 0, f (z) = ∞, f (n)(z) = 1

(n � 0, f (0) = f ) lie on the radii D(α1, · · · ,αq). If

δ (0, f )+δ (∞, f )+δ (1, f (n)) > 0,

then

λ( f ) � max
{

π
α j+1 −α j

: 1 � j � q
}

.

After A. Edrei’s work, many mathematicians revealed and discovered the new
connection among the growth of a meromorphic function, distribution of arguments
of a-points of it and / or of its derivative and the Nevanlinna deficiency of it and /
or of its derivative in different approaches, and so essentially developed the Bieber-
bach’s Theorem 5.3.1. From the Milloux inequality about a disk, when f has a
Nevanlinna deficient value, the growth order of f can be controlled by the order of
the number of points of other two values, while the role of a deficient value is not
obvious in consideration of an angular domain. A. Ostrovskii in 1957-1961 and in
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1970 was successful in generalizing Edrei’s result (Theorem 5.3.3) in this direction.
In his result, he used Cα ,β (r, f = a) to characterize the distribution of argument of
a-points, and actually, this quantity measures not only the distance of a-points from
the sides of the angle, but also is related to the number of a-points in the angle.

In 1970, A. Ostrovskii first took the following quantity into account in the dis-
cussion of the growth of meromorphic functions with radially distributed values

U(r,D, f = a) = max

{
q

∑
j=1

tω j−ωCα j ,α j+1(t, f = a) : 1 � t � r

}

and U(r,D, f = a) for Cα j ,α j+1(t, f = a) and proved the following

Theorem 5.3.4. Let f (z) be a transcendental meromorphic function and a,b
and c three distinct points in Ĉ. Assume that a is a Nevanlinna deficient value of
f (n)(z) (n � 0).

(1) Then for the fixed ε > 0 and d > 1,

T (r, f ) � Krdω(U(r,D, f = b)+U(r,D, f = c)+ logrT (r, f ))d , r �∈ E,

where densE < ε .
If, in addition, U(r,D, f = X) is of finite order for X = b and c, then for some

d > 1 and all sufficiently large r,

T (r, f ) � Krω(U(dr,D, f = b)+U(dr,D, f = c)+1),

where K is a positive constant.
(2) If

U(r,D, f = a)+U(r,D, f = b)+U(r,D, f = c) = O(1),

then for r →∞ perhaps passing outside a set of finite logarithmic measure, we have

log | f (reiθ )| = rω j c j sin(ω j(θ −α j))+o(rω j)

uniformly relative to θ , α j � θ � α j+1, with c j ∈ R.

We shall sketch the proof of result (1) of Ostrovskii’s Theorem 5.3.4, for it is an
excellent representation of the related results without any assumption imposed on
the growth.

The sketch proof of the result (1) of Theorem 5.3.4. For the simple sake,
assume n = 0, b = 0 and c = ∞. From the equality

1
f (z)−a

=
1
a

f (z)
f ′(z)

(
f ′(z)

f (z)−a
− f ′(z)

f (z)

)
and in view of the definition of the Nevanlinna deficiency, for all sufficiently large r
we have

δ
2

T (r, f ) � m
(

r,
1

f −a

)
� m

(
r,

f
f ′

)
+S(r, f ).
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Below we estimate m
(

r, f
f ′
)

in terms of U(r,D, f = 0,∞). Applying Lemma
2.2.3 and the first Nevanlinna fundamental theorem for angular domains, we have

m
(

r,
f
f ′

)
=

q

∑
j=1

mα j ,α j+1

(
r,

f
f ′

)

�
q

∑
j=1

Kjrω j

(
Sα j ,α j+1

(
r,

f
f ′

)
+1

)d

�
q

∑
j=1

Kjrω j

(
Sα j ,α j+1

(
r,

f ′

f

)
+O(1)

)d

� Krdω(U(r,D, f = 0)+U(r,D, f = ∞)+ logrT (r, f ))d ,

r �∈ E. This completes the proof of Theorem 5.3.4. ��
Obviously, we can also deduce the result (1) of Theorem 5.3.4 in terms of Theo-

rem 5.1.2 by noting
V (r,D, f = a) � rωU(r,D, f = a)

and for fixed ε > 0 with d = (1− ε)−1 and sufficiently large r, (logT (r, f ))3 <
T (r, f )ε . Theorem 5.3.4 covers Theorem 5.3.3 since if all but finitely many a-points
lie on the radii system D, then U(r,D, f = a) = O(1).

A. Edrei and W. H. J. Fuchs [3] in 1962 considered the case of that a-points lie
on a finite system of pairwise non-intersecting curves tending to ∞, that is, so-called
B regular curves (for definition please see the paragraph after Definition 3.1.2) and
proved the following.

Theorem 5.3.5. (Edrei and Fuchs, 1962) Let f (z) be a transcendental meromor-
phic function and D be a finite system of B-regular curves which divides |z|� t0 into
finitely many curvilinear sectors such that each sector has opening � c > 0, that is,
the intersection of every circle |z| = r � t0 and the sector is an arc of length � cr.

Assume that all but finitely many zeros and poles of f lie on the system D and
f (p) (p � 0) has a finite and non-zero Nevanlinna deficient value. Then

λ ( f ) � 9πB2

c
.

There does not seem to be further results in improving Theorem 5.3.5 and devel-
oping the point of view of Edrei and Fuchs since 1962. It is interesting to consider
weakening of restriction imposed on the number of zeros and poles of the function
considered in the curvilinear sectors, for example, we take into account the Problem:
under the assumption of that the number of zeros and poles in the intersection of the
curvilinear sectors and the disk {z : |z| < r} equals o(T (r, f )) instead, is Theorem
5.3.5 true? Up to now we do not know whether the upper bound obtained in The-
orem 5.3.5 is precise. When the B-regular curve is a ray from the origin, the upper
bound is not precise, while the precise upper bound is that divided by 9.
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In what follows, we discuss the case of meromorphic functions with finite lower
order. Let us consider the system of rays

D = D(α1,β1, · · · ,αq,βq)
= ∪q

j=1({z : argz = α j}∪{z : argz = β j}).

Following Goldberg and Ostrovskii [5], we shall say that almost all a-points of f (z)
lie in small angles if

min{β j −α j : 1 � j � q} > max{α j+1 −β j : 1 � j � q},

that is, ω ′′(D) > ω ′(D), and

Cα j ,β j(r, f = a) < Kjr
ω ′−ω ′

j ,

where Kj is a positive constant. This implies that for at least one j, Cα j ,β j(r, f = a)
is bounded.

Ostrovskii in 1960, Gol’dberg and Ostrovskii in 1970 and Glejzer in 1985 and
1990 investigated the growth of a meromorphic function most of whose a-points
for two values of a lie in small angles. Most general results among them are ones
obtained finally by Glejzer [4].

Theorem 5.3.6. (Glejzer, 1985, 1990) Let f (z) be a transcendental meromorphic
function with finite lower order. Assume that almost all its zeros and poles lie in
the small angles of the system D of rays. Then for μ � ρ � λ (in the case λ = ∞,
naturally, μ � ρ < λ ), no one of the relations

ω ′(D) < ρ <
4
π
ω ′′(D)arcsin

√
δ (a, f )

2

and

ω ′(D) < ρ < min

⎧⎪⎪⎨⎪⎪⎩2ω ′′(D),
4

q
∑
j=1

(α j+1 −β j)
∑

a�=0,∞
arcsin

√
δ (a, f )

2

⎫⎪⎪⎬⎪⎪⎭
can hold.

We can restate Theorem 5.3.6 in the following equivalent form which is however
convenient and natural for us in the point of view of this chapter.

Write η = 4
π ω

′′(D)arcsin
√

δ (a, f )
2 . Assume that ω ′(D) < η . Theorem 5.3.6 as-

serts
(μ ,λ )∩ (ω ′(D),η) = ∅

and hence if μ < η , we have λ � ω ′(D). This yields the result that if
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max{α j+1 −β j : 1 � j � q} <
4
γ

arcsin

√
δ (a, f )

2
, (5.3.3)

γ = max{ω ′(D),μ}, then λ � ω ′(D).
Write

τ = min

⎧⎪⎪⎨⎪⎪⎩2ω ′′(D),
4

q
∑
j=1

(α j+1 −β j)
∑

a�=0,∞
arcsin

√
δ (a, f )

2

⎫⎪⎪⎬⎪⎪⎭ .

Assume ω ′(D) < τ and then in view of Theorem 5.3.6, (μ ,λ)∩ (ω ′(D),τ) = ∅.
Therefore, if μ < τ , we have λ � ω ′(D). However, the inequalities ω ′(D) < τ and
μ < τ are equivalent to

q

∑
j=1

(α j+1 −β j) <
4
γ ∑

a�=0,∞
arcsin

√
δ (a, f )

2
(5.3.4)

and μ < 2ω ′′(D), that is,

max{α j+1 −β j : 1 � j � q} <
2π
μ

. (5.3.5)

Thus we have the following

Theorem 5.3.7. Under the assumption of Theorem 5.3.6, if (5.3.3) or (5.3.4) and
(5.3.5) hold, then λ � ω ′(D).

Glejzer [4] considered the Pólya lower order and indeed, we can also take into
account the Pólya lower order in the place of the lower order in Section 5.2. Theo-
rem 5.2.3 improves the result of Theorem 5.3.7 under (5.3.4) and (5.3.5) because a
stronger restriction is given in Theorem 5.3.7 to the number of zeros and 1-points
in the angular domains. However, we do not know if we could get the results of
Theorems 5.2.1, 5.2.2 and 5.2.3 under the assumption of (5.3.3) replacing (5.2.3)
and (5.2.16). A few papers we do not mention here investigate this subject, some of
which are listed in the Reference.

The well-known methods to treat this subject on the growth order of meromor-
phic functions with radially distributed values are mainly those by mapping con-
formally the angular domain onto the unit disk and then by using the Nevanlinna
theory on the unit disk or by the Nevanlinna theory on the angular domains only
and/or by that together with the Baernstein’s spread theorem 2.8.1 or the Baern-
stein’s *-function. It is obvious that Baernstein’s Theorem 2.8.1 is available only to
a transcendental meromorphic function with a sequence of Pólya peaks, so in this
case, it should be assumed that the meromorphic function in question is of finite
lower order or of finite Pólya lower order.
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Chapter 6

Singular Values of Meromorphic Functions

Jianhua Zheng
Department of Mathematical Sciences, Tsinghua University, Beijing 100084, P. R. China

jzheng@math.tsinghua.edu.cn

Abstract: This chapter is devoted to discussing singular values of a transcendental
meromorphic function. The singular value is that in any neighborhood of which the
inverse of the function contains a multiple-valued branch. A value is a singular value
if and only if it is an asymptotic value or a critical value. We show the construction
of the parabolic simply connected Riemann surface associated with a fixed mero-
morphic function, and point out that every boundary point of the Riemann surface
is an asymptotic value of the function. Next we consider dense properties of sin-
gularities of the inverse of a meromorphic function including relationships among
singular values and between the number of direct singularities and the growth or-
der. We then exhibit Eremenko’s construction of a meromorphic function with every
value on the extended complex plane as its asymptotic value. Finally, we discuss the
existence of (repelling) fixed-points of a meromorphic function of finite type, that
is, the set of its singular values is bounded, and consider the case when the singular
values do not distribute along a sequence of annuli.

Key words: Riemann surface, Asymptotic values, Critical values, Fixed-points,
Bounded type

Let f (z) be a meromorphic function on C. Associated with this meromorphic func-
tion there exists a Riemann surface. According to Nevanlinna, Ahlfors and Te-
ichmüller, the center problem of meromorphic function theory is to investigate how
we could determine properties of meromorphic functions in terms of geometric
properties of their associated Riemann surfaces. The topological properties, such as
the number of omitted values, asymptotic values and critical values, are parts of the
geometric properties mentioned here. Indeed, corresponding to a boundary point of
the associated Riemann surface is an asymptotic value of a meromorphic function.
This chapter is devoted to discussing singular values, namely asymptotic values and
critical values, of meromorphic functions composing of two aspects: one is the ex-
istence and properties of singular values; the other is to characterize meromorphic
functions in terms of their singular values.
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6.1 Riemann Surfaces and Singularities

Let us begin with the definition of Riemann surface.

Definition 6.1.1. Let W be a connected Hausdorff space. The pair (W,Φ) is
called a Riemann surface provided that W is equipped with a family of pairs
Φ = {(Uα ,ϕα)} satisfying the following items

(1) {Uα} is an open covering of W, that is, each Uα is open and W =
⋃
α Uα ;

(2) each ϕα is a homeomorphism of a domain of C from Uα ;
(3) if Uα ∩Uβ �= ∅, ϕβ ◦ϕ−1

α : ϕα(Uα ∩Uβ ) → ϕβ (Uα ∩Uβ ) is analytic, which
is called analytically compatible;

(4) Φ is maximal with respect to (2) and (3), that is, if a pair (U,ϕ) satisfies (2)
and (3), then (U,ϕ) ∈Φ .

A complex atlas means a family of pairs Φ = {(Uα ,ϕα)} satisfying (1), (2) and
(3) and an element in Φ is a complex chart. The maximal complex atlas Φ is called
a complex structure on W . One usually writes briefly W instead of (W,Φ) whenever
no confusion occurs in the context. Sometimes one also writes (W,Φ∗) where Φ∗ is
a complex atlas.

For a complex chart (Uα ,ϕα), Uα is called a local coordinate neighborhood of
any point p ∈ Uα and ϕα a local coordinate and so for p ∈ Uα , z = ϕα(p) ∈ C is
a coordinate of p. Obviously we can choose a special local coordinate ϕα which is
required to map Uα onto the unit disk.

Definition 6.1.2. Let (X ,Φ) and (Y,Ψ) be two Riemann surfaces and let f : Y →X
be a continuous mapping. If for arbitrary two pair of charts (Uα ,ϕα) ∈Ψ and
(Vβ ,ψβ ) ∈Φ with f (Uα) ⊂Vβ ,

ψβ ◦ f ◦ϕ−1
α : ϕα(Uα) → ψβ (Vβ )

is analytic, that is, f , ϕα and ψβ are analytically compatible, then we say that f is
analytic, or holomorphic from Y to X.

Actually to show that the function f (z) is analytic, it suffices to verify that f is
analytically compatible with ϕα and ψβ for corresponding complex atlas.

A mapping f : Y → X is called conformal if it is bijective and both f : Y → X
and f−1 : X → Y are holomorphic and in this case we say Y and X are conformally
equivalent.

By a meromorphic function on a Riemann surface X we mean that for an open
subset X ′ of X with X \X ′ containing only isolated points, f : X ′ →C is holomorphic
and for each p ∈ X \X ′, limx→p | f (x)| =∞, and p is called a pole of f . If f : X → C

is meromorphic, then defining f (x) = ∞ at all poles of f we have f : X → Ĉ is
holomorphic. Conversely, if f : X → Ĉ is holomorphic, then f is either identically
equal to ∞ or else f −1(∞) consists of isolated points and f : X →C is meromorphic.

Let X and Y be two Riemann surfaces. A mapping f : Y → X is called a covering
map if for each point x ∈ X there exists a neighborhood U of x in X such that
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f−1(U) =
⋃
j∈J

Vj, (6.1.1)

where the Vj, j ∈ J, are disjoint open subsets of Y , and every restriction of mapping
f in Vj is a homeomorphism of U from Vj. Therefore f is a local homeomorphism
in Y . We say that Y is a covering space of X if there exists a covering mapping
from Y onto X and if Y is simply connected, then covering mapping f : Y → X
is called universal covering. In fact, the universal covering is determined by the
following universal property. Let f : Y → X be a universal covering. For every cov-
ering g : Z → X and every pair of y0 ∈Y and z0 ∈ Z with f (y0) = g(z0), there exists
unique continuous fiber-preserving mapping h : Y → Z, namely f = g◦h, such that
h(y0) = z0. For any Riemann surface there must be its universal covering space. Any
simply connected Riemann surface is conformally equivalent to the Riemann sphere
S or the complex plane C or the unit disk Δ . Here “conformally equivalent” means
that there exists a conformal analytic mapping between them. Therefore a Riemann
surface is called in turn elliptic, parabolic or hyperbolic provided that the Riemann
sphere S, the complex plane C or the unit disk Δ is its universal covering space. In
particular, Ĉ\{a} and Ĉ\{a,b} are parabolic Riemann surfaces and any domain X
on Ĉ with Ĉ\X containing at least three points is hyperbolic.

Now we come to discuss holomorphic map between two Riemann surfaces. At
this time, we take branch points into account. Let X and Y be two Riemann surfaces
and f : Y → X be a non-constant holomorphic map. A point y ∈Y is called a branch
point or ramification point of f , if there is no neighborhood V of y such that f is
injective on V . A holomorphic map then is unbranched if it has no branch points.
What we mention is when we say a holomorphic map to be covering, it is allowed to
have branch points, namely it may not be local homeomorphism on the whole sur-
face, while it is local homeomorphism on remaining part from the Riemann surface
punctured at branch points. If there exist no branch points at all, we shall specifically
emphasize that the holomorphic map is unbranched.

Theorem 6.1.1. Let X be a Riemann surface and f : X → Δ ∗ is an unbranched
holomorphic covering map where Δ ∗ is the punctured unit disk {z : 0 < |z| < 1}.
Then one of the following statements holds:

(1) there exists a conformal mapping ψ of X onto the left half plane H = {z :
Rez < 0} such that f = exp◦ψ;

(2) there exists a conformal mapping ψ of X onto Δ ∗ such that f = (ψ)n for
some natural number n.

Proof. It is clear that exp : H → Δ ∗ is the universal covering and since f : X → Δ ∗
is a covering in the sense of (6.1.1), in view of the universal property we therefore
have a holomorphic mapping φ : H → X such that exp = f ◦ φ . It is easy to show
that φ : H → X is also a universal covering. If φ is injective, then it is conformal and
its inverse mapping ψ is the desired one stated in (1); If φ is not injective, then there
exist two distinct point z1 and z2 in H such that φ(z1) = φ(z2) and so exp(z1) =
exp(z2) and equivalently z1 − z2 = 2mπi for some non-zero integer m. It follows
from φ : H → X being a universal covering that there exists unique holomorphic
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mapping h of H onto H such that φ(z) = φ ◦ h(z) and h(z2) = z1. Therefore it is
easy to see that h(z) is conformal and a Möbius transformation and from exp◦h =
f ◦φ ◦h = f ◦φ = exp, we have h(z) = z+2mπi and so φ(z) = φ(z+2mπ i), ∀z∈H,
namely φ(z) is periodic. Assume that n is its primitive period and hence there exists
a bijective mapping ψ : X →Δ ∗ withψ ◦φ = exp(z/n) and from (exp(z/n))n = expz
it follows that (ψ ◦φ)n = f ◦φ , namely f = (ψ)n, from which it is easy to show that
ψ is holomorphic.

Thus Theorem 6.1.1 is proved. ��
Given a fixed point a ∈ Ĉ and a function f (z) meromorphic at a, we consider

the pair ( f ,a) and introduce an equivalent relation in the family of all such pairs.
Two pairs ( f ,a) and (g,b) are equivalent if a = b and f (z)≡ g(z) at a neighborhood
of a. It is clear that this is an equivalent relation. By notation [ f ]a we denote the
equivalent class determined by ( f ,a), that is,

[ f ]a = {(g,D) : a ∈ D and g(z) ≡ f (z) at a neighborhood of a},

where (g,D) is a meromorphic element, namely g(z) is a meromorphic function in
domain D. And [ f ]a is called the germ of f at a.

Let U be an open set on Ĉ. Set

L (U) = {[ f ]a : a ∈U and f is meromorphic at a},

namely, L (U) is the family of all germs at points of U and define a project of U
from L (U):

π([ f ]z) = z, ∀ [ f ]z ∈ L (U).

Through π we can induce a topology to L (U) from the topology of Ĉ such that
L (U) becomes a topological space and π : L (U) → U is continuous. Indeed, a
neighborhood of [ f ]a can be obtained in the following way. Since f (z) is meromor-
phic in a domain D containing a,

N ( f ,D) = {[ f ]z : ∀ z ∈ D}

is a neighborhood of [ f ]a and then π is a homeomorphism of D from N ( f ,D). Thus
L (U) becomes a Hausdorff space.

In what follows, we consider L (Ĉ) and its connected components. Let L0(Ĉ)
be a connected component of L (Ĉ) and therefore L0(Ĉ) is a connected Hausdorff
space. Now to make L0(Ĉ) be a Riemann surface we equip L0(Ĉ) with the fol-
lowing complex structure: for each point [ f ]z ∈ L0(Ĉ), we have a neighborhood
N ( f ,D) of [ f ]z and then (N ( f ,D),π|N ( f ,D)) is a complex chart and we obtain a
complex atlas

Φ0 = {(N ( f ,D),π |N ( f ,D)) : ∀ [ f ]z ∈ L0(Ĉ)}

which decides a complex structure Φ . Importantly, associated with the Riemann
surface (L0(Ĉ),Φ) is a function F : L0(Ĉ) → Ĉ which is defined as follows: for
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each [ f ]z ∈ L0(Ĉ),
F ([ f ]z) = f (z).

Let us show that F is meromorphic. For each element (N ( f ,D),π |N ( f ,D)) of Φ0,
it is clear that

F ◦ (π |N ( f ,D))
−1(z) = F ([ f ]z) = f (z)

is a meromorphic function from D to Ĉ so that F is meromorphic over L0(Ĉ).
Since L0(Ĉ) is a component of L (Ĉ), that is, maximal in the connected sense, we
say that F is a complete meromorphic function determined by L0(Ĉ) and L0(Ĉ)
is the Riemann surface associated with F .

We can obtain the Riemann surface L0(Ĉ) and the associated complete mero-
morphic function F by meromorphic continuation of a meromorphic function ele-
ment ( f ,D) where D is a domain on Ĉ and f (z) is a meromorphic function on D.
In order to make this process clear let us recall the concepts and basic results of
meromorphic continuation.

Let Dj ( j = 1,2, · · · ,n) be n domains on Ĉ and {D1,D2, · · · ,Dn} is a chain
of domains provided that D j−1 ∩Dj �= ∅ (2 � j � n). A collection ( f j,D j) ( j =
1,2, · · · ,n) of meromorphic function elements is a meromorphic continuation along
the chain of domains {D1,D2, · · · ,Dn} if f j−1(z) ≡ f j(z) in D j−1 ∩D j and in this
case we say that ( f1,D1) can be continued to ( fn,Dn) along the chain of domains
and ( fn,Dn) can be obtained by a meromorphic continuation of ( f1,D1) along the
chain of domains. Let γ : [0,1] → Ĉ be a path. If for each t ∈ [0,1] there is a mero-
morphic function element ( ft ,Dt) such that γ(t) ∈ Dt and in a neighborhood It of
t ∈ [0,1] we have Ds ∩Dt �= ∅, ∀s ∈ It and

fs(z) ≡ ft(z), ∀z ∈ Ds ∩Dt , (6.1.2)

then we say that one meromorphically continues ( f0,D0) to ( f1,D1) along the path
γ and ( f1,D1) is the meromorphic continuation of ( f0,D0) along the path γ . It is
obvious that (6.1.2) can be rewritten in terms of germs into

[ fs]γ(s) = [ ft ]γ(t).

Thus we understand the meaning of meromorphic continuation of a germ [ f ]a to an-
other germ [g]b along a path connecting two points a and b. By that a germ [ f ]a or a
meromorphic function element ( f ,D) can be continued to b along a path connecting
a and b we mean that a germ [g]b can be obtained from [ f ]a or ( f ,D).

The continuation along a fixed path is unique in the sense of that [g1]b and [g2]b
are meromorphic continuation of, respectively, [ f1]a and [ f2]a along a path connect-
ing two points a and b, if [ f1]a = [ f2]a, then [g1]b = [g2]b.

That we say to continue meromorphically a germ or a function element in a
domain without any restriction means that this germ or element is continued along
any path in the considered domain along which we can do. And we say that we can
continue meromorphically a germ or a function element in a domain without any
restriction provided that this germ or element can be continued along any path in
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the considered domain. Thus we can state the monodromy theorem as follows. If
a germ [ f ]a can be continued in a domain U without any restriction, then for any
b ∈U we obtain the same germ along any two paths connecting a and b which are
homotopic in U .

Now we go back to the construction of L0(Ĉ) and the associated complete mero-
morphic function F over L0(Ĉ). Notice that π(L0(Ĉ)) is a domain on Ĉ, denoted
by U , and hence L0(Ĉ) is a component of L (U). Take a point [ f ]a ∈L0(Ĉ) and we
have a corresponding meromorphic function element ( f ,D) with a ∈ D ⊆U . Then
we can meromorphically continued ( f ,D) in U without any restriction to obtain
its complete meromorphic function F and the associated Riemann surface L0(Ĉ).
This is asserted in the following theorem.

Theorem 6.1.2. M is a component of L (Ĉ) if and only if arbitrarily choosing a
fixed point [ f ]a ∈ M, we have

M = {[g]b : [g]b is obtained from the continuation of [ f ]a along a curve}. (6.1.3)

Proof. Assume that M is a component of L (Ĉ) and therefore M contains point
[g]b which is a continuation of [ f ]a along a curve. On the other hand, for any point
[g]b ∈ M there exists a path γ̃ : [0,1] → M connecting [ f ]a and [g]b. Write γ = π(γ̃)
and it is a path in Ĉ connecting a and b. Then γ̃(t) = [ ft ]γ(t) with [ f0]γ(0) = [ f ]a
and [ f1]γ(1) = [g]b. It is easy to see that {[ ft ]γ(t)} satisfies (6.1.2) and so [g]b is a
continuation of [ f ]a along γ . This immediately implies (6.1.3).

Now assume that (6.1.3) holds. This means that M is arcwise connected and
contains any connected open subset of L (Ĉ) containing [ f ]a. Then it is clear that
M is a component of L (Ĉ). ��

Below let us consider the boundary of L0(Ĉ) and meromorphic extension of F .
Every boundary point of L0(Ĉ) is produced by ( f ,D) corresponding to some germ
and some path γ with an end point a such that ( f ,D) cannot be meromorphically
continued to a along γ but can be done to the other points in γ , such boundary point
will be denoted by notation [ f ]a,γ .

For an isolated boundary point Q of L0(Ĉ), if there exists a neighborhood W on
L0(Ĉ) such that π(W \ {Q}) = B∗(a,δ ) with 0 < δ � 1 (here we assume a �= ∞)
and π : W \{Q}→ B∗(a,δ ) is finitely sheeted, then define π(Q) = a and Q is called
an algebraic singular point or branch point of the Riemann surface L0(Ĉ). If π is
m-sheeted, then m−1 is the order of this branch point. In this case, F is bounded
in W \ {Q}, in view of the Riemann’s Removable Singularity Theorem F can be
meromorphically extended to Q. If π : W \{Q}→B∗(a,δ ) is infinitely sheeted, then
Q is called a transcendental singular point or branch point of the Riemann surface
L0(Ĉ).

In order to make these clear we observe two special examples: ez and zm. Take
a branch of Logz and continue it in Ĉ without any restriction to produce a Rie-
mann surface which is formed by gluing along their cutting lines remaining parts
of infinitely many complex plane cut down the negative real axis. Obviously, this
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Riemann surface is simply connected and 0 and ∞ are only two boundary points of
it. Therefore both 0 and ∞ are the transcendental singular points of this Riemann
surface. We continue a branch of n

√
z to obtain a Riemann surface and 0 and ∞ are

the algebraic singular points of this Riemann surface, which shall become simply
connected after adding 0 and ∞ onto it.

In what follows we add all algebraic singular points onto L0(Ĉ), namely L0(Ĉ)
is obtained through analytic continuation with algebraic character. Analytic continu-
ation with algebraic character means that function f (z) in analytic function element
may have the following expansion

f (z) =
+∞

∑
n=n0

an(z− z0)n/p, (6.1.4)

where n0 is an integer and p is a positive integer. When p = 1, that is the ana-
lytic continuation mentioned previously. Therefore an algebraic singular point is
expressed as [ f ]z0 for some f (z) with the form (6.1.4), which is an algebraic singu-
lar point of order p−1.

Now let us give a complete description to the above process. Let Q = [g]a,γ be an
algebraic singular point of L0(Ĉ) and W is a vicinity of Q. Define π(Q) = a so that
π(W ) is a vicinity of a in Ĉ and take a δ > 0 such that D = {z : |z−a|< δ}⊂ π(W ).
Set D∗ = D \ {a}. When δ is chosen to be sufficiently small, π : WQ → D∗ is an
unbranched holomorphic covering, where WQ is the component of π−1(D∗) lying in
W . Draw a closed curve ι̃ around Q in W and then ι = π (̃ι) goes around a. It is clear
that ι is homotopic to αm in D∗ where α is the circle {z : |z−a| = ε} with ε < δ .
Hence g(z) is continued meromorphically m times along α starting from a point b
of α ∩ γ , the resulting germ coincides with [g]b, namely it goes back to the starting
germ. In view of Theorem 6.1.1, there exists a conformal mapping ψQ of WQ onto
A∗ = {ζ : 0 < |ζ | < p

√
δ} such that π = a+(ψQ)p for some positive integer p. Set

FQ(ζ ) = F ◦ψ−1
Q (ζ ) : A∗ → F (WQ) ⊂ Ĉ.

It is an analytic function in A∗. Since Ĉ \F (WQ) contains at least three points, in
view of the Picard Theorem a is not an essential singular point of FQ(ζ ) and thus
we have the Laurant series

FQ(ζ ) =
∞

∑
n=n0

anζ n

for some integer n0. Set z = a + ζ p and fQ(z) = FQ(ζ ) and then fQ(z) has the
Puiseux series with the form (6.1.4). It is easy to see that [g]b is a germ from a
branch of fQ(z). Set Q = [ fQ]a, which is added onto L0(Ĉ). Define π([ fQ]a) = a
and F ([ fQ]a) = FQ(0). Thus π and F are extended forward algebraic singular point
of L0(Ĉ).

We denote by L̃0(Ĉ) the union of L0(Ĉ) and all its algebraic singular points. We
want to show that L̃0(Ĉ) is a Riemann surface equipped with a complex structure
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such that L0(Ĉ) becomes its Riemann sub-surface. We add all neighborhoods of
algebraic singular points to the topology system of L0(Ĉ) to obtain the topology
system of L̃0(Ĉ) and make L̃0(Ĉ) become a topological space. Since all algebraic
singular points are isolated, under the topology formed in the above way L̃0(Ĉ)
is connected and Hausdorff and L0(Ĉ) is an open subset of L̃0(Ĉ). As did in the
above, π and F are well defined on L̃0(Ĉ) and it is easy to show that they are
continuous.

Theorem 6.1.3. L̃0(Ĉ) is a Riemann surface. Furthermore, if for each [ f ]a ∈
L0(Ĉ), f (z) is injective in a vicinity of a and for each Q ∈ L̃0(Ĉ) \L0(Ĉ), FQ is
injective in a vicinity of 0, then

F : L̃0(Ĉ) → F (L̃0(Ĉ)) ⊆ Ĉ

is an unbranched holomorphic covering and if, in addition, F (L̃0(Ĉ)) is simply-
connected, then F is a conformal map of L̃0(Ĉ) onto F (L̃0(Ĉ)) and so L̃0(Ĉ) is
simply-connected.

Proof. Set
Φ̃0 = Φ0 ∪{(WQ,ψQ) : ∀ Q ∈ L̃0(Ĉ)\L0(Ĉ)}.

We want to show that Φ̃0 is a complex atlas. Obviously it suffices to prove that
π|N ( f ,D) and ψQ are analytically compatible when WQ intersects N ( f ,D). In fact,

π ◦ψ−1
Q : ψQ(WQ ∩N ( f ,D)) → π(WQ ∩N ( f ,D))

is with the form
π ◦ψ−1

Q (z) = π(Q)+ zp

for some natural number p, which is certainly analytic. Consequently, Φ̃0 is a com-
plex atlas and produces a complex structure of L̃0(Ĉ) to make it be a Riemann
surface.

For a point [ f ]a ∈ L0(Ĉ), we have an associated function element ( f ,D) and
under the assumption of Theorem 6.1.3 f (z) is required to be injective in D. It
is obvious that F is injective of N ( f ,D) onto f (D). For a point Q ∈ L̃0(Ĉ) \
L0(Ĉ), then F = FQ ◦ψQ is an injective map of WQ onto F (WQ). The reason for
the result is that ψQ : WQ → A is injective and FQ : A → F (WQ) is injective under
the assumption of Theorem 6.1.3 (if necessary, we reduce the radius of A) where
A = {ζ : |ζ | < p

√
δ}. Thus we have proved that F : L̃0(Ĉ) → F (L̃0(Ĉ)) is a local

homeomorphism. F has the curve lifting property and so it is a covering.
Thus Theorem 6.1.3 follows. ��
Assume that L̃0(Ĉ) is simply-connected. Then there exists a conformal mapping

Θ : Ω → L̃0(Ĉ)
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of Ω onto L̃0(Ĉ), where Ω is one of Ĉ, C and Δ . Set

F(z) = π ◦Θ(z) : Ω → Ĉ

and it is a meromorphic function. We shall call L̃0(Ĉ) the Riemann surface associ-
ated with F(z) and the boundary of Ω the natural boundary of F(z). Actually, we
can obtain L̃0(Ĉ) from the inverse of F(z) with the help of meromorphic continu-
ation with algebraic character, which will be explained later and we shall point out
the connection of F and Θ .

Concerning L̃0(Ĉ) three possibilities occur: (1) Ω = Ĉ, L̃0(Ĉ) is elliptic, and
then π is a m-fold mapping of Ĉ from L̃0(Ĉ), namely, F(z) is a rational function
with degree m; (2) Ω = C, L̃0(Ĉ) is parabolic, and then F(z) cannot be extended to
∞ and it is a transcendental meromorphic function in the whole plane; (3) Ω = Δ ,
L̃0(Ĉ) is hyperbolic, and F(z) has the natural boundary {z : |z|= 1}, namely, F can
not be continued through {z : |z| = 1} forward to outside of Δ .

In the final case (3), we may consider as an example

F(z) =
∞

∑
n=1

z2n
.

It is well-known that the natural boundary of F(z) is the unit circle and so the Rie-
mann surface associated with it is hyperbolic.

In what follows, we confine our discussion to the case when L̃0(Ĉ) is simply-
connected and parabolic. In this case, the associated function F(z) is a transcenden-
tal meromorphic function in C. Conversely, given a meromorphic function w = F(z)
in C, we come obtain the Riemann surface associated with it. Actually, starting from
a branch of the inverse f (w) of w = F(z) in the w-plane, we continue this branch
meromorphically with algebraic character without any restriction in the extended
w-plane to generate a Riemann surface L̃0(Ĉ). Then we have

Theorem 6.1.4. L̃0(Ĉ) is simply-connected and parabolic if and only if the as-
sociated function is a transcendental meromorphic function in C, namely, L̃0(Ĉ) is
generated by the inverse of a transcendental meromorphic function in C.

Proof. It suffices to prove that L̃0(Ĉ) is simply-connected and parabolic if it is
generated by the inverse of a transcendental meromorphic function F(z) in C in
the previous way. Set V = F(C) and then V = Ĉ, C or C \ {a} for some a ∈ C.
Since F−1(V ) = C, for b ∈ C we have a branch g of F−1 sending F(b) to b and
g has at most algebraic singularity over F(b). We therefore have [g]F(b) ∈ L̃0(Ĉ),
F ([g]F(b)) = b and F (L̃0(Ĉ)) = C. In view of Theorem 6.1.3, F : L̃0(Ĉ) → C is

conformal and L̃0(Ĉ) is simply-connected. Set Θ = F−1 : C → L̃0(Ĉ) and hence
L̃0(Ĉ) is parabolic. It is easy to see that the following diagram
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L̃0(Ĉ) id−−−−→ L̃0(Ĉ)

F

⏐⏐1 ⏐⏐1π

C
F−−−−→ Ĉ

is commutative, that is, F = π ◦F−1 = π ◦Θ . ��
Usually, one does not distinguish F(z) fromΘ(z) when no confusion may occur.

Thus we say that F(z) maps conformally C onto its associated Riemann surface
L̃0(Ĉ)). Below by RF we denote the associated Riemann surface L̃0(Ĉ)) of a
transcendental meromorphic function F(z) in C.

In above point of view, both of the Riemann surfaces associated with ez and zn

are simply-connected and Rez is parabolic and Rzn is elliptic. Both of ez : C → Rez

and zn : Ĉ → Rzn are conformal.
According to a theorem of Iversen [14], all boundary points of the parabolic

surface are accessible. This means that for every boundary point Q there exists a
curve Γ in L0(Ĉ) tending to Q and in the point of view of continuation, namely,
there exist a curve γ in the complex plane with π(Q) as an end point and a function
element ( f ,D) such that D∩ γ �= ∅ and f can be continued meromorphically with
algebraic character forward to π(Q). This will be used in the sequel.

Now we observe the singular points of RF from F(z). A point z0 in C is called
a critical point of F(z) if F ′(z0) = 0 or z0 is a pole of F(z) with multiplicity greater
than 1. The value of F(z) at a critical point is called a critical value of F(z). A value
a ∈ Ĉ is called an asymptotic value of F(z) if there exists a curve Γ in C tending
to ∞ such that F(z) → a as z ∈ Γ → ∞ and in this case we call Γ the corresponding
asymptotic curve. We call critical values together with asymptotic values of a tran-
scendental meromorphic function its singular values. The following is reason of the
names. We observe the behavior of the inverse in vicinities of singular values. Let
z0 be a critical point of F(z) and then a = F(z0) is a critical value of F(z). First of
all we consider the case a �= ∞. We can write

F(z) = a+(z− z0)pφ(z)

for some p > 1 with φ(z) �= 0 in a neighborhood Vz0 of z0, that is, 0 �∈ φ(Vz0). Then
φ0(z) = (z− z0)φ 1/p(z) is univalent on Vz0 where φ 1/p(z) is chosen to be an analytic
branch. Let ψ(ζ ) be the inverse of φ0(z), namely there exists a disk A centered at
0 such that ψ(ζ ) : A → Vz0 is analytic and univalent with φ0(ψ(ζ )) = ζ . Then the
inverse F−1(w) of F(z) can be expanded into the Puiseux series

F−1(w) = ψ ◦ (w−a)1/p =
∞

∑
n=0

an(w−a)n/p, w ∈ B(a,δ )

where a0 = z0 and a1 = φ−1/p(z0) �= 0. When a = ∞, we consider 1/F(z) in the
same method as above to obtain ψ(ζ ) and hence we have the expansion in the
Puiseux series from F−1(w) = ψ ◦ w−1/p with a1 �= 0. Therefore, there exists a
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branch of F−1 which cannot be continued up onto a meromorphically, but can be
done with algebraic character. This implies that a produces an algebraic singular
point of RF . For sufficient small r > 0, thus F−1(B(a,r)) has a bounded component
U(r) containing z0 and for r > r′ > 0, U(r′) ⊂U(r) such that ∩r>0U(r) = {z0}.

Now we come to consider asymptotic values. Let a be an asymptotic value of
F(z) with asymptotic curve Γ . It is clear that for arbitrarily r > 0, F−1(B(a,r))
has a component U(r) containing tail of Γ and for r > r′ > 0, U(r′) ⊂ U(r). Then
∩r>0U(r) = ∅. Indeed, if we have a point z0 ∈ ∩r>0U(r) �= ∅, ∩r>0U(r) is a con-
tinuum connecting z0 and ∞ at which F(z) = a, but this is impossible. For any r > 0,
F : U(r) → B(a,r) is not univalent. Suppose that it would not be true and then we
have a branch G of F−1 which is an univalent analytic map from B(a,r) onto U(r)
for all sufficient small r > 0 (Since G(B∗(a,r)) ⊆ U(r), a cannot be a pole or es-
sential singular point of G and thus G can be analytically extended to a so that we
have G(B(a,r)) = U(r).) This implies the existence of a point zr ∈ U(r) such that
F(zr) = a and we can choose a 0 < r′ < r such that zr �∈ U(r′) and so zr′ �= zr,
which contradicts the univalence of F(z) on U(r). This implying process shows that
F : U(r) → B(a,r) is ∞-to-one. Conversely, assume that there exists a component
U(r) of F−1(B(a,r)) such that for r > r′ > 0, U(r′) ⊂ U(r) and ∩r>0U(r) = ∅.
Take a sequence of decreasing positive numbers {rn} with rn → 0 and a sequence
of points {zn} with zn ∈U(rn). We draw a curve γn from zn to zn+1 in U(rn) and so
Γ = ∪∞

n=1 is a curve tending to ∞. Since for each n, F(γn) ⊂ B(a,rn), we therefore
have F(z) → a as z ∈ Γ → ∞, that is, a is an asymptotic value of F(z) and Γ is the
corresponding asymptotic curve.

From the above discussion, we have known that for each asymptotic value of
F(z) there exists a branch of the inverse of F(z) which cannot be continued up
onto a meromorphically with algebraic character. Therefore the asymptotic value
a will produce a boundary point of the Riemann surface RF associated with F(z).
Conversely, let Q be a boundary point of RF . Draw a curve γ tending to Q on RF
(The existence of γ is shown by a theorem of Iversen as mentioned above) and write
γ̃ = π(γ), which tends to a point a ∈ Ĉ. Set a = π(Q). Therefore Γ = F (γ) is
produced via a meromorphic continuation of a branch of F−1 along γ̃ . If Γ tends
to a finite complex point z0 as going to Q along γ and clearly F(z0) = a in view of
F = π ◦F−1, thus F−1(B(a,r)) has a bounded component containing Γ so that the
branch can be continued onto a, this is a contradiction. This implies that Γ tends to
∞ and F(z) → a as z ∈ Γ → ∞, that is, a is an asymptotic value of F .

Up to now we have known that there exists at least a branch of F−1 which is not
single-valued in any vicinity of a if and only if a is a singular value of F(z). Below
once the case takes place, we say that F−1 has singularity over a, precisely speaking,
F−1 has algebraic singularity over a critical value and transcendental singularity
over asymptotic value of F(z). Thus we have proved

Theorem 6.1.5. Let F(z) be a transcendental meromorphic function. Then a ∈ Ĉ

is an asymptotic value of F(z) if and only if a corresponds to a boundary point of
RF under π , in other words, there exists a transcendental singularity of F−1 over a.
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It is reasonable that we call F−1(U(r)) a vicinity of the boundary point of RF
associated with a and sometimes we directly say U(r) to be a neighborhood of
the corresponding transcendental singularity of the inverse of F(z). Iversen [14] is
the first one to introduce the following classification of transcendental singularities.
A transcendental singularity over a is called direct if for some r > 0, F(z) �= a
in its neighborhood U(r), namely the projection π misses π(Q) in F−1(U(r)).
If F : U(r) → B0(a,r) is a universal covering, then we call this direct singularity
logarithmic. Actually, in the case of logarithmic singularity, it follows from Theorem
6.1.1 that there exists a conformal mapping ψ of the half plane H = {z : Rez < logr}
from U(r) such that F = exp◦ψ − a and the singularity of the inverse of F(z) is
characterized by the singularity of Log(z− a). A direct transcendental singularity
which is not logarithmic exists. Let us observe the function f (z) = zsinz and g(z) =
1
z exp(−ez). It is clear that the singularities of f−1 over ∞ and g−1 over 0 are direct.
A simple calculation implies that ∞ is a limit point of critical values of f (z) and 0
that of critical values of g(z). Actually, g′(z) = − 1

z (
1
z +ez)exp(−ez) and all critical

points come from the roots of −ez = 1
z and thus the critical value of g at critical point

z is 1
z e1/z. This shows that 0 is unique limit point of sequence of the critical values. A

transcendental singularity over a is called indirect if it is not direct, namely, for each
r, F(z) can take a in U(r) and so takes a infinitely often. Let us observe the function
h(z) = sinz

z to show the existence of indirect singularity. It is obvious that sinz
z → 0 as

z →+∞ along the positive real axis and the U(r) containing tail of positive real axis
contains infinitely many zeros nπ of h(z). And a simple calculation implies that 0
is a limit point of critical values of h(z). These hint the existence of certain possible
connection among singularities, which will be discussed in the sequel.

Transcendental singularities are determined not only by asymptotic values and
also their associated asymptotic curves. However, asymptotic curves are obviously
not unique. Actually two different asymptotic curves may determine the same sin-
gularity and there may exist several singularities over a fixed value. For example,
the inverse of ez2

has two distinct logarithmic singularities over ∞, one is decided
by the positive real axis and the other by the negative real axis. Hence an equivalent
relationship is necessary among asymptotic curves over a fixed value. Two asymp-
totic curves Γj( j = 1,2) associated a are called equivalent if there exist a sequence
of curves {γk} connecting Γ1 and Γ2 such that

lim
k→∞

dist(γk,0) = ∞ and lim
z∈∪∞

k=1γk→∞
F(z) = a.

In other words, the branch of F−1 can be meromorphically continued from Γ1 to
Γ2 along every curve γk to produce a common branch and thus (a,Γ1) and (a,Γ2)
correspond the same boundary point of RF . These equivalent classes of asymptotic
curves are in a bijective correspondence with transcendental singularities of F−1

over a.
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6.2 Density of Singularities

Let F(z) be a transcendental meromorphic function and RF its associated Riemann
surface. Then the boundary of RF is totally disconnected, which can be proved by
the following Gross Theorem.

Theorem 6.2.1. For every point a ∈ Ĉ, every single-valued analytic branch of F−1

can be analytically continued up to its antipodal point on the sphere along direction
arg(z−a) = θ (argz = θ for the case a = ∞) originated from a with exception of a
set of θ of measure zero.

In other words, Theorem 6.2.1 is to say that RF contains a geodesic ray from a
to its antipodal point in almost every direction.

Let us observe the function f (z) = z2(z− 1)ez. 0 is a critical value as well as
an asymptotic value of f (z). There exist an algebraic singularity and a logarithmic
singularity over 0 and at the same time, f (z) maps conformally a simply-connected
domain containing 1 onto a vicinity of 0. There exist two distinct indirect singu-
larities of the inverse of sinz/z over 0 and two distinct direct ones over ∞. We can
construct an example whose inverse has logarithmic, non-logarithmic direct and in-
direct singularities over a fixed value a.

From Theorem 6.1.1 we have the following

Theorem 6.2.2. If a is an isolated singular value of F(z), then all singularities of
F−1 over a are algebraic or logarithmic.

Proof. Choose a δ > 0 such that B0(a,δ ) does not contain any singular values
of F(z). For every component U(δ ) of F−1(B0(a,δ )), F : U(δ ) → B0(a,δ ) is an
unbranched holomorphic covering. Then Theorem 6.2.2 immediately follows from
Theorem 6.1.1. ��

In view of Theorem 6.2.2, an asymptotic value must be a limit point of other
singular values if there exists at least one transcendental singularity over it which is
not logarithmic. The following result is formulated from the proof of Theorem 1 of
[3].

Theorem 6.2.3. Assume that F−1 has an indirect singularity over a fixed value
a on Ĉ. If a is not a limit point of critical values, then there exists a sequence of
asymptotic values {an} of F(z) satisfying

|an −a| > |an+1 −a| → 0 (n → ∞)

together with the property that there exists a sequence of disjoint unbounded simply-
connected domains Un and a sequence of asymptotic curvesΓn ⊂Un associated to an
such that F(z) is univalent in Un, Dn = F(Un) is the disk {w : |(w−a)− 2

3 (an−a)|<
|an−a|

3 }.

Proof. Let U(R) be a neighborhood of the indirect singularity over a such that no
critical points are in U(R) according to the assumption of Theorem 6.2.3. Assume
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that we have found an (n = 1,2, · · · ,m) with Un, Γn and Dn mentioned as in Theorem
6.2.3. Now since a �∈ Dk, we can choose a R0 with 0 < R0 < |am − a| and R0 < R
such that U(R0)∩Uk = ∅ (1 � k � m) and U(R0) ⊂ U(R). Since U(R0) is also a
neighborhood of the indirect singularity over a, there exists a point zm+1 ∈ U(R0)
with F(zm+1) = a. We have an analytic branch φ of F−1 which sends a to zm+1 and
we expand φ in the power series with the radius rm+1 of convergence.

Suppose that rm+1 � R0. Then φ({w : |w − a| < R0}) is a component of
F−1(B(a,R0)) and noting that zm+1 ∈ U(R0)∩ φ({w : |w− a| < R0}) �= ∅, then
U(R0) = φ({w : |w− a| < R0}). This implies that F(z) : U(R0) → B(a,R0) is of
one-to-one, a contradiction is derived. We have shown that 0 < rm+1 < R0.

Let am+1 be a singular point of φ on |w−a| = rm+1, that is, φ cannot be analyti-
cally continued through am+1 forward outside of the disk {w : |w−a|< rm+1}. Thus
am+1 is a singular value of F(z) and hence am+1 is an asymptotic value of F(z) by
the assumption of Theorem 6.2.3. Set

Dm+1 =
{

w : |(w−a)− 2
3
(am+1 −a)| < |am+1 −a|

3

}
and write Um+1 = φ(Dm+1) and Γm+1 = φ(Lm+1) where Lm+1 is the radius of Dm+1
terminal at am+1. It is obvious that Um+1 is unbounded and Γm+1 → ∞ and F(z) →
am+1 as z ∈ Γm+1 → ∞.

By induction, we have proved Theorem 6.2.3. ��
Generally, direct singularities are rare, which is asserted by the following result

due to Heins [13].

Theorem 6.2.4. The set of asymptotic values over which there is at least one direct
singularity is at most countable.

The situation for a transcendental meromorphic function with finite order is few
complicated. In order to make further discussion of singularities of the inverse of a
meromorphic function with finite order, we first of all establish the following lemma,
whose idea is essentially due to Ahlfors (see the proof of Theorem 4.19 of Zhang
[22] and Page 305 of Nevanlinna [18]).

Lemma 6.2.1. Let F(z) be a transcendental meromorphic function. Assume that
there exist p values a j in Ĉ, p non-negative integers k j and p disjoint unbounded
domains Uj ( j = 1,2, · · · , p) bounded by certain analytic curves such that F (k j)(z) �=
a j in z ∈Uj and

inf{|F(k j)(z)−a j| : z ∈Uj} < min{h j,1}

where h j = inf{|F(k j)(z)−a j| : z ∈ ∂Uj}(here for a j = ∞ we use 1/|F(k j)(z)| in the
place of |F(k j)(z)−aj|).

Then we have

liminf
r→∞

T (r,F)
rp/2 > 0, (6.2.1)

and hence p � 2μ(F).
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Proof. Assume without any loss of generalities that each a j �= ∞. For each j we
take a point z j from Uj such that |F(k j)(z j)−a j| < min{h j,1} = b j(say). Then the
circle {z : |z| = t} for t � |z j| intersects Uj and set

θ j(t) = mes{θ ∈ [0,2π) : teiθ ∈Uj},

D j(t) = Uj ∩{z : |z| � t} and Γj(t) = Uj ∩{z : |z| = t}. In view of Lemma 4.1.4 and
two constant theorem on the harmonic measure, for all sufficiently large r we have

log
1

|F(k j)(z j)−a j|
� ω(z j,∂Uj,D j(r)) log

1
b j

+ω(z j,Γj(r),Dj(r)) logM

(
r,Uj,

1
F(k j) −a j

)

� log
1
b j

+9
√

2exp

(
−π

∫ 1
2 r

2|z j |
dt

tθ j(t)

)

× logM

(
r,Uj,

1
F(k j)−a j

)
,

and equivalently

π
∫ 1

2 r

2|z j |
dt

tθ j(t)
� log logM

(
r,Uj,

1
F (k j)−a j

)
+ logc j, (6.2.2)

where c j = 9
√

2
(

log b j

|F(k j)(z j)−a j |

)−1

> 0.

Next to complete our proof we estimate logM
(

r,Uj,
1

F(k j)−a j

)
from above in

term of the characteristic T (4r,F) and hence produce a lower bound for the charac-
teristic. In virtue of Lemma 2.1.3 and (2.6.1) we have a Rj ∈ [r,2r) such that on the
circle {z : |z| = R j}

log
1

|F(k j)(z)−a j|
� d jT

(
2r,

1
F (k j)−a j

)
� d jT (2r,F(k j))+O(1)
� d jKjT (4r,F)+O(1)

for positive constants d j and Kj. This implies that

logM

(
Rj,Uj,

1
F(k j)−a j

)
� d jKjT (4r,F)+O(1). (6.2.3)
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Combining (6.2.2) and (6.2.3) yields that

π
∫ 1

2 r

2|z j |
dt

tθ j(t)
� π

∫ 1
2 R j

2|z j |
dt

tθ j(t)
� logT (4r,F)+O(1)

and thus

π
∫ 1

2 r

r0

p

∑
j=1

1
θ j(t)

dt
t

� p logT (4r,F)+O(1), (6.2.4)

where r0 = max{2|z j| : 1 � j � p}. Noting that ∑p
j=1 θ j(t) � 2π because all Uj are

disjoint and in view of the Schwarz inequality, thus we have

p2 =

(
p

∑
j=1

√
θ j(t)

1√
θ j(t)

)2

�
p

∑
j=1

θ j(t)
p

∑
j=1

1
θ j(t)

� 2π
p

∑
j=1

1
θ j(t)

.

This is applied to (6.2.4) to obtain

p
2

log
r

2r0
� logT (4r,F)+O(1),

that is, for some positive constant K

T (r,F)
rp/2 � K(8r0)−p/2.

Lemma 6.2.1 follows. ��
Denjoy [7] conjectured in 1907 that an entire function of order λ has at most

2λ distinct finite asymptotic values. When asymptotic curves are rays from the ori-
gin, Denjoy himself confirmed the conjecture. Carleman [5] proved in 1921 that
the number of finite asymptotic values is less than 5λ . Finally, the conjecture was
demonstrated in 1930 and extended to the following format in 1932 by Ahlfors.

Theorem 6.2.5. Let F(z) be a meromorphic function. If the inverse F−1 has p
distinct direct singularities, then we have (6.2.1).

Proof. Under the assumption of Theorem 6.2.5 we have p disjoint neighborhoods
Uj(r) of direct singularities and we can choose a suitable r such that the boundary
of Uj(r) consists of analytic curves, namely it does go through no critical points of
F(z). Thus Theorem 6.2.5 immediately follows from Lemma 6.2.1. ��

Basically, we can deal with the derivatives of F(z) in the condition of Theo-
rem 6.2.5. Usually, this theorem is known as Denjoy-Carleman-Ahlfors Theorem.
Now we use Theorem 6.2.5 to confirm the Denjoy conjecture. Let Γ1 and Γ2 be two
asymptotic curves associated to two distinct finite asymptotic values a1 and a2 of
entire function F(z). We can assume that Γ1 and Γ2 divide the complex plane C into
two simply-connected domain U1 and U2. In view of the Lindelöf Theorem, F(z) is
unbounded in both of U1 and U2 and for sufficiently large r, F−1(B0(∞,r)) has un-
bounded components U1(r) and U2(r) with U1(r)⊂U1 and U2(r)⊂U2. Then Uj(r)
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is a vicinity of direct singularity over ∞, that is, there exist two direct singularities
over ∞. This yields that corresponding to p distinct finite asymptotic values are at
least p direct singularities over ∞ and in view of Theorem 6.2.5 the lower order of
F(z) is at least p/2, namely p � 2μ(F). The Denjoy conjecture is proved. However,
the situation is not simple for an entire function with infinite order. Actually, Gross
[12] found an entire function of infinite order the set of whose asymptotic values
is the extended complex plane. In view of Theorem 6.2.4, all but at most countable
singularities for the Gross function are indirect.

We can say more for a neighborhood of a direct singularity. The following is a
improving version of a result of W. Fuchs [11] and a result of Zhang [22].

Theorem 6.2.6. Let f (z) be a transcendental meromorphic function and U an un-
bounded domain in C whose boundary contains at least one unbounded component.
If f (z) is analytic in U and for each ζ ∈ ∂U \{∞},

limsup
z∈U→ζ

| f (z)| � 1,

then we have either | f (z)| � 1 for z ∈U or a curve Γ in U tending to ∞ such that

liminf
z∈Γ→∞

log log | f (z)|
log |z| � 1

2
.

Proof. Assume that there exists a point z0 ∈ U such that | f (z0)| > 1. Take a real
number d with 1 < d < | f (z0)|. The set {z : | f (z)|> d} has a component U(d) which
contains z0. It is clear that U(d) ⊆U . We can choose d such that ∂U(d) consists of
analytic Jordan curves. The maximal principle yields that U(d) is unbounded. As in
the proof of Lemma 6.2.1, we have

π
∫ 1

2 r

2|z0|
dt

tθ j(t)
� log logM(r,U(d), f )+ log9

√
2− log log

| f (z0)|
d

(6.2.5)

and by noting θ j � 2π , this implies that

liminf
r→∞

log logM(r,U, f )
logr

� 1
2
. (6.2.6)

The main idea of the proof of the remainder comes from Zhang [22]. Write ηn =
1
n for n � 7 and we take a sequence of positive numbers {tn} such that

tn+1 = (36
√

2)n+1t1+ηn
n ,

that is,
tηn+1
n+1 = 36

√
2tηn

n ,

and
t7 � (36

√
2)1+2+3+4+5+6
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and in view of (6.2.6) t7 can be chosen for the existence of a point z7 in U with
|z7| = t7 such that

log | f (z7)| � |z7| 1
2−η7 .

We shall complete our proof in induction. Assume that we can take a point zn in
U with tn = |zn| such that

log | f (zn)| � |zn| 1
2−ηn .

Write Cn = |zn| 1
2−ηn and we can find an An ∈ [ 1

4Cn,
1
2Cn] such that the set {z :

log | f (z)| > An} has a component Un containing zn whose boundary consists of Jor-
dan analytic curves. It is clear that Un ⊂U as Cn > 4. Then as in (6.2.5) we have

1
2
|zn| 1

2−ηn � log | f (zn)|−An � 9
√

2
(

r
4|zn|

)−1/2

logM(r,Un, f )

and equivalently
1

36
√

2
r

1
2 t−ηn

n � logM(r,Un, f )

so that we have a point zn+1 in Un with tn+1 = |zn+1| satisfying

log | f (zn+1)| � 1
36

√
2

t
1
2

n+1t−ηn
n = |zn+1| 1

2−ηn+1 .

Draw a curve Ln in Un connecting zn and zn+1 and Ln ⊂ {z : |z| � tn+1}. Consider a
point z ∈ Ln. If |z| � tn, then we have

log | f (z)| > An � 1
4

Cn � 1
4
|z| 1

2−ηn ;

If |z| > tn, then we have

log | f (z)| > 1
4

t
1
2−ηn

n =
1
4
|z| 1

2−ηn

(
tn

tn+1

)1/2−ηn

=
1
4
|z| 1

2−ηn(36
√

2)−(n+1)(n−2)/2nt
− n−2

2n ηn
n

� 1
4
|z| 1

2−ηn(36
√

2)−n/2t
− 1

2ηn
n .

From the definition of tn it is easily seen that tn > (36
√

2)n+(n−1)+···+1 > (36
√

2)
1
2 n(n+1)

and hence tηn
n > (36

√
2)n/2. This deduces for |z| > tn,

log | f (z)| > 1
4
|z| 1

2−3ηn .

By induction, we have obtained a sequence of curves {Ln} which satisfies the
above properties. Set L = ∪∞

n=7Ln and L is in U and tends to ∞. It is obvious that L
is our desired curve mentioned in Theorem 6.2.6. ��
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Zhang G. H. [23] took all order derivatives into account and established the fol-
lowing

Theorem 6.2.7. Let F(z) be a meromorphic function with order λ and let pi be
the number of non-zero and finite distinct direct singularities of the inverse of ith
order derivative F(i). Then we have

∞

∑
i=0

pi � 2λ .

The following result is extracted from the proof of Theorem 1 of [3].

Lemma 6.2.2. Let f (z) be a meromorphic function and let U be a component of
f−1(B(a,R)) containing no critical points. For every 1 � n � 2p, p > 3, there exists
a sequence {zn, j}∞j=1 in U such that zn, j →∞, f (zn, j)→ an ∈B(a,R/2) ( j →∞) with
an �= am for n �= m, and

| f ′(zn, j)| � |zn, j|−2p−1.

Then f (z) has the order at least p−3.

For meromorphic functions with finite order, Bergweiler and Eremenko [3] found
connection between critical values and asymptotic values with indirect singularities
and proved the following.

Theorem 6.2.8. Let F(z) be a meromorphic function with finite order. If a is a
value on Ĉ over which a non-logarithmic singularity of F−1 exists, then there exists
a sequence of critical values {an} of F tending to a with an �= a.

Proof. Suppose that a is not a limit point of critical values of F(z). Then in view
of Theorem 6.2.2, a is a limit point of asymptotic values of F(z) each of which is
not a limit point of critical values of F(z). From Theorem 6.2.5, then there exists
an asymptotic value b over which an indirect singularity exists is not a limit point
of critical values of F(z). Then there exist {an}, {Γn} and {Un} for b satisfying the
properties stated in Theorem 6.2.3. Thus for any p > 3, the condition of Lemma
6.2.2 can be deduced and so f (z) has the infinite order, a contradiction is derived.

��
Combination of Theorem 6.2.5 and Theorem 6.2.8 immediately yields the fol-

lowing

Corollary 6.2.1. Let F(z) be a meromorphic function with finite order. If F(z) has
only finitely many critical values, then the inverse of F(z) has only finitely many
logarithmic singularities and algebraic singularities without others.

We have known from Denjoy-Carleman-Ahlfors Theorem that an entire function
of finite order has at most finitely many asymptotic values. The result is not true for
a meromorphic function with finite order, which is deduced by a result of Valiron
[21] which says that there exists a meromorphic function of finite order the set of
whose asymptotic values has the cardinality of the continuum and by Eremenko [8]
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in 1978 who constructed such a meromorphic function which has every value on Ĉ

as its asymptotic value.
In what follows, we introduce the result of Eremenko [8]. We write each number

in [0,1] in base seven excluding the expression in which all entries behind some
position are six and thus the expression of the number in the base seven is unique.
We denote by An,Bn,Cn and Dn the sets of number in [0,1] in whose expression the
n-th entries are, respectively, 0,2,4 and 6, for example,

An = {x = 0.a1a2 · · ·an · · · ∈ [0,1] : an = 0}.

Set
En = An ∪Bn ∪Cn ∪Dn

and
Fn = En ∪ [π−1,π ].

Then Fn can be expressed into union of a finite number of intervals. Actually, for
instance, we have

An =
⋃

a j∈{0,1,··· ,6}
1� j�n−1

[0.a1 · · ·an−1,0.a1 · · ·an−11].

Lemma 6.2.3. For each natural number n, there exists a meromorphic function
fn(z) of order one satisfying

| fn(z)| � 2, argz ∈ Fn, (6.2.7)

fn(0) = 0, (6.2.8)

and
fn(z) → 1, argz ∈ An,

fn(z) → i, argz ∈ Bn,

fn(z) → 1+ i, argz ∈Cn,

fn(z) → 0, argz ∈ Dn ∪ [π−1,π ],

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (6.2.9)

uniformly in argz as |z| → ∞.

Proof. Let {θ j}N
j=1 be the set of endpoints of all maximum intervals in Fn. Consider

the function

g(z) =
∑N

j=1 a j exp(ze−iθ j)

∑N
j=1 exp(ze−iθ j)

,

where a j = 1 for θ j ∈ An; a j = i for θ j ∈ Bn; a j = 1 + i for θ j ∈ Cn; a j = 0 for
θ j ∈ Dn ∪ [π− 1,π ]. We check that g(z) satisfies the property (6.2.9). It suffices to
treat the case when argz∈An. Actually, in this case, there exists a j0 such that argz∈
[θ j0 ,θ j0+1]⊂ An and then 0 � argz−θ j0 � 2

( 1
7

)n
and |argz−θ j0 |� |θ j0+1−θ j0 |�

|argz−θ j| for j �= j0, j0 +1 where the second “=” is possible only for argz = θ j0+1.
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This implies that for j �= j0, j0 +1,

Re(ze−iθ j0 − ze−iθ j) = |z|(cos(argz−θ j0)− cos(argz−θ j)) → +∞

or Re(ze−iθ j0+1 − ze−iθ j) → +∞ uniformly in argz ∈ [θ j0 ,θ j0+1] as |z| → +∞. It is
clear that

N

∑
j=1

a j exp(ze−iθ j) ∼ exp(ze−iθ j0 )+ exp(ze−iθ j0+1) → ∞

uniformly in argz ∈ [θ j0 ,θ j0+1] as |z| →+∞ and furthermore actually it follows that
g(z) → 1 uniformly in argz ∈ An as |z| → +∞.

Now we modify g(z) to satisfy the properties (6.2.7) and (6.2.8). Let {bk}m
k=1 be

all poles of g(z) on U = {z : argz ∈ Fn} and in view of (6.2.9), m < ∞. Consider the
function

h(z) = g(z)(z+ i)−m
m

∏
k=1

(z−bk).

Since −i �∈ U , h(z) has no poles in U and still satisfies the property (6.2.9). Then
h(z) is bounded in U , that is, for z ∈ U and for some M > 0, we have |h(z)| � M;
in view of (6.2.9), for |z| > r0 and z ∈U , |h(z)| < 2. Choose a positive number τ so
small that for |z| � r0, |τz(τz+ i)−1| < 2/M. Now define

fn(z) =
τz

τz+ i
h(z).

Obviously fn(z) satisfies (6.2.8) and (6.2.9). Noting that |τz(τz + i)−1| < 1 in the
upper half plane, for −i is in the lower half plane, we have | fn(z)| < 2 for z ∈ U ,
that is (6.2.7). And it is obvious that fn(z) is of order one. ��

Actually, the restriction about “order one” produced in the above construction can
be removed. For arbitrary positive increasing function ψ(r) tending to ∞ as r → ∞,
Valiron [21] constructed a meromorphic function g(z) with the property (6.2.9) and
such that

T (r,g) = o(ψ(r)(logr)2), r → ∞.

Then with the help of Valiron’s function g(z) in the place of g(z) in the proof of
Lemma 6.2.3, we obtain fn(z) with the properties mentioned in Lemma 6.2.3 and

T (r, fn) = o(ψ(r)(logr)2), r → ∞. (6.2.10)

Theorem 6.2.9. There exists a meromorphic function F(z) satisfying (6.2.10) with
F(z) in the place of fn(z) and such that every value on Ĉ is its asymptotic value and
the corresponding asymptotic curves are the rays on the upper half complex plane.

Proof. In view of Lemma 6.2.3 and the above remark we have a sequence of
meromorphic functions { fn} with the properties mentioned in Lemma 6.2.3 and
(6.2.10). Set
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ψn(r) =

√
T (r, fn)

ψ(r)(logr)2 .

Then ψn(r) → 0 as r → ∞ and we can take a sequence of positive numbers {rn}
such that rn+1 > rn > n and for r � rn

T (r, fn) < 2−nψn(r)ψ(r)(logr)2, (6.2.11)

and
n

∑
j=1

2− jψ j(r) <
1
n
.

Since fn(0) = 0, we can take a δn, 0 < δn < 1 so small that

| fn(δnz)| < 1 for |z| < rn.

Thus for r � rn, T (r, fn(δnz)) = 0 and noting that T (r, fn(δnz)) � T (r, fn) together
with (6.2.11) hence we have for all r

T (r, fn(δnz)) < 2−nψn(r)ψ(r)(logr)2.

Define

f (z) =
∞

∑
n=1

2−n fn(δnz).

The series converges uniformly on any compact subset of the complex plane and
hence f (z) is a meromorphic function in C. We shall obtain the desired function of
Theorem 6.2.9 through f (z). For this end, we check the properties of f (z) we need
in our purpose. First of all for any r > r1 we have rN � r < rN+1 for some N � 1
and we have the following estimation that for |z| � r,

|
∞

∑
n=N+1

2−n fn(δnz)| �
∞

∑
n=N+1

2−n| fn(δnz)| <
∞

∑
n=N+1

2−n < 1.

This yields that

T (r, f ) � T

(
r,

N

∑
n=1

2−n fn(δnz)

)
+T

(
r,

∞

∑
n=N+1

2−n fn(δnz)

)
+ log2

�
N

∑
n=1

T (r,2−n fn(δnz))+ logN + log2

�
(

N

∑
n=1

2−nψn(r)

)
ψ(r)(logr)2 + logr + log2

<
1
N
ψ(r)(logr)2 + logr + log2

= o(ψ(r)(logr)2).
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Next let us check that every complex number in the square

S = {z : 0 � Rez � 1,0 � Imz � 1}

is an asymptotic value of f (z). We can write every a ∈ S into the form a =
∑∞

n=1 2−nbn where each bn ∈ {0,1,1+ i, i}. From the expansion of a we construct a
number φa ∈ [0,1] in the base seven

φa = 0.t1t2 · · · tn · · ·

where tn = 0 for bn = 1; tn = 2 for bn = i; tn = 4 for bn = 1 + i; tn = 6 for bn = 0.
Let us check that a is an asymptotic value of f (z) with asymptotic curve argz = φa.
Since φa ∈ ⋂∞

n=1 Fn, in view of (6.2.7), for each n, | fn(z)| � 2 on argz = φa. Given
ε > 0, we have

∞

∑
n=N+1

2−n| fn(δnz)| < ε

and
∞

∑
n=N+1

2−n|bn| < ε

for some N. Now for the fixed N, in view of (6.2.9) for argz = φa and |z| > r0 we
have

N

∑
n=1

2−n| fn(δnz)−bn| < ε .

Therefore it follows that

| f (z)−a| = |
∞

∑
n=1

2−n fn(δnz)−
∞

∑
n=1

2−nbn|

�
∞

∑
n=N+1

2−n| fn(δnz)|+
∞

∑
n=N+1

2−n|bn|+
N

∑
n=1

2−n| fn(δnz)−bn|

< 3ε , for argz = φa and |z| > r0.

It has been proved that f (z) → a as z → ∞ along argz = φa. The same argument
implies that f (z) → 0 as z → ∞ uniformly in π−1 � argz � π .

Consider the function w = M(z) = z
(
z− 1+i

2

)
. Set Ω = {z :

∣∣z− 1+i
2

∣∣ < 1
2} ⊂ S

and hence 0 ∈ M(Ω), namely for some τ > 0, {z : |z| � τ} ⊂ M(Ω). Thus {z : |z| �
1} ⊂ 1

τ M(Ω). Set G1(z) = 1
τ M( f (z)). Then all values in the closed unit disk Δ are

asymptotic values of G1(z) and the associated asymptotic curves lie in the angle
{z : 0 � argz � 1} and G1(z) → 0 as z → ∞ uniformly in the angle {z : π − 1 �
argz � π}.

The same method is available to construct a meromorphic function G2 satisfying
(6.2.10) and such that all values in the unit disk Δ are its asymptotic values and the
associated asymptotic curves lie in the angle {z : π−1 � argz � π} and G2(z) → 0
as z → ∞ uniformly in the angle {z : 0 � argz � 1}.
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We consider the Möbius transformation

w = T (z) =
z

z− 1
2

.

Then T (Δ) is a neighborhood of ∞, namely there exists a R > 0 such that {z : |z| �
R} ⊂ T (Δ) and thus Ĉ\Δ ⊂ 1

R T (Δ ).
Define

F(z) = G1(z)+
1
R

T (G2(z)).

A simple calculation yields that F(z) satisfies (6.2.10) and each value on Ĉ is an
asymptotic value of F(z) by noting that G1(z) → 0 uniformly in the angle {z : π −
1 � argz � π} and 1

R T (G2(z)) → 0 in the angle {z : 0 � argz � 1} as z → ∞.
We complete the proof of Theorem 6.2.9. ��
Thus in view of Theorem 6.2.9, for arbitrary λ ∈ (0,+∞), we can find a meromor-

phic function F1(z) with order λ(F1) < min{1,λ} satisfying the result of Theorem
6.2.9. Now find a meromorphic function F2(z) with order λ which tends to zero as
|z| → ∞ uniformly on the upper half plane. Then F(z) = F1(z)+F2(z) has the order
λ and has every value on Ĉ as its asymptotic value. Namely, the following result
have been obtained.

Theorem 6.2.10. Given arbitrarily a λ ∈ (0,+∞), there exists a meromorphic func-
tion F(z) with order λ such that every value on Ĉ is its asymptotic value.

We know that every meromorphic function has an at most countable number of
critical points and so of critical values. However, combining Theorem 6.2.10 and
Theorem 6.2.8 yields directly the following

Theorem 6.2.11. Given arbitrarily a λ ∈ (0,+∞), there exists a meromorphic func-
tion F(z) with order λ such that critical values of F is dense on Ĉ.

Theorem 6.2.11 holds because a meromorphic function with finite order has only
finitely many asymptotic values over which direct singularities exist.

6.3 Meromorphic Functions of Bounded Type

It is an interesting topic to study properties of meromorphic functions on which
some restrictions on their singular values are imposed. In this section, we mainly
discuss fixed points of meromorphic functions of bounded type. A transcendental
meromorphic function is said to be of bounded type if the set of its finite singular
values is bounded and of finite type if the set is finite. We denote by B the set
of all meromorphic functions of bounded type and by S the set of all finite-type
functions.

Consider the functions
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f (z) =
1
z2 + ez and g(z) =

1
z

+ tanz.

Both of f (z) and g(z) are of bounded type. Here we only check g(z) is in B. g(z)
has only two asymptotic values ±i. Since g′(z) = −z−2 +cos−2 z, the critical points
of g(z) are exactly the roots of cos2 z = z2 and hence tan2 z = −1+ z−2 at all critical
points. This deduces that all limit points of the critical values are ±i. Thus it has
been proved that g(z) is of bounded type.

In view of Theorem 6.2.2, for a function in B,∞may only be its critical value and
asymptotic value over which none but logarithmic singularities exist. The inverse of
f (z) has algebraic and logarithmic singularities over ∞ without others. However ∞
is neither critical values nor asymptotic values of g(z), that is, ∞ is a normal point
of the inverse of g(z). A finite-type function may have only asymptotic values over
which logarithmic singularities exist. Obviously for a non-zero polynomial P(z) and
a non-constant polynomial Q(z),

∫ z P(z)eQ(z)dz is in S and there exist elements in
S with other forms. Actually, the composition of a finite-type meromorphic func-
tion and a finite-type entire function is of finite type.

In view of Theorem 6.2.5, a function f (z) in S has lower order at least p/2
where p is the number of asymptotic values. Therefore if f (z) is of lower order less
than 1/2, then it has no asymptotic values at all. In Langley and Zheng [17], the
following result is proved.

Theorem 6.3.1. Let φ(r) be an unbounded increasing positive function. Then there
exist a transcendental entire function g(z) and a transcendental and meromorphic
function f (z) such that F = f ◦g(z) is in S and T (r,F) = O(φ(r)(logr)2) as r →∞.

The proof of Theorem 6.3.1 needs the following lemma, which is Lemma 2 of
[17].

Lemma 6.3.1. Assume {wn} is a sequence of complex numbers such that for some
fixed R > 1 and for all large r, the annulus {z : R−1r � |w| � Rr} contains at least
one element of the sequence {wn}. Then there exists a transcendental entire function
g(z) with T (r,g) = O(φ(r)(logr)) as r → ∞ such that all but finitely many critical
values of g(z) are elements of {wn}.

The proof of Lemma 6.3.1 is omitted here and the reader is referred to the paper
[17].

Proof of Theorem 6.3.1. Let p be the Weierstrass Pe function with period 1 and
2πi such that

(p′)2 = 4(p− e1)(p− e2)(p− e3)

for three distinct complex constants e j, j = 1,2,3. Define the function as in [4]

f (z) = p(logν), ν +ν−1 = z.

f (z) is a meromorphic function satisfying the first order equation

(z2 −4)( f ′(z))2 = 4( f (z)− e1)( f (z)− e2)( f (z)− e3)
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and T (r, f ) = O(logr)2, as r →∞. Thus f (z) has finitely many critical values and in
view of Corollary 6.2.1, f (z) is in S . It is well-known that the set of points where
p = e j, j = 1,2,3, namely the set of critical points of p is

{a j +m+2nπ i : m,n ∈ Z}

here a1 = 1
2 , a2 = πi, a3 = 1

2 +π i. Then for each m ∈ Z,

w j
m = exp(a j +m)+ exp(−a j −m), j = 1,2,3

are critical points of f (z). For large r > 0, the annulus {z : e−1r � |z|� er} contains
at least one element of {w j

m}. In view of Lemma 6.3.1, there exists a g(z) having the
properties mentioned in Lemma 6.3.1 for {w j

m} and
√
φ(r/2). Set F(z) = f ◦g(z).

Obviously, F(z) is in S and

T (r,F) = T (r, f ◦g) � T (M(r,g), f )
= O(logM(r,g))2 = O(T (2r,g))2

= O(
√
φ(r) log2r)2 = O(φ(r)(logr)2).

Theorem 6.3.1 follows. ��
Langley proved in [15] that a meromorphic function f (z) with finitely many sin-

gular values must satisfy

liminf
r→∞

T (r, f )
(logr)2 > 0

and in [16] that for every ε > 0 there exists a meromorphic function g(z) with four
singular values such that

limsup
r→∞

T (r,g)
(logr)2 < ε

while a function h(z) with three singular values satisfies

liminf
r→∞

T (r,g)
(logr)2 � c

where c is an absolute constant, which has been precisely determined by Eremenko
[9] to be equal to

√
3
π .

For a function f ∈ B, ∞ is a normal point or a logarithmic singularity of its
inverse. In view of this property, an inequality concerning the first order derivative
can be established, which will be used in our later discussion of the existence of
fixed-points of the function. And the case when the singular values do not distribute
along a sequence of annuli will also be discussed as an extension of the above result.

To the end, we collect some basic knowledge about the hyperbolic metric. Let
D be a hyperbolic domain on C, that is, C\D contains at least two points. In other
words, the unite disk Δ is the universal covering space of D. Then there exists the
hyperbolic metric on D whose hyperbolic density is denoted by λD. The hyperbolic
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density of Δ is

λΔ (z) =
2

1−|z|2 , ∀z ∈ Δ

and λD can be found from the following equality

λD(p(z))|p′(z)| = 2
1−|z|2 , ∀z ∈ Δ ,

where p : Δ → D is an universal covering. Therefore the right-half plane H, U = C\
B(0,R) and the annulus A = {z : r < |z| < R} have in turn the hyperbolic densities:

λH(z) = (Rez)−1, λU (z) =
1

|z|(log |z|− logR)

and
λA(z) =

π
2|z|mod(A)sin(π log(R/|z|)/mod(A))

,

where mod(A) is the modulus of A, i.e., log R
r .

Using the Schwarz-Pick Lemma yields the following Principle of Hyperbolic
Metric.

Lemma 6.3.2. Let f (z) be a holomorphic mapping from a hyperbolic domain D1
into a hyperbolic domain D2. Then we have

λD2( f (z))| f ′(z)| � λD1(z), z ∈ D1.

Here the equality holds if and only if f is a covering from D1 onto D2.

Now we can establish a fundamental inequality for functions in B.

Theorem 6.3.2. Let f (z) be in B and all its finite singular values are in B(0,R)
for some R > 0. Then for a with | f (a)| < R we have

| f ′(z)| � | f (z)|(log | f (z)|− logR)
4|z−a| . (6.3.1)

Proof. Clearly, it suffices to prove (6.3.1) for z with | f (z)| > R. Then there exists
a component V of f−1(U),U = C\{w : |w|� R}, containing z. Since the inverse of
f (z) has at most a logarithmic singularity over ∞, f : V → U is either a conformal
map or a universal covering, and V is simply connected. In view of Lemma 6.3.2,
we have

λV (z) = λU ( f (z))| f ′(z)| = | f ′(z)|
| f (z)|(log | f (z)|− logR)

, z ∈V.

In order to obtain (6.3.1) we estimate λV (z). Set δV (z) = inf{|z− c| : c ∈ ∂V} and
certainly δV (z) � |z−a|. In view of the Koebe distortion theorem, it can be proved
that δV (z)λV (z) � 1

4 , and so λV (z) � 1
4|z−a| . This implies immediately (6.3.1). ��
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Theorem 6.3.2 is essentially due to Eremenko and Lyubich [10] and Rippon and
Stallard [20], while the above proof was offered by Zheng [26] in which a corre-
sponding inequality to a finite isolated singular value instead is also established and
used to study of the complex dynamics.

The case considered in Theorem 6.3.2 is essentially that in a disk punctured at the
center. Recently, in [28] we consider the case of an annulus where we also establish
a fundamental inequality. To the end, we need a lemma which is directly produced
from Lemma 4.3.1 and Lemma 4.3.2 of Zheng [27].

Lemma 6.3.3. Let U be a hyperbolic domain on C. Then for a �∈U ∪{∞}, we have

λU (z)|z−a| � (Mod(U)+2κ)−1,

where κ = Γ (1/4)4/(4π2) and

Mod(U) = sup{mod(A) : A is a doubly connected domain in U

separating the boundary o f U}.
Theorem 6.3.3. Let f (z) be a transcendental meromorphic function. Let U be a
component of f−1(W ) where

W = {z : r < |z| < R}

with 0 < r < R < +∞. Assume that U contains no critical points of f (z). Then for
z ∈U and a �∈U ∪{∞}, one of the following statements holds:

(1) if a is in an unbounded component of complement of U, then

| f ′(z)| � mod(W )
2π

| f (z)|
|z−a| sin

π(logR− log | f (z)|)
mod(W )

; (6.3.2)

(2) if a is in the bounded component of complement of U, then

| f ′(z)| � 2min{mod(W ),m}
(2κ +1)π

| f (z)|
|z−a| sin

π(logR− log | f (z)|)
mod(W )

, (6.3.3)

where m is the covering number of f (z) from U onto W.

Proof. Since U does not contain any critical points of f (z), f is a covering from U
onto W and further, in terms of Lemma 6.3.2 and the formula of hyperbolic density
of an annulus, we have

λU (z) = λW ( f (z))| f ′(z)| = π| f ′(z)|
2| f (z)|mod(W )sin(π log(R/| f (z)|)/mod(W ))

.

Next step is to estimate λU (z) from below. Since f is a covering, U is simply con-
nected or doubly connected. We need to treat two cases.

(I) a is in an unbounded component of C \U . Then we can choose a curve Γ
starting at a forward to ∞ such that U ⊂ C\Γ . We have



6.3 Meromorphic Functions of Bounded Type 257

λU(z)|z−a| � λC\Γ (z)|z−a| � 1
4

and therefore, combining the above inequalities yields (6.3.2).
(II) a is in the bounded component of C \U . Then U is doubly connected and

separates a and ∞. In terms of Lemma 6.3.3, we have

λU (z)|z−a| � (mod(U)+2κ)−1. (6.3.4)

There exists a conformal map φ : U → {w : r0 < |w| < d} with r0 = r1/m and then
f ◦φ−1 : {w : r0 < |w|< d}→W is proper and it has the form f ◦φ−1(w) = wm and
further, dm = R. Thus mod(U) = mod(W )/m. In terms of (6.3.4), we obtain

| f ′(z)| � 2mod(W )m
(mod(W )+2κm)π

| f (z)|
|z−a| sin

π(logR− log | f (z)|)
mod(W )

� 2mod(W )m
max{mod(W ),m}(1+2κ)π

| f (z)|
|z−a| sin

π(logR− log | f (z)|)
mod(W )

=
2min{mod(W ),m}

(1+2κ)π
| f (z)|
|z−a| sin

π(logR− log | f (z)|)
mod(W )

.

This is our desired inequality (6.3.3). ��
We discuss the number of fixed-points of meromorphic functions in terms of The-

orem 6.3.2 and Theorem 6.3.3. A root of f (z) = z is called a fixed-point of f (z) and
the first order derivative f ′(z) at fixed-point z is called multiplier of this fixed-point.
Furthermore, a fixed-point z is said to be attracting, indifferent or repelling if the
modulus of its multiplier is less than, equal to or greater than one. A meromorphic
function f (z) may have no fixed-points, for instant, z+ez has no fixed-points. How-
ever, for a function whose singular values are restricted, especially in B, we can
say something about the number of fixed-points of the function. In what follows, we
show the main results of [17] and [28].

Theorem 6.3.4. Let f (z) be a transcendental meromorphic function in B. Then
we have

m
(

r,
1

f − z

)
= O(logrT (r, f )), (6.3.5)

as r → ∞ outside E( f ), and in particular, δ (0, f − z) = 0.

Proof. Set g(z) = f (z)− z and E(r) = {θ ∈ [0,2π) : |g(reiθ )| � 1}. Then for all
sufficiently large r > 0, in view of (6.3.1), for z = reiθ with θ ∈ E(r), we have

|g′(z)| � | f ′(z)|−1 � | f (z)|(log | f (z)|− logR)
4|z−a| −1

� (|z|−1)(log(|z|−1)− logR)
4|z−a| −1 � 1.

Thus
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m
(

r,
1
g

)
=

1
2π

∫
E(r)

log
∣∣∣∣g′(reiθ )

g(reiθ )
1

g′(reiθ )

∣∣∣∣dθ
� 1

2π

∫
E(r)

log
∣∣∣∣g′(reiθ )

g(reiθ )

∣∣∣∣dθ
� m

(
r,

g′

g

)
= O(logrT (r, f ))

for all r outside E( f ). ��
Theorem 6.3.4 is proved in [17]. The following is an extension of the theorem

with f being entire and essentially attained in [28].

Theorem 6.3.5. Let f (z) be a transcendental meromorphic function with finitely
many poles. Assume that there exist a sequence of annuli Wn = {z : Rn < |z| < cRn}
with c > exp

(
2(2κ+1)π√

3

)
and Rn → ∞ as n → ∞ such that for each n, Wn contains

no singular values of f . Then for any R̂n ∈ ( 3
√

cRn,
√

cRn)\E( f ), we have

m
(

R̂n,
1

f − z

)
= O(log R̂nT (R̂n, f )), (6.3.6)

as n → ∞ and in particular, δ (0, f − z) = 0.

Proof. Since
√

cRn − 3
√

cRn = (
√

c− 3
√

c)Rn → ∞ as n → ∞ and E( f ) has finite
measure, for all sufficiently large n, ∈ ( 3

√
cRn,

√
cRn)\E( f ) �= ∅. Set g(z) = f (z)−z

and for an R̂n ∈ ( 3
√

cRn,
√

cRn)\E( f ), set

En = {θ ∈ [0,2π) : |g(R̂neiθ )| � 1}.

Then for z = R̂neiθ with θ ∈ En, we have R̂n −1 � | f (z)|� R̂n +1 and hence f (z) ∈
Wn, that is to say, z ∈ f−1(Wn). We assume that 0 �∈ f−1(Wn). Actually, if f (0) =∞,
clearly 0 �∈ f−1(Wn); if f (0) is finite, then we consider Rn > | f (0)| and so 0 �∈
f−1(Wn). Now we claim that | f ′(z)| > K| f (z)|/|z| with a constant K > 1, which
will be proved by using Theorem 6.3.3.

Noting that 3
√

cRn −1 � | f (z)| � √
cRn +1, we have

π
logcRn − log | f (z)|

logc
� π

logcRn − log(
√

cRn +1)
logc

→ π
2

and

π
logcRn − log | f (z)|

logc
� π

logcRn − log( 3
√

cRn −1)
logc

→ 2π
3

as n → ∞. Therefore for all sufficiently large n, we have

sin
π(logcRn − log | f (z)|)

logc
�

√
3

4
.
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Let Un be the component of f−1(Wn) containing z. If Un does not separate 0 and
∞, then from Theorem 6.3.3 we have

| f ′(z)| � logc
2π

| f (z)|
|z| sin

π(logcRn − log | f (z)|)
logc

�
√

3logc
8π

| f (z)|
|z| .

For our purpose, now we can assume that Un separates 0 and ∞ for all sufficiently
large n. Let Γn be the simple analytic curve in Un around 0 which f maps onto
the circle {z : |z| =

√
cRn}. Obviously, dist(Γn,0) → ∞ as n → ∞. Let mn be the

covering number of f from Un onto Wn and n(γ,b) be the winding number of the
closed curve γ going around b. Then by the argument principle, n( f (Γn),0) equals
to the deference of the numbers of zeros and poles of f inside Γn. Since f has
only finitely many poles, we can assume that f has infinitely many zeros, otherwise
(6.3.5) holds in view of the Nevanlinna second fundamental theorem. Then we have
mn � n( f (Γn),0) → ∞ as n → ∞. By Theorem 6.3.3, we have

| f ′(z)| � 2logc
(2κ +1)π

| f (z)|
|z| sin

π(logcRn − log | f (z)|)
logc

�
√

3logc
2(2κ +1)π

| f (z)|
|z| .

Letting K =
√

3logc
2(2κ+1)π > 1, we complete the proof of our claim.

For z = R̂neiθ with θ ∈ En, we have

|g′(z)| � | f ′(z)|−1 � K
| f (z)|
|z| −1 � (K −1)− K

|z| >
K −1

2

so that
1

|g(z)| � 2
K −1

∣∣∣∣g′(z)g(z)

∣∣∣∣ .
The same argument as in the proof of Theorem 6.3.4 yields (6.3.6). ��

Actually, Theorem 6.3.4 provides a criterion of that a meromorphic function
would not be in B, that is, if δ (0, f − z) > 0, then f (z) is not in B. An alternate
version of Theorem 6.3.5 is that if f (z) is a transcendental meromorphic function
with finitely many poles such that δ (0, f − z) > 0, then for all sufficiently large R

and c > exp
(

2(2κ+1)π√
3

)
, the annulus {z : R < |z| < cR} contains singular values of

f (z).
From Theorem 6.3.2, we know that for a function f ∈ B, all but finitely many

fixed-points z of f (z) satisfy the inequality | f ′(z)|> d log |z|> 1 for some d > 0 and
so they are repelling. However, the following results were proved in [17].

Theorem 6.3.6. Let f (z) be in B with order λ ( f ) such that 0 < σ < λ ( f ) � ∞.
Then f (z) has infinitely many fixed-points z with

| f ′(z)| > |z|σ/2.
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In order to prove Theorem 6.3.6 and for application in the sequel, we need the
following lemma, which directly comes from the Koebe distortion theorem.

Lemma 6.3.4. Let U be a simply connected domain and ψ(z) a conformal map
from U onto B(a,r) with ψ(z0) = a and z0 ∈U. Then for each z ∈U, we have

1
r2

(r−|ψ(z)−a|)3

r + |ψ(z)−a| |ψ ′(z0)| � |ψ ′(z)| � 1
r2

(r + |ψ(z)−a|)3

r−|ψ(z)−a| |ψ ′(z0)| (6.3.7)

and

r2 |ψ(z)−a|
(r + |ψ(z)−a|)2 � |z− z0||ψ ′(z0)| � r2 |ψ(z)−a|

(r−|ψ(z)−a|)2 . (6.3.8)

And furthermore, we have the inclusion

ψ−1(B(a,r/2)) ⊂ B(z0,2r|ψ ′(z0)|−1). (6.3.9)

Proof. Using the Koebe distortion theorem to the inverse of ψ(z) immediately
yields (6.3.7) and (6.3.8), for ψ−1(w) is a conformal map of U from B(a,r).

For each z ∈ ψ−1(B(a,r/2)), we have ψ(z) ∈ B(a,r/2). In view of (6.3.8), we
have |z− z0||ψ ′(z0)| � 2r and this implies (6.3.9). ��
Lemma 6.3.5. Let f (z) be in B. Set

h(z) =
f (z)

z
−1.

Then there exists a positive number ε such that all but at most finitely many com-
ponents U of h−1(B(0,2ε)) are simply-connected and h(z) maps them conformally
onto B(0,2ε). Furthermore, h(z) has only finitely many singular values in B(0,2ε).

Proof. First of all we consider critical values of h(z) near 0. Let b be a critical
point of h(z) such that |h(b)| � 1

2 . A simple calculation implies that

|h(b)+1| = | f ′(b)| � | f (b)|(log | f (b)|− logR)
4|b−a|

=
|b||h(b)+1|(log | f (b)|− logR)

4|b−a| ,

where we have used the equality h′(b) = 0 and (6.3.1) and furthermore we have

2Rexp(4(1+ |a||b|−1)) � 2Rexp
(

4
|b−a|
|b|

)
� 2| f (b)| = 2|b||h(b)+1| � |b|,

so that |b| � |a| or |b| � 2e8R. Thus there exist no critical points of h(z) in {z : |z| >
max{|a|,2e8R}} such that its critical values are in the disk {z : |z|< 1

2} and h(z) has
only finitely many critical values in {z : |z| < 1

2}.
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Obviously, z0 is a zero of h(z) if and only if z0 is a fixed-point of f (z) and in this
case, z0 is a critical point of h(z) only when f ′(z0) = 1. We have known that f (z)
has only finitely many non-repelling fixed-points. Thus all but at most finitely many
zeros of h(z) are not its critical points. Choose two positive numbers R1 and R2 with
R2 > 2R1 > max{|a|,(2e8R)2} such that every fixed-point of f (z) lying in |z| > R1
satisfies | f ′(z)| > d log |z| > 1 and on |z| = R2, h(z) �= 0 and furthermore we have ε
with 0 < ε < 1

4 such that |h(z)| > 2ε on |z| = R2. For every fixed-point z1 of f (z)
with |z1| > R2, we have an analytic branch ψ(w) of h−1(w) sending 0 to z1. Let r1
be the radius of convergence of the power series of ψ(w) at 0 and then there exists a
point w1 = r1eiθ1 for some real θ1 such that ψ(w) can not be analytically continued
to w1 along the path γ : teiθ1 ,0 � t � r1.

Suppose r1 � 2ε . Let U be the component of h−1(B(0,r1)) containing z1 and
hence U ⊂ {z : |z| > R2} so that ψ(γ) ⊂ {z : |z| > R2}. Since h(z) maps U into
B(0,2ε), that is, on U , | f (z)|= |z||h(z)+1|> (1−2ε)|z|> 1

2 |z|> 1
2 R2, we therefore

have ∣∣∣∣ zh′(z)
h(z)+1

∣∣∣∣ =
∣∣∣∣ z f ′(z)

f (z)
−1

∣∣∣∣
� |z|(log | f (z)|− logR)

4|z−a| −1

� 1
8

log
| f (z)|

R

� 1
8

log
R1/2

2
2R

R1/2
2

>
1

16
logR2,

and so

|zh′(z)| > |h(z)+1| 1
16

logR2 � (1−2ε)
1

16
logR2 � 1

32
logR2.

On γ , for w = h(z) we have ψ ′(w)
ψ(w) = 1

zh′(z) , and it follows that∣∣∣∣log
ψ(w)

z1

∣∣∣∣� ∫ |w|

0

∣∣∣∣ψ ′(teiθ1)
ψ(teiθ1)

∣∣∣∣dt � |w| 32
logR2

<
64ε

logR2
.

This implies that ψ(γ) is bounded and then w1 is a critical value of h(z), while
this contradicts the result obtained in the first paragraph of this proof. Hence we
have proved r1 > 2ε and the component of h−1(B(0,2ε)) containing z1 is simply-
connected and h(z) maps it conformally onto B(0,2ε). The same argument as above
yields that h(z) has no asymptotic values in B(0,2ε). ��

Now we are in position to prove Theorem 6.3.6.
Proof of Theorem 6.3.6. Consider the function h(z) = f (z)

z − 1. In view of
Lemma 6.3.5, there exists a positive number ε such that h(z) maps conformally
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all but finitely many components of h−1(B(0,2ε)) onto B(0,2ε). Set

g(z) =
1
ε

(
f (z)

z
−1

)
.

Then g(z) maps conformally every component U of g−1(B(0,2)) containing a fixed-
point of f (z) in {z : |z| > R} for some R > 0 onto B(0,2).

In view of Theorem 6.3.4, we can choose arbitrarily large r > 4R such that there
exist

N(r) = n(r, f = z)−n(r/2, f = z)(�= 0)

fixed-points of f lying in the annulus I(r) = {z : r/2 � |z| � r}. Consider a fixed-
point c of f (z) in I(r) and then c is a zero of g(z). There exists a single-valued
analytic branch of g−1 in B(0,2) sending 0 to c, namely g(z) conformally maps a
simply connected domain containing c onto B(0,2) and hence in view of Lemma
6.3.4, the component Vc containing c of g−1(B(0,1)) satisfies

Vc ⊂ B(c,4|g′(c)|−1) ⊂ B(c,
1
2
|c|) ⊂

{
z : R � |z| � 3

2
r
}

= J(r),

where we have used the inequality

|g′(c)| = 1
ε

∣∣∣∣ f ′(c)−1
c

∣∣∣∣� | f ′(c)|−1
ε|c| >

d log |c|−1
ε |c| >

8
|c|

and R is chosen such that R > exp(9/d). Obviously Vc does not intersect each other
and Area(J(r)) < 9

4πr2. Then

∑
c∈I(r)

Area(Vc) � 9
4
πr2.

Set

E(r) =
{

c : Area(Vc) � 9πr2

N(r)

}
and so

(N(r)−#E(r))
9πr2

N(r)
� ∑

c∈I(r)\E(r)
Area(Vc) � 9

4
πr2.

This yields #E(r) � 3
4 N(r). For each c ∈ E(r), we have

π =
∫

Vc
|g′(z)|2dσ � |g′(zc)|2Area(Vc)

for some zc ∈Vc, so that

|g′(zc)| �
√

π
Area(Vc)

�
√

1
9r2 N(r) =

1
3

r−1N(r)1/2.
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In view of Lemma 6.3.4 with ψ = g, z0 = c, a = 0 and r = 2, we have

|g′(c)| � 4
27

|g′(zc)| � 4
81

r−1N(r)1/2

and so
| f ′(c)| � ε |c||g′(c)|−1 � 2ε

81
N(r)1/2 −1.

In view of Theorem 1.1.3 and Lemma 1.1.5, there exist a sequence of positive num-
bers {rn} tending to +∞ such that N(rn) > rρn with σ < ρ < λ , as in view of Theo-
rem 6.3.4, n(r, f = z) has the order λ . Theorem 6.3.6 follows. ��

From the proof of Theorem 6.3.6 it is easily seen that for all sufficiently large r
there exist at least 1

2 n(r, f = z) fixed-points of f (z) at which

| f ′(c)| � C0
|c|
r

N(r)1/2 −1,

where N(r) = n(r, f = z)− n(2R, f = z) and C0 is a positive constant. Indeed, we
can obtain the result by using the same argument as in the proof of Theorem 6.3.6
to the annulus I(r) = {z : 2R � |z| � r} instead. Thus if λ ( f ) > 2, there exists a
sequence of positive numbers {rn} tending to +∞ such that for each rn, f (z) has
at least 1

2 n(rn, f = z) fixed-points of f (z) at which | f ′(z)| � |z|σ/2−1; If μ( f ) = ∞,
then for arbitrarily large K > 0 and for all sufficiently large r there exist at least
1
2 n(r, f = z) fixed-points of f (z) at which | f ′(z)| > |z|K . When an entire function
f (z) is considered, the following further result is proved in [17].

Theorem 6.3.7. If f (z) is a transcendental entire function in B, then for 0 <α < 1,
f (z) has infinitely many fixed-points z with

| f ′(z)| > εc logM(α|z|, f ),

where c is an absolute constant and ε is one in Lemma 6.3.5.

In order to prove Theorem 6.3.7, we need the following result which is due to
Pommerenke [19].

Lemma 6.3.6. Let g(z) be a transcendental entire function. Then the set g−1(B(0,1))
contains infinitely many points zn tending to ∞ such that

|zng′(zn)| � K logM(|zn|,g), (6.3.10)

where K is an absolute constant.

Now we come to
The proof of Theorem 6.3.7. Assume without any loss of generalities that

f (0) = 0. As in the proof of Theorem 6.3.6, consider the inverse of g(z) on B(0,2)
and g(z) is a transcendental entire function. The set g−1(B(0,2)) consists of in-
finitely many components which contain a fixed-point of f (z) and in which g(z) is
univalent possibly except finitely many members of them. Let {zn} be a sequence
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of points for g(z) determined by Lemma 6.3.6. We can assume with any loss of
generalities that each zn is in a component {Un} of g−1(B(0,1)) which contains a
fixed-point of f (z) written into cn. Thus

|g′(cn)| � 4
27

|g′(zn)| � 4
27

|zn|−1K logM(|zn|,g)

and zn ∈ B(cn,(1−α)|cn|) and so α �
∣∣∣ zn

cn

∣∣∣� 2−α .
Since

|g′(cn)| = 1
ε

∣∣∣∣ f ′(cn)−1
cn

∣∣∣∣ ,
we have

| f ′(cn)| � 4
27

εK
|cn|
|zn| logM(|zn|,g)−1

� 4εK
27(2−α)

(logM(|zn|, f /z−1)− logε)−1

� 2εK
27

(logM(|zn|, f )− log |zn|− log2− logε)−1

� εc logM(α|cn|, f )

for sufficiently large n and some absolute positive constant c.
The proof of Theorem 6.3.9 is complete. ��
We remark that Theorem 6.3.6 and Theorem 6.3.7 were extended by Clifford [6]

to the roots of f (z)−Q(z) for a rational function Q(z) with Q(z) ∼ azp, p � 1, as
|z| → ∞.

Finally we simply discuss periodic points of an entire function. Let f (z) be a tran-
scendental entire function. A point z0 ∈C is a periodic point of f if for a positive in-
teger n, f n(z0) = z0, where f n means the nth iterate of f , namely f n(z) = f n−1( f (z))
and f 1(z) = f (z). The smallest n such that f n(z0) = z0 is called the order of peri-
odic point z0. Bergweiler [1] in 1991 proved the existence of infinitely many peri-
odic points of order n � 2 for a transcendental entire function, which confirms the
conjecture of I. N. Baker. And Zheng [25] in 1999 gave a quantity estimate of the
number of periodic points of order n � 2 in {z : |z| < r} in terms of logarithmic of
maximum module of the function.

Theorem 6.3.8. Let f (z) be a transcendental entire function. For m � 2, we have

nm

(
r,

1
f m(z)− z

)
� K logM(rd , f m)

for an unbounded sequence of r, where nm(r,1/( f m(z)−z)) is the number of distinct
periodic points of order m and K is an absolute constant and d > (1500)−2.

The proof of Theorem 6.3.8 can be found in [27]. Bergweiler [2] in 1997 shown
furthermore that a transcendental entire function has infinitely many repelling pe-
riodic points of period n which do not lie on a given straight line. There exists an
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example of infinite growth order all but a finite number of whose periodic points lie
in a small angular domain. However, this phenomenon cannot happen to an entire
function with finite growth lower order (see [29]) (Note: if all but a finite number of
periodic points of an entire function f (z) lie in a small angular domain, then the Ju-
lia set of f (z) lie in the small angular domain). It stimulates us to ask whether or not
all but finitely many periodic points with the fixed order lie on finitely many straight
lines which are not parallel or on finitely many angles whose openings are very
small for an entire function with the finite lower order. However, it is well-known
that tanz has all periodic points on the real axis.

If f (z) is an entire function in B, then for n � 1, f n is in B. In view of Theo-
rem 6.3.4, we have δ (0, f n − z) = 0 and actually, from this we can attain a precise
estimate of the number of periodic points of order n in {z : |z| < r}.
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Chapter 7

The Potential Theory in Value Distribution

Jianhua Zheng
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jzheng@math.tsinghua.edu.cn

Abstract: This chapter is mainly devoted to introducing the proof of the Nevan-
linna’s conjecture which Eremenko provided in terms of the potential theory. This
conjecture proposed by F. Nevanlinna in 1929 had been at an important and spe-
cial position in the Nevanlinna’s value distribution theory. It was proved first by
D. Drasin in 1987, but the Drasin’s proof is very complicated. In our attempt to
help readers easily grasp the Eremenko proof, we begin with the basic knowledge
about subharmonic functions and discuss especially the normality of family and the
Nevanlinna theory of δ -subharmonic functions. This reveals an approach of that
some problems of value distribution of meromorphic functions are transferred to
those of subharmonic functions. Finally, we make a simple survey on recent devel-
opment and some related results of the Nevanlinna’s conjecture.

Key words: Subharmonic functions, Subharmonic Normality, Subharmonic Nevan-
linna theory, Nevanlinna conjecture, Deficiency

The potential theory is itself an important theory which studies mainly subharmonic
functions and related problems. The subharmonic functions seem to be functions
which are equipped with some distribution mass, while harmonic functions have
zero distribution mass. The potential theory has proved powerful in study of value
distribution of meromorphic functions, which was heavily stressed by the celebrated
works of A. Baernstein, J. M. Anderson, A. É. Eremenko, M. L. Sodin, M. Tsuji
and others. In fact, the logarithm of module of a meromorphic function is a defence
of two subharmonic functions, called δ -subharmonic function, and its distribution
mass on a domain D is defence of the number of its ±∞ valued points, i.e., zeros
and poles of the meromorphic function lying in this D. Therefore, some problems
(of value distribution) of meromorphic functions can be transferred toward those
of subharmonic functions. This is basically a natural idea, but all the concrete ap-
proaches are not simple, direct or smooth. Thus remarkable approaches have been
revealed in order to solve some important problems.

In this chapter, we will mainly introduce the proof of the Nevanlinna conjec-
ture which Eremenko gave in 1987 and 1993 in terms of the potential theory. This
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conjecture stood at an important and special position in the Nevanlinna’s value dis-
tribution theory and have attracted great interests. It was proposed by F. Nevanlinna
in 1929 and proved first by D. Drasin in 1987. In order that the content of this chap-
ter can be self-contained, we will collect some basic knowledge about the potential
theory before we carry out our center purpose of this chapter.

7.1 Signed Measure and Distributions

Let (X ,A) be a measurable space. An extended real-valued function μ defined on
A is called a signed measure if (i) μ(∅) = 0 and (ii) μ(∪∞

j=1E j) = ∑∞
j=1 μ(E j) for

all pairwise disjoint sequences {E j} of elements of A. Obviously, a signed measure
can assume at most one of the values +∞ and −∞. A complex-valued function
on A is a complex measure if it satisfies (i) and (ii). Let μ1(E) = Reμ(E) and
μ2(E) = Imμ(E) for all E ∈ A and then μ1 and μ2 are signed measures on A and
μ = μ1 + iμ2. If μ � 0, that is to say, μ(E) � 0 for all E ∈ A, then μ is a measure
on A.

Let μ be a signed measure on a measurable space (X ,A). A set P∈A is said to be
non-negative for μ if μ(P∩E) � 0 for all E ∈A and non-positive if μ(P∩E) � 0 for
all E ∈A. There exists a non-negative set P for μ such that the complement set Pc of
P in X is non-positive. The ordered pair (P,Pc) is called a Hahn decomposition of X
for μ . The Hahn decomposition of X for μ is unique in the sense of that if (P,Pc) and
(Q,Qc) are both Hahn decompositions, then for every E ∈ A, we have μ(P∩E) =
μ(Q∩E) and μ(Pc ∩E) = μ(Qc ∩E). In terms of the Hahn decomposition (P,Pc)
of X , we can produce the Jordan decomposition of μ , that is,

μ = μ+ −μ−

where μ+ and μ− are defined by

μ+(E) = μ(E ∩P) and μ−(E) = −μ(E ∩Pc)

for all E ∈ A. Define |μ| = μ+ + μ− on A by |μ |(E) = μ+(E) + μ−(E) for all
E ∈ A, and then |μ |, μ+ and μ− are well-defined measures on (X ,A), which are
called in turn the total variation of μ , the positive variation of μ and the negative
variation of μ .

Now we take into account the case when X is an open subset of Rn (for n = 2
we consider the complex plane C.). Let C0(X) be the set of all bounded complex-
valued continuous functions f (x) on X such that for every positive number ε , there is
a compact subset F of X satisfying for all x ∈ X ∩Fc, | f (x)|< ε . Cc(X) is the subset
of C0(X) consisting of functions f (x) with compact support, that is, the closure of
the set of points at which it does not vanish, denoted by supp f , is compact. C0(X)∗ is
the dual space of C0(X), that is, the set of all bounded linear functionals from C0(X)
into C. Let M (X) be the set of all complex-valued regular Borel measures on X . For
T ∈ C0(X)∗, we write 〈T, f 〉 for the value of T at f ∈ C0(X) and 〈μ , f 〉 =

∫
X f dμ
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for μ ∈ M (X). The Riesz Representation Theorem says that T ∈ C0(X)∗ if and
only if there exists a μ ∈ M (X) such that for all f ∈ C0(X), 〈T, f 〉 = 〈μ, f 〉, and
writing Lμ for T determined by μ , then the mapping Γ defined by Γ (μ) = Lμ is
a norm-preserving linear mapping of M (X) onto C0(X)∗. Thus C0(X)∗ and M (X)
are isomorphic as Banach spaces.

Let B be a Banach space and B∗ the dual space of B. A sequence of elements
{ fn} in B∗ is said to weakly* converge to f ∈ B∗, write w∗-limn→∞ fn = f , if for
all x ∈ B, we have limn→∞ fn(x) = f (x). The Alaoglu Theorem asserts that every
closed bounded ball of B∗ of a separable Banach space B is weakly* sequently
compact, that is to say, every bounded sequence of B∗ contains a weakly* conver-
gent subsequence. This immediately deduces the following result.

Proposition 7.1.1. Let {μn} be a sequence of elements in M (X). If {μn} is uni-
formly bounded, that is, for some positive constant M, |μn|(X) � M for all n, then
there exist a subsequence of {μn} which weakly* converges to a μ ∈ M (X).

By C∞(X) (resp. Cm(X)) we mean the family of all complex-valued functions
which have continuous partial derivatives of all orders (resp. orders of 1 to m) and
C∞

c (X) is the subset of C∞(X) consisting of functions f (x) with compact support.
C∞

c (X) is a vector space and the members of C∞
c (X) are usually called test functions.

For f ∈C∞(X), we write the partial derivatives as ∂ j f = ∂ f /∂x j, j = 1,2, · · · ,n
and when X ⊆ C, we have

∂ f =
∂ f
∂ z

=
1
2

(
∂ f
∂x

− i
∂ f
∂y

)
and

∂ f =
∂ f
∂ z

=
1
2

(
∂ f
∂x

+ i
∂ f
∂y

)
.

Thus the Laplacian Δ = 4∂∂ . We consider derivatives of high order in terms of
the multi-index. A multi-index is an n-tuple α = (α1,α2, · · · ,αn) of non-negative
integers; its length is |α| = α1 + · · ·+αn. In the natural way, define the addition of
two multi-indices and

∂α f =
∂ |α| f

∂α1 x1 · · ·∂αnxn
.

A linear functional L : C∞
c (X) → C is called a distribution if for every compact

subset K of X there exists a C � 0 and a non-negative N such that

|〈L,φ〉| � C ∑
|α |�N

sup |∂αφ |, (7.1.1)

for all φ ∈C∞
c (X) with suppφ ⊂ K. By D ′(X) we denote the set of all distributions

on X and then D ′(X) is a vector space over C whose addition and scalar multipli-
cation are defined as follows, for I,J ∈ D ′(X) and c ∈ C,

〈I + J,φ〉 = 〈I,φ〉+ 〈J,φ〉 and 〈cI,φ〉 = c〈I,φ〉, φ ∈C∞
c (X).
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There is an equivalent definition of distributions. A linear functional L : C∞
c (X)→C

is a distribution if and only if it is sequential continuity in C∞
c (X), that is, for any se-

quence {φ j} in C∞
c (X), if suppφ j( j = 1,2, · · ·) are contained in a fixed compact sub-

set of X and for each multi-index α , ∂αφ j → 0 uniformly as j →∞, then 〈L,φ j〉→ 0
as j → ∞.

There are two kinds of simple but important distributions.
(1) For each μ ∈ M (X), the restriction of the linear functional on C0(X) deter-

mined by μ to C∞
c (X) is a distribution on X ((7.1.1) is easily shown for this case),

and hence sometimes below we consider the complex measure as a distribution,
which won’t be emphasized if no confusion occurs.

(2) We say a complex-valued function f (x) on X to be locally integrable on X ,
denoted by f ∈ L 1

loc(X), if
∫

K | f |dm < ∞ for all compact sets K ⊂ X where m is
the Lebesgue measure on X . Then each f ∈ L 1

loc(X) determines a distribution L f
defined by

〈Lf ,φ〉 =
∫

X
fφ dm, φ ∈C∞

c (X).

Obviously, if f ,g ∈ L 1
loc(X) with f = g almost everywhere with respect to m, then

Lf = Lg and hence we often write f for the distribution L f .
Now we introduce the notion of convergence of distributions. Let {Lj} be a

sequence of distributions on X . The sequence is said to converge in D ′(X) to
L ∈ D ′(X), if

lim
j→∞

〈L j,φ〉 = 〈L,φ〉, ∀φ ∈C∞
c (X).

Actually, it is a natural extension of the notion of weak* convergence.
The idea of distributions is remarkable. We can consider the derivatives of a

distribution and therefore talk about the derivatives of a complex measure and a
locally integrable function in the sense of distribution, which is a natural extension
of the original derivatives of a smooth function, that is to say, for a smooth function,
its derivative coincides with its derivative as a distribution. Let L∈D ′(X). We define
∂iL (i = 1,2, · · · ,n) by

〈∂iL,φ〉 = −〈L,∂iφ〉, φ ∈C∞
c (X) (7.1.2)

in terms of the Green formula for smooth functions. It is easily seen from a simple
calculation that ∂iL is a distribution on X , and it is called the first order derivative of
L. Then for any multi-index α , from (7.1.2), we have

〈∂αL,φ〉 = (−1)|α |〈L,∂αφ〉, φ ∈C∞
c (X).

7.2 δ -Subharmonic Functions

In this section, we will first of all state some basic knowledge about subharmonic
functions and then some results which themselves are important in this theory and
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will serve the main purpose of this chapter. The proofs of the basic results concern-
ing subharmonic functions we collect below will be omitted when they can be easily
found in some textbooks. The reader is referred to Conway’s book [6], Hayman’s
book [17], Ransford’s book [24] and Tsuji’s book [26].

7.2.1 Basic Results Concerning δ -Subharmonic Functions

We take into account functions with range in [−∞,∞) defined on a complex domain
D of C and by R(D) denote the set of all such functions u : D → [−∞,+∞). There
is a natural partial order “�” on R(D): u � v means u−v � 0. Then for a subfamily
F of R(D), define ∨u∈F u = sup{u : u ∈ F} and ∧u∈F u = inf{u : u ∈ F}. It is
obvious that ∧u∈F u is always in R(D), while ∨u∈F u may not be. Thus ∧u∈F u is
the greatest lower bound of F under the order and when ∨u∈F u ∈ R(D), it is the
least upper bound of F . For u,v ∈ R(D), we have u∨ v ∈ R(D) and u∧ v ∈ R(D)
and indeed, u∨ v = max{u,v} and u∧ v = min{u,v}.

A function u ∈ R(D) is upper semi-continuous (abbreviated usc), provided that
for every c in [−∞,+∞), the set {z : u(z) < c} is an open subset of D. That u is usc
is equivalent to that for each z ∈ D, u(z) � limsupζ→z u(ζ ). An important property
of a usc function is that it is bounded above on any compact subset of its domain
and assumes its smallest bound at some point.

A function u in R(D) is subharmonic on D if it is usc and satisfies the submean
inequality, that is, for every closed disk B(a,r) contained in D, the inequality

u(a) � 1
2π

∫ 2π

0
u(a+ reiθ )dθ (7.2.1)

holds. For a usc function u on D, u is subharmonic if and only if u satisfies the
Maximum Principle, that is to say, for every compact set K contained in D and
every harmonic function h on K, u � h on K whenever u � h on ∂K. It is easily
seen that a subharmonic function u on D will be a constant if it attains the global
maximum on D at a point of D and that u � 0 on D if limsupζ→z u(ζ ) � 0 for
z ∈ ∂D. The subharmonic function is very flexible, which can be illustrated by the
following result.

Lemma 7.2.1. Let v be an usc function on D that is subharmonic on an open
subset U of D. Then v is subharmonic on D, if v � u on U and v = u on D\U for a
subharmonic function u on D.

This brings us convenience to construct some subharmonic functions according
to our requirement.

By S (D) we mean the set of all subharmonic functions on D. Then for u(z) ∈
S (D) with u �≡ −∞, we have u ∈ L 1

loc(D) and
∫ 2π

0 u(a + reiθ )dθ > −∞ for any
B(a,r)⊂ D. For u,v ∈S (D), it is easy to see that u+v ∈S (D) and u∨v ∈S (D).
Let F be a subfamily of S (D) which is locally bounded above. Define u(z) =
limsupζ→z

∨
v∈F v(ζ ) and then u(z) is subharmonic on D. If

∨
v∈F v(z) is usc, then
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u(z) =
∨

v∈F v(z). And ψ ◦ u is subharmonic for an increasing convex function ψ
on R and u ∈ S (D).

Let u(z) be a subharmonic function on the disk B(0,R) with u �≡ −∞. For 0 <
r < R, define

Mu(r) = sup
|z|=r

u(z),

J(r,u) =
1

2π

∫ 2π

0
u(reiθ )dθ .

Then we have the following basic results:
(1) both Mu(r) and J(r,u) are increasing convex functions of logr;
(2) u(0) � J(r,u) � Mu(r);
(3) limr→0+ Mu(r) = limr→0+ J(r,u) = u(0).
There is a close relation between subharmonic functions and Borel measures,

which was revealed by F. Riesz. Since a subharmonic function u(z) is locally in-
tegrable, it therefore determines a distribution and Δu is well defined in the sense
of distribution, which is usually known as the generalized Laplacian of u. Indeed,
Δu is a Radon measure, that is, a Borel measure such that for every compact subset
K, Δu(K) < ∞. The Weyl Theorem asserts that for u,v ∈ S (D), if Δu = Δv, then
u = v+h where h is harmonic on D.

We shall write M r
c (C) (M +

c (C), resp.) for the set of all real-valued (positive,
resp.) elements of M (C) with compact support on C. Let μ ∈ M r

c (C). Define the
logarithmic potential of μ to be the function

pμ(z) =
∫

log |z−w|dμ(w) (z ∈ C).

Then pμ(z) has the following properties:
(4) pμ(z) is a locally integrable function and harmonic on the complement of

suppμ on C;
(5) pμ(z) = μ(C) log |z|+O(|z|−1) as z → ∞.
(6) Δpμ = 2πμ in the sense of distribution. Moreover, pμ(z) is the unique solu-

tion of this equation, that is to say, if u ∈ L 1
loc(C) with u(z)− μ(C) log |z| → 0 as

z → ∞ and such that Δu = 2πμ , then u = pμ a.e..
(7) If μ ∈ M +

c (C), then pμ(z) is subharmonic on C.
An extended real-valued function u ∈ L 1

loc(D) is a δ -subharmonic function if
there exist two subharmonic functions u1 and u2 on D such that u = u1 − u2 a.e..
Then we have the Riesz Decomposition Theorem which says that, for arbitrary rel-
atively compact open subset G of D, we can decompose u as

u = h+ pμ on G

where h is harmonic on G and μ ≡ 1
2π Δu|G. Since Δu = Δu1 −Δu2, Δu therefore

is a signed measure and it is called the Riesz charge of u, denoted by μ [u]. Thus
μ[u]+ = Δu1 and μ[u]− = Δu2. From here it follows that a δ -subharmonic function
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is subharmonic if and only if its Riesz charge is positive, in other words, its charge
is a Borel measure, and it is equivalent to μ[u]− = 0.

A set E is a polar set if there is a non-constant subharmonic function u on C such
that E ⊂ {z : u(z) = −∞}. Then if u is a subharmonic function on a domain D with
u �≡ −∞, then E = {z ∈ D : u(z) = −∞} is a polar set. Let D be a domain on Ĉ and
let φ : ∂D∞ → R be an extended real-valued function. Define

P(φ ,D) = {u : u is subharmonic, bounded above on D and
limsup

z→a
u(z) � φ(a) for every a in ∂∞D}.

The associated Perron function HDφ of φ is defined by

HDφ = sup{u : u ∈ P(φ ,D)}.

Then HDφ is harmonic on D if it is not identically ±∞. Specially, if φ is bounded,
then HDφ is harmonic on D and

sup
D

|HDφ | � sup
∂D

|φ |.

Now let us introduce the harmonic measure. Let B(∂D) be the σ -algebra of
Borel subsets of ∂D. A harmonic measure for D is a function ωD : D×B(∂D) →
[0,1] such that

(1) for each fixed z ∈ D, ωD(z,∗) is a Borel probability measure on B(∂D);
(2) for each continuous function φ : ∂D → R, we have

HDφ(z) =
∫
∂D

φ(ζ )dωD(z,ζ ), z ∈ D.

The integral in the right side of the above equality is usually called the general-
ized Poisson integral of φ on D, denoted by PDφ . When ∂D is non-polar, a unique
harmonic measure ωD for D exists and for a fixed Borel subset α of ∂D, ωD(z,α)
is harmonic and 0 � ωD � 1 on D because ωD(z,α) = HDχα(z). There exists fol-
lowing integral relation between the Green function and the harmonic measure for
a bounded domain D:

GD(z,w) =
∫
∂D

log |ζ −w|dωD(z,ζ )− log |z−w|, z,w ∈ D.

A harmonic majorant of a subharmonic function u on a domain D is a harmonic
function h on D such that h � u there and h is called the least harmonic majorant of
u if h � H for every other harmonic majorant H of u.

The following is also known as the Riesz Decomposition Theorem.

Theorem 7.2.1. Let D be a domain on C with non-polar ∂D and let u be a sub-
harmonic function on D with u �≡ −∞ and a harmonic majorant. Then



274 7 The Potential Theory in Value Distribution

u(z) = h(z)− 1
2π

∫
D

GD(z,w)Δu(w),z ∈ D,

where h(z) is the least harmonic majorant of u.

In discussion of our center purpose of this chapter made in next section, we need
the following results.

Lemma 7.2.2. If u1 � u2 are two δ -subharmonic functions and u1(z) = u2(z),z ∈
E, for some Borel set E, then μ[u1]|E � μ[u2]|E .

The lemma can be found in Grishin [16]. The next is main lemma of Eremenko
[11] and also a modified version of the main lemma of Eremenko [10].

Lemma 7.2.3. Let uk (k = 1,2, · · · ,q) be non-negative subharmonic functions in
a simply connected domain D with the Riesz measures μk (k = 1,2, · · · ,q) and have
disjoint connected supports. Assume that

q

∑
k=1

μk � 2
q∨

k=1

μk. (7.2.2)

Then there exist a Riemann surface Σ with a two-sheeted ramified covering p :
Σ → D and a function h harmonic on Σ such that u ◦ p = |h|, where u = ∑q

k=1 uk.
Furthermore, the covering p is ramified over at most q− 2 points in D and each
ramification point of p is a zero of h of order at least 3.

We know a subharmonic function is usc, but may not be continuous. Consider-
ation of continuity of subharmonic functions leads to the introduction of another
topology, the fine topology. This topology was suggested by H. Cartan in 1944 and
has been found to have many pathologic properties and applications in the potential
theory.

Definition 7.2.1. The fine topology is the smallest topology on C under which each
subharmonic function becomes a continuous function from C to [−∞,∞). The fine
topology will be denoted by F and the usual topology by U.

We will use terminologies such as finely open, finely closed and finely contin-
uous, etc., when we consider topological phenomena relative to the fine topology.
We will mean notations under the usual topology when we do not use the adjective
“fine” before them. In what follows, we collect some basic properties related to the
fine topology. The fine topology contains the usual topology, that is, U ⊂ F and U is
a proper subset of F. The fine topology is a Hausdorff topology, which can follow
from the following result. All sets with the form

W ∩
n⋂

k=1

{z : uk(z) > ck}

for W ∈U and subharmonic functions uk and constants ck (k = 1,2, · · · ,n) composes
a base for the fine topology. Any polar set has no fine limit points, all its points are
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finely isolated, and a finely compact set is finite. Thus it is not a locally compact
topology. A fine domain, i.e., finely connected open set, is polygonally connected
(see B. Fugleds [15]). If D ∈ F and z0 ∈ D, then the set of all r > 0 such that {z :
|z− z0| = r} is contained in D has positive linear measure and thus a finely open set
has positive area (see M. Brelot [5], Proposition IX.2 and Proposition IX.10). This
implies that a finely open set has at most countable fine components. For a function
u and a set E, define a function uE on C as follows:

uE(z) = u(z), z ∈ E and uE(z) = 0, z ∈ C\E.

Lemma 7.2.4. Let u(z) be a non-negative subharmonic function in a simply con-
nected domain D on C. Then

u =∑uE ,

where the sum is taken over all fine components E of {z ∈ D : u(z) > 0}. Further-
more, uE(z) is subharmonic on C and has disjoint support for different E’s.

Proof. Let E be a fine component of {z : u(z) > 0} and so E is a fine domain. We
denote by E ′ the union of all discs whose boundaries are in E and then E ′ is open,
indeed it is a domain as E is polygonally connected. It is clear that E ⊂ E ′ ⊂ D. Let
F be other fine component of {z : u(z) > 0} than E. Suppose that F ∩E ′ �= ∅ and
z0 ∈ F ∩E ′. Then for some r > 0 and some z1, we have z0 ∈ {z : |z− z1| < r} ⊂ E ′
and {z : |z − z1| = r} ⊂ E. This together with F ∩ E = ∅ implies that F ⊂ {z :
|z− z1| < r} ⊂ D, but from the Maximum Principle F cannot be relatively compact
in D, otherwise, u ≡ 0 on F . Therefore F ∩E ′ = ∅. We have proved that uE(z) =
u(z), z∈E ′ and uE(z) = 0, z∈C\E ′, that is, uE(z) = uE ′(z). Since 0 is subharmonic
on C, in terms of Lemma 7.2.1 it follows that uE is subharmonic. ��

Consider two δ -subharmonic functions u1 and u2 and then the set {z : u1(z) >
u2(z)} is finely open. The following result is often used in the sequel (see Doob [7]).

Lemma 7.2.5. Let u1 and u2 be two δ -subharmonic functions. Assume that u1(z) =
u2(z) in some finely open set E. Then the restrictions of their Riesz charges to E
coincide.

Since an open set is also finely open, Lemma 7.2.5 holds for an open set and this
strengthens the result of Lemma 7.2.2 for E being open.

7.2.2 Normality of Family of δ -Subharmonic Functions

Let D be a domain in C. For a sequence of functions { fn} in Cm(D) with 0 � m �∞
(here C0 = C), we say that { fn} converges to f ∈Cm(D) in Cm

loc if for any compact
subset K of D and any multi-index α with |α| � m, we have ||∂α fn − ∂α f ||K =
max{|∂α fn(z)−∂α f (z)| : z∈K}→ 0 (n→∞). Actually, ||∂α fn−∂α f ||K → 0 (n→
∞) is equivalently that {∂α fn} converges to ∂α f in C(K), i.e., uniformly on K with
respect to the Euclidean metric. If each fn(z) is analytic or harmonic on D, then



276 7 The Potential Theory in Value Distribution

fn(z) has derivatives of all orders on D and if { fn} converges in Cloc, then for any
multi-index α , {∂α fn} converges in Cloc.

When we put ∞ in our consideration, we use the spherical metric d∞ instead of
the Euclidean metric, that is to say, d∞( fn(z), f (z))→∞ as n →∞ uniformly on any
compact subset of D, which we mean by saying that { fn} converges to f in Cloc,s,
and it is equivalent to || fn − f ||K,s = sup{d∞( fn(z), f (z)) : z ∈ K} → 0 (n → ∞) for
any compact subset K of D. In the same way, we define that { fn} converges to a
f ∈Cm(D) in Cm

loc,s and thus we can consider the uniform convergence of functions
meromorphic on a domain D.

Definition 7.2.2. A family F of functions in Cm(D) for 0 � m � ∞ is called
normal in Cm (resp. in Cm

s ) on a domain D if any sequence of its elements contains
a subsequence which converges in Cm

loc (resp. in Cm
loc,s). And we say F to be normal

in Cm (resp. in Cm
s ) at a point a if it is normal in Cm (resp. in Cm

s ) at a neighborhood
of a.

For an analytic or meromorphic or harmonic function family F on D, in the sequel
whenever no confusion occurs we mean F is normal in C or in Cs for short by simply
saying it to be normal.

A large number of results about normality of analytic or meromorphic function
family were established and a great number of connections between normality and
value distribution were revealed. Some of them applies the harmonic function fam-
ily. For example, a family of harmonic functions on D is normal if it is locally
uniformly bounded. The Montel Theorem asserts that an analytic function family is
normal on a domain D if its member does not take two finite fixed values on D. From
this we easily get that a harmonic function family is normal on D if its member does
not take a fixed finite value on D. And we can also prove the following version of
Zalcman’s Lemma for harmonic function family.

Theorem 7.2.2. Let F be a family of harmonic functions on D. If F is not normal
at z0 ∈ D, then there exist a sequence of elements {hn} ⊂F , a sequence of complex
numbers {zn} in D and a sequence of positive numbers {ρn} and a non-constant
harmonic function h on C such that as n → ∞, we have zn → z0, ρn → 0 and

hn(zn +ρnz) → h(z) (7.2.3)

uniformly on any compact subset of C.

Proof. We can find a harmonic function v(z) with v(z0) = 0 for each u ∈ F in a
fixed neighborhood U ⊂ D of z0 such that u + iv is analytic on U . Then the family
{u+ iv : u ∈F} is not normal at z0 ∈U . Theorem 7.2.2 follows from the Zalcman’s
Lemma about analytic function family. ��

However, the usual criterion of normality on families of harmonic or analytic
functions may not be valid in ensuring normality of families of subharmonic func-
tions. We do not know if Theorem 7.2.2 holds for subharmonic function family.
However, we guess that it would be this case if we suitably and uniformly restrict
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in the local sense the total variation of the Riesz charges related to the family as
Arsove did in [2].

In this section, we discuss a weaker version of normality than the usual normality
mentioned above, that is, normality in the sense of L 1

loc, i.e., under the metric of L 1
loc

instead of the metric of Cloc. Let D be a Borel set on R or R2. We say that a sequence
of functions {un} in L 1

loc(D) converges in L 1
loc to a function u∈L 1

loc(D) on D, if for
any compact subset K of D, ‖un −u‖L 1(K) =

∫
K |un(x)−u(x)|dm(x) → 0 as n → ∞

where m is the Lebesgue measure over D. {un} in L 1
loc(D) is said to converge to

u ∈ L 1
loc(D) weakly in L 1

loc if for every locally bounded measurable function g on
D, we have

lim
n→∞

∫
K

ung dm =
∫

K
ug dm

for every compact subset of D. Obviously, if {un} converges in L 1
loc, then it con-

verges weakly in L 1
loc.

Definition 7.2.3. Let F be a family of functions in L 1
loc(D). F is called normal

in L 1
loc on D, if every sequence of elements in F contains a subsequence which

converges on D in L 1
loc to a function in L 1

loc(D). And we say F to be normal in
L 1

loc at a point a if it is normal in L 1
loc at a neighborhood of a.

The following result is obvious.

Proposition 7.2.1. Let F be a family of functions in L 1
loc(D) for a domain D. F

is normal in L 1
loc on D if and only if it is normal in L 1

loc at every point of D.

If hn(z) is a sequence of harmonic functions on D and tends to a harmonic func-
tion h in L 1

loc, then hn → h uniformly on any compact subset of D. This result is not
always true when hn and h are subharmonic functions, while in this case we have
that for every compact subset K of D, hn → h on K in the Lebesgue measure m, that
is, for arbitrarily small ε > 0, we have

m({z ∈ K : |hn(z)−h(z)| > ε}) → 0 (n → ∞);

In view of Riesz Theorem (Theorem III.11.26 of [18]) and Egorov Theorem (Theo-
rem III.11.32 of [18]), {hn} contains a subsequence which converges uniformly on
K with respect to the Lebesgue measure m, that is, for any small ε > 0, uniformly
on K \E for some set E with m(E) < ε . This is also true for the Carleson measure,
which was proved by Azarin [3] (see below Theorem 7.2.4). Let E be a bounded
subset of C. For a fixed real number α > 0, define

α−mesE = inf∑rαj ,

where the inf is taken over the disks which forms a covering of E and r j’s are the
radius of these disks. Here α−mes is the α-Carleson measure. For a subset E of C

which is allowed to be unbounded, define

α−mes(E) = limsup
r→∞

{α−mes(E ∩B(0,r))}r−α .
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It is obvious that when α1 > α2, we have α1−mes(E) � α2−mes(E). A set E is
called a Cα

0 set if α−mes(E) = 0 and a C0
0 set if α−mes(E) = 0 for all α > 0.

Obviously, a bounded set E is a C0
0 set.

According to the Arzela-Ascoli Theorem, a family F is normal in L 1
loc on D,

then it is locally bounded in L 1
loc on D. The main purpose of this section is to

investigate possibility of the inverse of the result for a subharmonic function family.
The Riesz decomposition of subharmonic function leads us to begin our below

discussion of normality of subharmonic function family with normality of family of
the logarithmic potentials.

Lemma 7.2.6. Let {μn} be a subsequence of elements in Mc(C) with suppμn ⊂ X
for some fixed compact subset X of C, which weakly* converges to a μ ∈ Mc(C).
Then

(1) for 0 < r < ∞, we have

lim
n→∞

∫ 2π

0
|pμn(reiθ )− pμ(reiθ )|dθ = 0; (7.2.4)

(2) pμn converges to pμ in L 1
loc on C;

(3) for α > 0, pμn converges to pμ in the α-Carleson measure and furthermore
contains a subsequence which converges to pμ uniformly with respect to the α-
Carleson measure.

Proof. To prove (1), we are given a r ∈ (0,∞). Define a linear operator T : L ∞(0,2π)
→C(X) by the formula

(T f )(z) =
∫ 2π

0
log |reiθ − z| f (θ )dθ , z ∈ X .

Noting that supz∈X
∫ 2π

0 | log |reiθ − z||dθ < ∞ and
∫ 2π

0 | log |reiθ − z| − log |reiθ −
w||dθ → 0 as |z−w| → 0, it is easy to see that

S(r) = {T f : f ∈ L ∞(0,2π),‖ f‖∞ � 1}

is uniformly bounded and equicontinuous on X , and therefore S(r) is relatively com-
pact in C(X). We have∫ 2π

0
|pμn(reiθ )− pμ(reiθ )|dθ = sup

f

∫ 2π

0
(pμn(reiθ )− pμ(reiθ )) f (θ)dθ

= sup
f

∫
X
(T f )(z)d(μn(z)−μ(z)), (7.2.5)

where the supremum is taken over all f on the unit ball of L ∞(0,2π) and so T f goes
over S(r). Since

∫
X (T f )(z)d(μn(z)− μ(z)) → 0 as n → ∞ for each T f ∈ S(r), by

noting the relatively compactness of S(r) we deduce that the final quantity in (7.2.5)
will tend to zero as n→∞. In another word, we have shown that

∫
X (T f )(z)d(μn(z)−
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μ(z))→ 0 uniformly in f on the unit ball of L ∞(0,2π) as n →∞ (The observations
will be used in other form in the sequel.)

To prove (2), we consider sufficiently any closed disk on which pμn → pμ in Lloc
and then the same argument as above yields our desired result (2).

To prove (3). Set
[logx]ε = max{logx, logε}

and for a point z ∈ C

J1n(z) =
∫

[log |z−ζ |]εd(μ−μn)

and
J2n(z) =

∫
B(z,ε)

{log |z−ζ |− logε}d(μ−μn).

We write∫
log |z − ζ |dμ(ζ )−

∫
log |z−ζ |dμn(ζ ) =

∫
log |z−ζ |d(μ−μn)(ζ )

=
∫

C\B(z,ε)
log |z−ζ |d(μ−μn)(ζ )+

∫
B(z,ε)

log |z−ζ |d(μ−μn)(ζ )

= J1n(z)+ J2n(z).

Since [log |z− ζ |]ε is continuous in (z,ζ ), it follows from the weak* convergence
of μn to μ that J1n(z) → 0 uniformly on X as n → ∞. Therefore, to complete our
proof it suffices to prove that J2n(z) converges to zero in the α-Carleson measure.
Set μz,n(t) = |μ − μn|({ζ : |ζ − z| < t}) for 0 < t < ε , and for β < α , En

β = {z :

μz,n(t) < ε−β tα}. For z ∈ En
β we have

0 � |J2n(z)| = −
∫ ε

0
[log t − logε ]dμz,n(t)

= −μz,n(t) log
t
ε
|ε0 +

∫ ε

0
μz,n(t)

dt
t

� ε−β
∫ ε

0
tα−1dt =

1
α
εα−β .

We need to estimate the α-Carleson measure of the complement En,c
β of En

β . For

z ∈ Ec,n
β we have a tz such that μz,n(tz) > ε−β tαz . The disks B(z, tz),∀z ∈ Ec,n

β form
a covering of En,c

β . In terms of Lemma 3.2 of Ahlfors and Landkof in Section 4
of Chapter III [21], from the covering we can extract a subcovering {B(z j, tz j)}N

j=1
(1 � N � ∞) with absolutely finite multiplicity ν . Then
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α−mes(En,c
β ) �

N

∑
j=1

tαz j
�

N

∑
j=1

εβ μz j ,n(tz j)

� εβν|μ−μn|(∪N
j=1B(z j, tz j))

� νεβ |μ−μn|(X).

Obviously, there exists a M > 0 such that |μ−μn|(X) � M for n ∈ N.
Given arbitrarily two small τ and δ , we choose ε so that α−1εα−β < τ/2 and

νεβM < δ . Set
Wτ,n = {z : |J1n(z)+ J2n(z)| > τ}.

Take a n0 = n0(ε) such that |J1n(z)| < τ/2 when n > n0 and for z ∈ Wτ,n, we have
|J2n(z)| > τ/2 for n > n0. This implies that Wτ ,n ⊂ En,c

β and thus

α−mes(Wτ ,n) � α−mes(En,c
β ) < δ

so that α−mes(Wτ,n) → 0 as n → ∞.
Thus Lemma 7.2.6 follows. ��
We remark that using a translation we can transfer the result (1) on the circle

{z : |z|= r} to a circle centered any point. Actually, pμ(z+a) = pν (z) for ν = μ ◦T
and T (w) = w + a. Result (1) in Lemma 7.2.6 was proved in [1] and Result (3) in
[3]. The following result immediately follows from Lemma 7.2.6 and Proposition
7.1.1.

Theorem 7.2.3. Let A be a subfamily of M (X) for a compact subset X of C.
If A is uniformly bounded, then P = {pμ : μ ∈ A } is normal in L 1

loc on C and
every sequence in A contains a subsequence {μn} such that for some μ ∈ M (X),
the results in Lemma 7.2.6 hold.

The following is Theorem 4.4.1 of Azarin [3], which establish a relation between
the convergency in L 1

loc and in α-Carleson measure.

Theorem 7.2.4. Let un be a sequence of subharmonic functions on D. Assume that
un → u in D ′(D). Then on each compact subset of D, for arbitrary α > 0, un → u in
the α-Carleson measure and furthermore contains a subsequence which converges
to pμ uniformly with respect to the α-Carleson measure.

Proof. Given arbitrarily a closed disk K of D, μn = 1
2π Δun|K → 1

2π Δu|K = μ in
D ′(K), equivalently week* convergence. We have the Rieze decomposition

un(z) = hn(z)+ pμn(z), u(z) = h(z)+ pμ(z), z ∈ K,

where hn(z) and h(z) are harmonic in K. In terms of the result (2) of Theorem
7.2.6, hn converges in D ′(K) to h and then this implies uniform convergence in any
disk K0 � K. This together with the result (3) of Theorem 7.2.6 yields that un → u
uniformly on K with respect to the α-Carleson measure. ��
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We have the following corollary of Theorem 7.2.4 by noticing that the conver-
gence in L 1

loc implies that in D ′, which has be used in the above proof.

Corollary 7.2.1. Let un and D be given as in above. Assume instead that un → u
in L 1

loc on D. Then the result of Theorem 7.2.4 holds.

Below we establish a basic criterion of normality of subharmonic function family
in the sense of L 1

loc. To the end, we need the following

Lemma 7.2.7. Let u(z) be a subharmonic function on the disk B(0,R) with u(0) �≡
−∞. Then we have

μ(B(0,r)) � 63(R+ r)
R(R− r)2 ‖u‖L 1(B(0,R)) (7.2.6)

and

μ(B(0,r)) � 3(R+ r)
R− r

(J(R,u)−u(0)), (7.2.7)

where μ = 1
2π Δu.

Proof. First of all we estimate J(r, |u|) in terms of ‖u‖L 1(B(0,R)). It is easily seen
that

‖u‖L 1(B(0,R)) =
∫

B(0,R)
|u(z)|dm(z)

=
∫ 2π

0

∫ R

0
|u(teiθ )|tdtdθ

=
∫ R

0
tJ(t, |u|)dt.

Since J(t, |u|) is continuous in t, we have for some r � r1 < r + 1
3 (R− r)

∫ r+ 1
3 (R−r)

r
tJ(t, |u|)dt = J(r1, |u|)1

2

[(
r +

1
3
(R− r)

)2

− r2

]

>
R(R− r)

18
J(r1, |u|)

and for some r + 1
2(R− r) � r2 � R

∫ R

r+ 1
2 (R−r)

tJ(t, |u|)dt = J(r2, |u|)1
2

[
R2 −

(
r +

1
2
(R− r)

)2
]

>
3R(R− r)

8
J(r2, |u|).

Thus
J(r2, |u|)+ J(r1, |u|) � 21

R(R− r)
‖u‖L 1(B(0,R)).



282 7 The Potential Theory in Value Distribution

In terms of the Poisson-Jensen formula (7.2.9) for subharmonic functions, we
have

J(r,u) = u(0)+
∫ r

0
log

r
t

dμ(Dt)

where Dt = B(0, t) and so

J(r2,u)− J(r1,u) = μ(Dr2) logr2 −μ(Dr1) logr1 +
∫ r2

r1

log
1
t

dμ(Dt)

=
∫ r2

r1

μ(Dt)
t

dt

� μ(Dr1) log
r2

r1

� μ(Dr) log
3(R+ r)
2(R+2r)

� μ(Dr)
R− r

3(R+ r)
.

Combining the above inequalities implies (7.2.6) and by noting u(0) � J(r1,u) �
J(r2,u) � J(R,u), the final inequality yields (7.2.7). ��
Lemma 7.2.8. Let μ be a Radon measure on C. Then for any compact subset K,
we have

1
2π

∫ 2π

0
|pμ(reiθ ;K)|dθ � CK(r)μ(K),

where
pμ(z;K) =

∫
K

log |z−w|dμ(w) = pμK (z),

CK(r) = sup
w∈K

1
2π

∫ 2π

0
| log |reiθ −w||dθ

and μK is the restriction of μ to K. Furthermore, we have

‖pμK‖L 1(B(0,R)) � μ(K)
∫ R

0
rCK(r)dr.

Proof. Lemma 7.2.8 follows from the following implication:

1
2π

∫ 2π

0
|pμ(reiθ )|dθ =

1
2π

∫ 2π

0
|
∫

K
log |z−w|dμ(w)|dθ

�
∫

K
dμ(w)

1
2π

∫ 2π

0
| log |reiθ −w||dθ

� μ(K) sup
w∈K

1
2π

∫ 2π

0
| log |reiθ −w||dθ

with
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CK(r) = sup
w∈K

1
2π

∫ 2π

0
| log |reiθ −w||dθ

= sup
w∈K

{
m(r,z−w)+m

(
r,

1
z−w

)}
� sup

w∈K

{
log+(r + |w|)+

1
2

log+ 1
r2 + |w|2

}
− 1
π

∫ π/2

0
log(1− cosθ)dθ ,

by noting that |reiθ − w|2 = r2 + |w|2 − 2r|w|cos(argw − θ) � (r2 + |w|2)(1 −
|cos(argw−θ)|). ��

Under previous preliminary discussion, now we give out a sufficient condition of
a subharmonic function family being normal in L 1

loc.

Theorem 7.2.5. Let F be a family of δ -subharmonic functions on D. Assume
that F in L 1

loc(D) and M (F )− = {μ [u]− : u ∈ F} on D are locally uniformly
bounded from above, that is to say, for every compact subset K of D, there exists a
positive number M(K) such that for each u ∈ F , we have

‖u‖L 1(K) � M(K) and (μ [u])−(K) � M(K).

Then F is normal on D in L 1
loc.

Proof. In terms of Proposition 7.2.1, it suffices to establish the result of Theorem
7.2.5 on the closed disk B(a,R) with B(a,2R) ⊂ D. And we can assume a = 0 for
simplicity.

First of all we prove that μ [u]+ for u ∈ F is uniformly bounded from above
on B(0,R). According to the Riesz Decomposition of subharmonic functions, each
u ∈ F can be written into

u = u1 − pν

where u1 is subharmonic on B(0,R) and ν = μ [u]−|B(0,R). Applying Lemma 7.2.8
yields that

‖u1‖L 1(B(0,2R)) � ‖u‖L 1(B(0,2R)) +‖pν‖L 1(B(0,2R)) � M,

where M is a positive constant only depending on R. From Lemma 7.2.7 it fol-
lows that μ[u]+(B(0,R)) = μ [u1](B(0,R)) � 95M. Now we write u = h + pκ − pν
for some harmonic function h on B(0,R) and here κ = μ [u]+|B(0,R). The previous
argument also deduces that ‖h‖L 1(B(0,R)) is uniformly bounded. Then the family
consisting of h is normal in C . Theorem 7.2.5 follows from Theorem 7.2.3. ��

We consider the case of the whole complex plane.

Theorem 7.2.6. Let A(r) be a positive real-valued function on (0,∞) and F be a
family of δ -subharmonic functions on C. Assume that for all r ∈ (0,∞), we have

‖u‖L 1(B(0,r)) + (μ [u])−(B(0,r)) � A(r). (7.2.8)
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Then (1) F is normal on C in L 1
loc; (2) for each sequence {un} in F , there exist a

δ -subharmonic function u on C and a subsequence {unk} of {un} such that for all
r ∈ (0,∞)

lim
k→∞

J(r, |unk −u|) = 0 and lim
k→∞

J(r,unk) = J(r,u).

Result (2) in Theorem 7.2.6 is essentially Theorem 4 of Anderson and Baern-
stein II [1]. Their assumption is J(r, |u|)+(μ[u])−(B(0,r)) � A(r) instead of (7.2.8),
while this inequality implies (7.2.8).

Proof. Under the assumption (7.2.8), applying Theorem 7.2.5 we conclude the
result (1) in Theorem 7.2.6.

Below we prove the result (2). As in the proof of Theorem 7.2.5, we have |μ |[un]
is locally uniformly bounded. Take a sequence of positive numbers {rm} such that
rm < rm+1 →+∞ as m→∞. Then the usual diagonal argument implies the existence
of subsequence of {μ[un]}, which we still denote by {μ[un]}, such that as n → ∞,
μ[un]± → μ±

m weak* respectively on each B(0,rm). Set κn,m = μ [un]+|B(0,rm) and
νn,m = μ [un]−|B(0,rm). We can write

un = hn,m + pκn,m − pνn,m ,

where hn,m is harmonic on B(0,rm). Obviously, in view of Lemma 7.2.8 and (7.2.8),
{hn,m} is uniformly bounded from above in L 1 on B(0,rm) and in view of Theorem
7.2.5, {hn,m} contains a subsequence which converges uniformly on B(0,rm−1).

Thus for m = 2, we extract a subsequence from {hn,2} which converges to a
harmonic function h2 uniformly on B(0,r1). Let {u(2)

n } be the corresponding sub-
sequence of un and set u(2) = h2 + pμ2 . In view of Lemma 7.2.6, for r ∈ (0,r1] we
have J(r, |u(2)

n − u(2)|) → 0 as n → ∞. We can extract a subsequence from {u(2)
n },

denoted by {u(3)
n } such that for a harmonic function h3 on B(0,r3), for r ∈ (0,r2] we

have J(r, |u(3)
n −u(3)|) → 0 as n → ∞, where u(3) = h3 + pμ3 . Since u(2) and u(3) are

subharmonic on B(0,r1), we have u(2)(z) = u(3)(z) on B(0,r1). Thus we extract suc-
cessive convergent subsequences on each B(0,rm) and the limit functions coincide
on their common domains and hence produce uniquely a function u subharmonic on
C. Now by the usual diagonal argument we have a subsequence of {un} such that
the result (2) of Theorem 7.2.6 holds for the u.

We have completed the proof of Theorem 7.2.6. ��
The final is a version of the Zalcman Lemma for normality of subharmonic func-

tion family in the sense of L 1
loc.

Theorem 7.2.7. Let F be a family of subharmonic functions on D and {μ [u] :
u ∈ F} locally uniformly bounded at a neighborhood of z0 ∈ D. Then the result of
Theorem 7.2.2 holds with (7.2.3) in L 1

loc.



7.2 δ -Subharmonic Functions 285

7.2.3 The Nevanlinna Theory of δ -Subharmonic Functions

Let us start from the equality in Theorem 7.2.1. When D is a bounded regular do-
main and u is subharmonic on a neighborhood of D, there we have h(z) = PDu(z)
and thus we attain the Poisson-Jensen Formula for subharmonic functions

u(z) =
∫
∂D

u(ζ )dωD(z,ζ )− 1
2π

∫
D

GD(z,w)Δu(w), z ∈ D, (7.2.9)

which is a generalization of Theorem 2.1.1. This formula is true for a δ -subharmonic
function u.

For a δ -subharmonic function u on a neighborhood of the closure of a bounded
regular domain D and a point a ∈ D, define

m(D,a,u) =
∫
∂D

u+(ζ )dωD(a,ζ ),

N(D,a,u) =
1

2π

∫
D

GD(a,w)(Δu)−(w)

and
T (D,a,u) = m(D,a,u)+N(D,a,u).

It follows from (7.2.9) that

T (D,a,u) = T (D,a,−u)+u(a). (7.2.10)

When D = B(0,r), we write m(r,u) for m(D,0,u), N(r,u) for N(D,0,u) and T (r,u)
for T (D,0,u).

For z ∈ D with u(z) �= ∞, we have an analogy of (2.1.28):

u(z) � m(D,z,u)+N(D,z,u).

If D is a finitely connected Jordan domain and Γ = ∂D consists of analytic
curves, then dωD(z,ζ ) = 1

2π
∂GD
∂n (z,ζ )ds. Therefore, when u(z) is subharmonic and

D = B(0,R), we have

u(z) � m(D,z,u) =
1

2π

∫ 2π

0

R2 −|z|2
|Reiθ − z|2 u+(Reiθ )dθ � R+ r

R− r
m(R,u).

This shows that
u(z) � R+ r

R− r
T (R,u). (7.2.11)

For a δ -subharmonic function u, in view of (7.2.9), we have

u(a) =
1

2π

∫
∂D

u(a+ reiθ )dθ − 1
2π

∫
D

log
r

|w−a|Δu(w), (7.2.12)

where D = {z : |z−a| < r} and specially, we have
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N(r,u) = J(r,u2)−u2(0).

Noting GD(0,w) = log r
|w| for D = B(0,r), we have

N(r,u) =
∫

D
log

r
|w|dμ

−(w)

where μ = 1
2π Δu. In terms of the formula for integration by parts, setting n(t,u) =

μ−(B(0, t)), we have

N(r,u) =
∫ r

0
log

r
t

dn(t,u)

= lim
ε→0

(
−n(ε ,u) log

r
ε

+
∫ r

ε

n(t,u)
t

dt
)

= lim
ε→0

∫ r

ε

n(t,u)−n(ε ,u)
t

dt.

Since for arbitrary fixed r0 ∈ (ε,r),∫ r

r0

n(t,u)−n(ε ,u)
t

dt �
∫ r

ε

n(t,u)−n(ε ,u)
t

dt �
∫ r

0

n(t,u)−n(0,u)
t

dt,

the Lebesgue Theorem implies that∫ r

r0

n(t,u)−n(0,u)
t

dt � N(r,u) �
∫ r

0

n(t,u)−n(0,u)
t

dt,

where n(0,u) = lim
ε→0

n(ε ,u). Thus we attain

N(r,u) =
∫ r

0

n(t,u)−n(0,u)
t

dt. (7.2.13)

If u(0) �= +∞, then μ− has no mass at 0, and write u = u1−u2 with u2(0) �=−∞.
It is easy to see that N(r,u) = N(r,u2) and n(0,u) = n(0,u2) = 0.

T (r,u) and N(r,u) is a non-negative increasing function in r and T (r,u) → ∞ as
r →∞ if u is not a constant. Define the order and lower order of u by those of T (r,u)
and

δ (∞,u) = liminf
r→∞

m(r,u)
T (r,u)

= 1− limsup
r→∞

N(r,u)
T (r,u)

and δ (0,u) = δ (∞,−u).
The following is a modified format of Theorem 5 of Anderson and Baernstein

[1].

Theorem 7.2.8. Let u = u1 −u2 be a δ -subharmonic function on C. Assume that
{rn}, {τn} and {εn} are three sequences of positive numbers such that rn → ∞,
τn → 0 and εn → 0 and for η > 0 and τ > 0, we have
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T (r,u) � (1+ τn)
(

r
rn

)α
T (rn,u), εnrn < r < ηrn; (7.2.14)

T (r,u) � (1+ τn)
(

r
rn

)β
T (rn,u), τrn < r < ε−1

n rn. (7.2.15)

Set

vn(z) =
u(zrn)

T (rn,u)
.

Then there exist a subsequence of {rn}, which is denoted by the same notation, such
that for a δ -subharmonic function û = û1 − û2 on C with û2(0) = 0, we have

(1) vn(z) → û in L 1
loc as n → ∞;

(2) for each r ∈ (0,∞),

lim
n→∞

∫ 2π

0

∣∣∣vn(reiθ )− û(reiθ )
∣∣∣dθ = 0;

(3) T (r, û) � rα , for 0 < r < η and T (r, û) � rβ , for τ < r < ∞;
(4) if, in addition, û is subharmonic, then for some c > 0, we have û(z) � c|z|α

for 0 < |z| < η/2 and û(z) � c|z|β for τ/2 < |z| < ∞.
(5) T (1, û) = 1;
(6) N(r, û) � (1−δ )T (r, û) for 0 < r < ∞, where δ = δ (∞,u).

Proof. We write vn(z) = v(1)
n (z)− v(2)

n (z), where v(1)
n (z) = u1(zrn)/T (rn,u) and

v(2)
n (z) = u2(zrn)/T (rn,u). We want to prove that {vn(z)} satisfies the assumption

of Theorem 7.2.6.
Take a fixed r ∈ (0,∞). Since rrn → ∞, it is obvious that we may assume u1 and

u2 are harmonic in |z| < 1 and u1(0) � 0 and u2(0) � 0, otherwise we replace u1
and u2 with their Poisson integrals along |z| = 1 and add suitable constants. Thus
J(r,ui) � ui(0) � 0(i = 1,2) and in terms of (7.2.12), we have

N(r,−u) = J(r,u1)−u1(0)

and further in terms of (7.2.10), we have

J(r, |u|) = m(r,u)+m(r,−u)
= m(r,u)+T (r,u)−N(r,−u)−u(0)
= m(r,u)+T (r,u)− J(r,u1)+u2(0)
� 2T (r,u)+u2(0), ∀ r ∈ (0,∞).

In terms of (7.2.15), for all large n, we have
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J(r, |vn|) =
J(rrn, |u|)
T (rn,u)

� 2T (rrn,u)+u2(0)
T (rn,u)

� 2T ((r +τ)rn,u)+u2(0)
T (rn,u)

� 4(r + τ)β .

Thus supn J(r, |vn|) < +∞. Similarly, we have

J(r,v(2)
n ) =

J(rrn,u2)
T (rn,u)

� T (rrn,u)+u2(0)
T (rn,u)

� 2(r + τ)β

and so supn J(r,v(2)
n ) < +∞. Set A(r) = supn J(r, |vn|) + supn J(r,v(2)

n ) < +∞. In
terms of (7.2.7), we have shown that {vn(z)} satisfies the assumption of Theorem
7.2.6.

In terms of Theorem 7.2.6, for a subsequence of {rn}, there exists a δ -subharmonic
function û = û1 − û2 on C with û2(0) = 0 such that (1) and (2) hold and in view of
(7.2.12)

lim
n→∞

N(r,vn) = lim
n→∞

(J(r,v(2)
n )− v(2)

n (0)) = J(r, û2) = N(r, û).

Noting |v+
n − û+| � |vn − û|, from (2) it follows that

m(r,vn) = J(r,v+
n ) → J(r, û+) = m(r, û)

as n → ∞ and therefore T (r,vn) → T (r, û) as n → ∞.
In terms of (7.2.14) and (7.2.15), we have

T (r,vn) =
T (rrn,u)
T (rn,u)

� (1+ τn)rα , for εn < r < η,

T (r,vn) =
T (rrn,u)
T (rn,u)

� (1+ τn)rβ , for τ < r < ε−1
n ,

and T (1,vn) = 1. This immediately implies that (3) and (5) hold. Since

N(r,vn) = J(r,v(2)
n )− v(2)

n (0) =
J(rrn,u2)−u2(0)

T (rn,u)

=
N(rrn,u)
T (rn,u)

� (1−δ +o(1))T (rrn,u)
T (rn,u)

= (1−δ +o(1))T (r,vn),

we immediately deduce N(r, û) � (1−δ )T (r, û) and (6) follows.
Now assume that û(z) is subharmonic. In terms of (7.2.11) and (3) which we

have proved, we have

û(z) � 3T (2r, û) � 3×2β |z|β , ∀ |z| > τ/2
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and û(z) � 3×2α |z|α , ∀ |z| < η/2 and hence (4) follows.
We have completed the proof of Theorem 7.2.8. ��
For a δ -subharmonic function u of the finite order, we consider its type function

U(r) replacing its characteristic T (r,u) in Theorem 7.2.8 as V. S. Azarin [3] did.
That is to consider the function

ur(z) = u(rz)r−λ (r),

where λ (r) is a proximate order of u. Noting that for all sufficiently large r, T (r,u) �
2U(r) and for any fixed d > 0, U(dr) = (1 + o(1))U(r), by the same argument as
in the proof of Theorem 7.2.8, then we can verify that for an arbitrary sequence
rn → ∞, the results (1), (2) of Theorem 7.2.8 hold and T (r, û) � rλ , 0 < r < ∞ and
if û(z) is subharmonic, then û(z) � c|z|λ , 0 < |z| < ∞, where λ is the order of u.

In what follows, we consider the special case when u(z) = log | f (z)| for some
meromorphic function f (z) on D. Obviously, u(z) is a δ -subharmonic function. It
is easy to see from their definitions that m(D,a,u) = m(D,a, f ) where m(D,a, f ) is
the approximated function of f in the sense of meromorphic functions. Noting the
following basic equalities

∂z log |z−w| = [2(z−w)]−1, ∂ z(z−w)−1 = πδw

and
Δz log |z−w| = 2πδw,

where δw is the unit point mass at w, that is, the Dirac measure at w, we have

μ− =∑
a
δa,

where the sum is taken over all poles of f (z) in D counted with their multiplicities
and thus

N(D,a,u) =
∫

D
GD(a,w)dμ−(w) = ∑

bn∈D
GD(bn,a) = N(D,a, f ).

This implies that the characteristic T (D,a,u) of u coincides with the characteristic
T (D,a, f ) of f (z).

When D = B(0,r), n(r,u) = μ−(B(0,r)) = n(r, f ), where n(r, f ) is the number of
poles of f (z) in the disk {z : |z|< r}. If 0 is not a pole of f (z), then N(r,u) = N(r, f ).

Below we establish a following analogy of the lemma on logarithmic derivative
of meromorphic functions, which is Lemma 2 of Eremenko [11].

Theorem 7.2.9. Let { f j} be a sequence of meromorphic functions in D and t j →
0 be a sequence of positive numbers. Assume that the sequences of t j log | f j| and
t j log | f ′j| are normal in L 1

loc on D and converge to u1 and u2 respectively in L 1
loc

on D. Then u2(z) � u1(z) on D and on each fine component B of the set {z : u2(z) <
u1(z)}, u1 is identically equal to some constant t and B is precisely a fine component
of the set {z : u2(z) < t}.
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Proof. Given arbitrarily a fixed point a ∈ D, take a R > 0 such that B(a,R) ⊂ D.
We may assume a = 0 for simple statement. In terms of (2.1.2), we have

log f j(z) =
1

2π

∫ 2π

0
log | f j(Reiθ )|Reiθ + z

Reiθ − z
dθ

−∑
am

log
R2 −amz
R(z−am)

+∑
bn

log
R2 −bnz
R(z−bn)

+ iC,

where C is a real number, and differentiating both of the sides yields

f ′j(z)
f j(z)

=
1

2π

∫ 2π

0
log | f j(Reiθ )| 2Reiθ

(Reiθ − z)2 dθ

+∑
am

(
am

R2 −amz
− 1

am − z

)
−∑

bm

(
bm

R2 −bmz
− 1

bm − z

)
,

where the sums are taken over all zeros am and poles bn of f j in B(0,R). Thus

| f ′j(z)|
| f j(z)| � R

π(R− r)2

∫ 2π

0
| log | f j(Reiθ )||dθ

+∑
am

1
|am − z| +∑bn

1
|bn − z| +

n j

R− r
,

where n j = n(R, f )+n(R,1/ f ). Since {t j log | f j|} is normal in L 1
loc, we have∫ 2π

0
| log | f j(Reiθ )||dθ = O

(
1
t j

)
, n j = μ j(B(0,R)) = O

(
1
t j

)
, j → ∞,

where μ j is the measure associated with log | f j(z)|. In terms of Lemma 1.2.3, for a
fixed 0 < d < 1 it follows that

t j

∫
B(0,r)

log+ | f ′j(z)|
| f j(z)|dm(z) � t jd−1πr2 log+

⎛⎝(πr2)−1
∫

B(0,r)

∣∣∣∣∣ f ′j(z)
f j(z)

∣∣∣∣∣
d

dm(z)

⎞⎠
+t j log2

� O(t j log t j)+ t jd−1πr2 log+∑
am

∫
B(0,r)

1
|am − z|d dm(z)

+t jd−1πr2 log+∑
bn

∫
B(0,r)

1
|bn − z|d dm(z)

= O(t j log t j) → 0, as t j → 0,

so that ∫
B(0,r)

(u2 −u1)+dm(z) � 0, ∀ 0 < r < R.
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This yields u2(0) � u1(0) and furthermore, u2(z) � u1(z) in D.
Now we prove that u1 is a constant on B. For a fixed point z0 ∈ B, we can choose

an arbitrary small r such that Cr = {z : |z− z0| = r} ⊂ B and

t j log | f ′j| → u2, t j log | f j| → u1

hold uniformly on Cr as j passes a subsequence of positive integers to ∞ by means
of Theorem 7.2.4. Take two real numbers τ and τ ′ such that

u2(z) < τ ′ < τ < u1(z), ∀z ∈Cr.

For a fixed point z1 ∈Cr with | f j(z)| � | f j(z1)|,∀z ∈Cr, we have∣∣∣∣∣∣∣∣ f j(z)
f j(z1)

∣∣∣∣−1
∣∣∣∣ � | f j(z1)|−1

∫
ẑ1z

| f ′j(z)||dz|

� exp
(
− τ

t j

)
exp

(
τ ′

t j

)
2πr

= 2πr exp
(
−τ− τ ′

t j

)
,

where ẑ1z is a part of Cr from z1 to z, so that

|t j log | f j(z)|− t j log | f j(z1)|| � t j log
(

1+
∣∣∣∣∣∣∣∣ f j(z)

f j(z1)

∣∣∣∣−1
∣∣∣∣)

� t j

∣∣∣∣∣∣∣∣ f j(z)
f j(z1)

∣∣∣∣−1
∣∣∣∣

� 2πrt j exp
(
−τ− τ ′

t j

)
→ 0,

as j →∞. This shows that u1(z) = u1(z1) on Cr. We have proved that for every point
z0 ∈ B, we can take arbitrary small circles around it on which u1 is a constant.

Now consider two arbitrary points a and b in B. Since B is polygonally connected,
we can have a polygonal curve Γ ⊂ B to connect a and b. Noting that

lim
r→0

1
2π

∫ 2π

0
u1(a+ reiθ )dθ = u1(a),

given an arbitrarily small ε > 0 we have a sufficiently small r such that on C1 = {z :
|z−a| = r}, u1 is a constant and on C1

|u1(z)−u1(a)| = | 1
2π

∫ 2π

0
u1(a+ reiθ )dθ −u1(a)| < ε .

The same argument implies the existence of a small circle C2 centered at b such that
on C2, u1 is a constant and
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|u1(z)−u1(b)| < ε .

From the previous result we have attained, it follows that each point of Γ is the
center of some arbitrarily small circles on which u1 is a constant. We can choose
a finite collection of these circles together with C1 and C2 such that their interiors
cover Γ and the union of these circles is connected. Therefore, u1 is a constant on
the connected union so that |u1(a)−u1(b)|< 2ε and this implies u1(a) = u1(b), that
is to say, u1(z) is a constant on B.

Finally, set u1(z) ≡ t on B and t is a real number. Then B ⊂ {z : u2(z) < t}. Let
B′ be the fine component of {z : u2(z) < t} containing B. The same argument as in
the preceding paragraph yields that u1(z) ≡ t on B′, otherwise, we can find a circle
C′ ⊂ B′, but C′ �⊂ B and C′ ∩B �= ∅ such that on C′, u2(z) < t − δ for some δ > 0,
while as in above we have u1 ≡ t on C′, a contradiction is derived. This implies
B = B′.

We complete the proof of Theorem 7.2.9. ��

7.3 Eremenko’s Proof of the Nevanlinna Conjecture

In 1929, F. Nevanlinna raised the following famous conjecture which attracted a
great of interests.

Nevanlinna’s Conjecture Let f (z) be a meromorphic function with finite order
λ such that

∑
a∈Ĉ

δ (a, f ) = 2. (7.3.1)

Then all of the following statements hold:
(1) 2λ is a natural number � 2;
(2) δ (a, f ) = p(a)/λ , where p(a) is a non-negative integer and v( f ) � 2λ where

v( f ) is the number of deficient values of f ;
(3) all deficient values are asymptotic.
In order to solve this conjecture, many remarkable methods of analysis, geometry

and potential theory as well have been introduced into the study of value distribution
of meromorphic functions. This conjecture for entire functions was proved in 1946
by A. Pfluger [23] with the order λ being a natural number instead and moreover,
he proved that for an entire function f with finite non-integer order λ , ∑a δ (a, f ) �
2− k(λ , where k(λ ) = 1, 0 � λ � 1/2; k(λ ) = sin(πλ ), 1/2 � λ � 1; k(λ ) �
(q + 1−λ )(λ − q)/{2λ (q +λ )[2 + logq]}, 1 < λ ,q = [λ ]. A substantial step for
the proof of the conjecture was walked by A. Weitsman [27] in 1969 who proved
that under the assumption of the conjecture, v( f ) � 2μ( f ), μ( f ) is the lower order.
Up to 1983, it is D. Drasin who gave a complete proof of this conjecture in [8].
However, his proof is very complicated and his paper has about 100 pages. A simple
proof of using the potential theory was found by A. Eremenko, which is what we
will introduce in this section.

Recall the quantity
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N1(r, f ) = 2N(r, f )−N(r, f ′)+N
(

r,
1
f ′

)
appearing in Theorem 2.1.4. Set

n1(r, f ) = 2n(r, f )−n(r, f ′)+n
(

r,
1
f ′

)
,

which counts the multiple points of f including the multiple poles. Then N1(r, f ) is
the integrated counting function for n1(r, f ) and so it is known as the ramification
term. In terms of the basic inequality (2.1.13), for arbitrary finite number of points
a j ∈ Ĉ(1 � j � q) we have

q

∑
j=1

δ (a j, f ) � 2− limsup
r→∞

N1(r, f )
T (r, f )

.

If (7.3.1) holds, then

N1(r, f ) = o(T (r, f )), as r → ∞. (7.3.2)

It is natural to ask if (7.3.2) implies (7.3.1) as well as the results stated in the
Nevanlinna’s conjecture. D. F. Shea [25] proved that if the lower order μ( f ) < 1/2,
then

inf
A

limsup
r∈A→∞

N1(r, f )
T (r, f )

� cos(πμ),

where the inf is taken over all the set A with density one.
The following is theorem Eremenko [11] proved, which is main result introduced

in this section.

Theorem 7.3.1. Let f (z) be a meromorphic function with finite lower order satis-
fying (7.3.2). Then the results in the Nevanlinna’s conjecture hold. If we normalize
such that δ (∞, f ) = 0, then we have

log
1

| f ′(reiθ )| = πrλh(r)|cosλ (θ −φ(r))|+o(rλh(r)), as r → ∞, (7.3.3)

uniformly with respect to θ outside a C1
0 set; On

Vk = {z = reiθ :
π

2λ
(2k−1) � θ −φ(r) � π

2λ
(2k +1)} (k = 1,2, · · · ,q),

there exists a ak ∈ Ĉ such that

log
1

| f (reiθ )−ak| = πrλh(r)|cosλ(θ −φ(r))|+o(rλh(r)), as r → ∞, (7.3.4)

uniformly with respect to θ outside a C1
0 set, while h(r) and φ(r) are continuous with

h(cr) ∼ h(r) and φ(cr) = φ(r)+o(1) as r → ∞ uniformly with respect to c ∈ [1,2].
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Moreover,
T (r, f ) ∼ rλh(r), as r → ∞. (7.3.5)

To prove Theorem 7.3.1, we need the following

Lemma 7.3.1. Let U be a subharmonic function on C such that for arbitrarily
small δ > 0

0 � U(z) � c|z|λ−δ , |z| < η ,

0 � U(z) � c|z|λ+δ ,τ < |z|,
where η and τ depend on δ and the set {z ∈ C : U(z) > 0} has precisely q fine
components. Assume that there is a Riemann surface Σ with a two-sheeted ramified
covering p : Σ → C and a function h harmonic on Σ such that U ◦ p = |h| and p is
ramified over at most q−2 points on C and each ramification point of p is a zero of
h of order at least 3. Then we have q = 2λ and

U(reiθ ) = |a|rλ |cosλ (θ −θ0)| (7.3.6)

for some θ0 ∈ [0,2π] and a complex number a.

Proof. First of all, we prove that q = 2λ . Consider a disk D0 = B(0,r) so small
that p is unramified over D0 \ {0}. Then we have a multi-valued analytic function
H(z) on D0 which has the expansion of the Puiseux series

H(z) =
∞

∑
k=s

ckzk/2

with cs �= 0 such that U(z) = |ReH(z)| in D0. Thus we obtain an asymptotic repre-
sentation of U(z)

U(z) = |Re(cszs/2(1+o(1)))|, z → 0. (7.3.7)

Using the inequality 0 � U(z) � c|z|λ−δ yields s � 2(λ −δ ). From U ◦ p = |h| and
that h is harmonic, it follows that {z : U(z) = 0} contains s distinct simple piecewise
analytic curves γn(n = 1,2, · · · ,s) starting at the origin. Every pair of distinct γn
and γm cannot intersect each other, otherwise in terms of the maximum principle
of subharmonic functions, U vanishes identically in the domain surrounded by γn
and γm and this contradicts the representation (7.3.7) of U(z). And we can assume
that γn end at a boundary point of D0. Since D0 ∩{z ∈ C : U(z) > 0} has at most q
components, we get q � s. On the other hand, from the Denjoy-Carleman-Ahlfors
Theorem for subharmonic functions (cf. Lemma 6.2.1) it follows that q � 2(λ +δ ).
This implies that q = s = 2λ , as δ is arbitrarily small.

Since h is harmonic on Σ , we can get a multi-valued analytic function T on Σ
such that h = ReT . The derivatives of the conjugate harmonic function of h with
respect to the coordinates equal to the derivatives of h with respect to the suitable
coordinates, that is to say that these derivatives are single-valued. For any point ξ
on Σ a neighborhood Σ0 of which is conformly mapped by p onto a disk B on C,
the derivatives of all branches of T ◦ p−1

0 (z) are equal, where p−1
0 is a branch of p−1
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from B onto Σ0, and hence dT
dp ◦ p−1

0 (z) is single-valued in B and dT
dp is single-valued

at ξ . It is easily seen that ψ = dT
dp is a single-valued meromorphic function on Σ , for

p has only finitely many ramified points.
Next we want to prove in terms of ψ that p is ramified only over 0. Noting that

each ramification point of p, that is, zero of dp, is a zero of h of order at least 3 and
dp has only simple zeros, we easily see that ψ vanishes at each ramification point of
p. Therefore, ψ is analytic on Σ . We add the points of p−1(∞) to Σ to get a compact
Riemann surface Σ̂ , and the points will be called the infinite points on Σ̂ .

Take a large R > 0 such that p has no ramified points over B = {z : |z|> R}. Since
p is a covering mapping, we have an analytic function H̃(z) in a neighborhood of a
point in B = {z : |z|> R} such that h◦ p−1(z) = ReH̃(z). We will get a multi-valued
analytic function by continuing analytically H̃(z) in {z : |z| > R}, which is denoted
still by H̃(z). Then we have U(z) = |ReH̃(z)| and so 0 � |ReH̃(z)| � c|z|λ+1/4 in B.
Now we expand H̃(z) in B into the Puiseux series

H̃(z) =
2λ

∑
k=−∞

akzk/2. (7.3.8)

It follows that a2λ �= 0 from the assumption of that the set {z ∈ C : U(z) > 0} has
precisely q = 2λ tract and furthermore, we can write

U(z) = |Re(a2λ zλ (1+o(1)))|, z → ∞.

Noting that T = H̃ ◦ p yields that ψ has poles only in the infinite points of Σ whose
total multiplicity is q−2.

The same argument as the above implies that 0 is a zero of U(z) with order at
least q. Consider a neighborhood of 0 and as in the above discussion, we can get that
the total multiplicity of zeros of ψ over 0 is at least q− 2. Since on Σ̂ the number
of zeros of ψ equals the number of poles of ψ , therefore ψ has no other zeros than
those over 0. This immediately implies that p is ramified only over 0, because ψ
vanishes at each ramification point of p.

Thus we can continue H̃(z) toward C\{0} so that (7.3.8) holds in C\{0}. Em-
ploying the inequality 0 � U(z) � c|z|λ−δ , |z| < η to (7.3.8)yields

H̃(z) = a2λ zλ .

From this (7.3.6) follows. ��
Now we are in position to prove Theorem 7.3.1.

Proof. From the Shea’s result mentioned before Theorem 7.3.1 we can assume that
μ( f ) � 1/2. First of all, we prove (7.3.3) and the results stated in the Nevanlinna’s
conjecture in the case when

m(r, f ) = o(T (r, f )) (7.3.9)
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as r →∞, that is, ∞ is not a Valiron exceptional value of f . This together with (7.3.2)
yields

N(r, f ) ∼ N(r, f ) ∼ T (r, f ). (7.3.10)

In terms of Lemma 2.5.1 on the logarithmic derivative and (7.3.10), we have

T (r, f ) = N(r, f )+o(T (r, f )) =
N(r, f ′)

2
+o(T (r, f )) � T (r, f ′)

2
+o(T (r, f )),

and

T (r, f ′) � 2N(r, f )+m(r, f )+m(r, f ′/ f ) � 2T (r, f )+o(T (2r, f )).

Consider a positive number β and a sequence of positive numbers {r j} tending
to ∞ such that there exist two sequences {ε j} and {τ j} with ε j → 0 and τ j → 0 and
for any small δ , we have

T (r, f ) � (1+ τ j)
(

r
r j

)β−δ
T (r j, f ), ε jr j � r � ηr j,

T (r, f ) � (1+ τ j)
(

r
r j

)β+δ
T (r j, f ), τr j � r � ε−1

j r j,

where η and τ are two positive numbers only depending on δ .
For a fixed β ∈ [μ∗,λ ∗] with β > 0, where λ ∗ and μ∗ are respectively the Pólya

order and Pólya lower order of T (r, f ) (for their definition, see the paragraph before
Lemma 1.1.3), the Drasin and Shea Theorem [9] asserts the existence of a sequence
{r j} of Pólya peak of order β , which obviously satisfies the above inequalities with
η < 1 and τ > 1.

Then
T (r j, f ′) ∼ 2T (r j, f ) (7.3.11)

as j → ∞.
Define a sequence of δ -subharmonic functions

Uj(z) =
1

T (r j, f )
log

1
| f ′(r jz)| . (7.3.12)

From (7.3.11) and Theorem 7.2.8, it follows that {r j} contains a subsequence, which
we still denote by {r j}, such that for a δ -subharmonic function U on C, we have for
each r ∈ (0,∞),

lim
j→∞

∫ 2π

0

∣∣∣Uj(reiθ )−U(reiθ )
∣∣∣dθ = 0

and for arbitrarily small δ > 0, we have

0 � U(z) � c|z|β−δ , |z| < η and 0 � U(z) � c|z|β+δ ,τ < |z|, (7.3.13)
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where η and τ depend on δ . The left side of above inequality comes from the fol-
lowing implication. Since U−

j (z) = 1
T (r j , f ) log+ | f ′(r jz)|, we have therefore

0 �
∫ 2π

0
U−

j (reiθ )dθ =
1

T (r j, f )
m(r jr, f ′)

� 1
T (r j, f )

(m(r jr, f )+m(r jr, f ′/ f ))

=
1

T (r j, f )
o(T (2r jr, f )) → 0,

as j →∞. In terms of Theorem 7.2.4, U−
j converges to 0 in the 1-Carleson measure.

This together with the Maximal Principle for subharmonic functions implies that
U− = 0 and so U � 0. It is clear that

(ΔUj)− =
1

T (r j, f ) ∑
f ′(r jz)=0

δr jz.

For arbitrary r > 0, we have

(ΔUj)−(B(0,r)) =
1

T (r j, f )
n1(rr j, f ) � 1

T (r j, f )
N1(2rr j, f )(log2)−1 → 0

as j → ∞. This yields that the Riesz charge of U is a measure, denoted by 2μ , and
therefore U is subharmonic.

In what follows, we want to characterize the behavior of U in terms of Lemma
7.2.3 and Lemma 7.3.1, through which we will complete the proof of Theorem 7.3.1.
An application of the Denjoy-Carleman-Ahlfors Theorem to (7.3.13) yields that the
set {z : U(z) > 0} has a finite number of fine components, denoted by E1,E2, · · · ,Eq.
By means of Lemma 7.2.4, U has the decomposition

U =
q

∑
k=1

UEk , (7.3.14)

where each UEk is subharmonic on C.
Choose q + 1 complex numbers bn(n = 1,2, · · · ,q + 1) such that bn’s are not

Valiron exceptional values and all bn-points of f are simple. Then

m(r, f −bn)+m(r,( f −bn)−1) = o(T (r, f ))

and it shows that
1

T (r j, f )
| log | f (r jz)−bn|| → 0

in L 1
loc with respect to the linear measure on {z : |z| = r}. For each n, the sequence

of δ -subharmonic functions
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Ûn, j(z) = − 1
T (r j, f )

log
∣∣∣∣( 1

f −bn

)′
(r jz)

∣∣∣∣
= − 1

T (r j, f )
log | f ′(r jz)|+ 2

T (r j, f )
log | f (r jz)−bn|

has the same limit function U(z) as Uj(z) does.
Given an arbitrarily large R > 0, by noting that U is unbounded in each Ek we

can find circles Ck ⊂ Ek such that

U(z) > MU (R),z ∈Ck,1 � k � q; (7.3.15)

and {Uj} and {Ûn, j} converges to U uniformly on Ck.
The next aim is to get a decomposition of U satisfying the assumptions of Lemma

7.2.3. To do this, we choose a point zk ∈Ck and a subsequence of {r j}, denoted still
by {r j}, such that

f (r jzk) = ck, j → ck,1 � k � q, (7.3.16)

as j → ∞ and ck ∈ Ĉ. Take a complex number b from {b1, · · · ,bq+1} such that
b �= ck(1 � k � q). Set ak = (ck − b)−1 (ak = 0 if ck = ∞), ak, j = (ck, j − b)−1 and
F(z) = ( f (z)−b)−1.

Define q sequences of δ -subharmonic functions

Wk, j(z) =
1

T (r j, f )
log

1
|F(r jz)−ak, j| . (7.3.17)

Since ak’s are finite and ak, j → ak as j → ∞, the sequence {ak, j : k = 1,2 · · · ,q; j =
1,2, · · ·} are bounded. This implies that

T (r,F −ak, j) = T (r,F)+O(1) = T (r, f )+O(1)

uniformly in j. In terms of Theorem 7.2.8, there exists a subsequence, which we
still denote by {r j}, such that for a δ -subharmonic function Wk on C, we have for
each r ∈ (0,∞),

lim
j→∞

∫ 2π

0

∣∣∣Wk, j(reiθ )−Wk(reiθ )
∣∣∣dθ = 0

as j → ∞. Noting the fact that m(r,F − ak, j) = m(r,F)+ O(1) = o(T (r, f )) and in
terms of Theorem 7.2.9, we immediately attain

0 � Wk � U, 1 � k � q. (7.3.18)

In terms of (7.3.15) and uniform convergence of {Ûn, j} to U on Ck, we have
|F ′(z)| < exp(−MU (R)T (r j, f )), z ∈ r jCk and hence
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log |F(z)−ak, j| = log |F(z)−F(r jzk)|
� log

∫
ẑ,r jzk

|F ′(ζ )||dζ |

� −MU (R)T (r j, f )+ log(2πRkr j), z ∈ r jCk,

where Rk is the radius of Ck so that

Wk, j(z) � MU (R)− 1
T (r j, f )

log(2πRkr j), z ∈Ck.

This yields that
Wk(z) � MU (R), z ∈Ck. (7.3.19)

Define q functions uk(z) = Wk(z) for z ∈ Ek and uk(z) = 0 for z ∈ C \Ek. We
want to prove that uk(1 � k � q) satisfies the assumptions of Lemma 7.2.3. Since
∑n�=k UEn = 0 for z ∈ Ek and Wk � ∑n�=k UEn for z ∈ C\Ek, we have

uk =

(
Wk −∑

n�=k
UEn

)+

and then uk is δ -subharmonic. It is easy to see from (7.3.18) that

0 � uk � U, 1 � k � q. (7.3.20)

We want to prove that the support of uk is Ek and connected. From Theorem 7.2.9
it follows that on each fine component Dk,m of the set {z ∈ Ek : Wk(z) <U(z)}, Wk ≡
tk,m, a real constant, and the fine component is also equal to a fine component of the
set {z : U(z) > tk,m}. In terms of (7.3.13) and Denjoy-Carleman-Ahlfors Theorem,
for each t, the number of fine components of the set {z : U(z) > t} is bounded from
above and hence the set {z ∈ Ek : Wk(z) < U(z)} has only a finite number of fine
components. This implies that we have only finitely many tk,m. Set t0 = mink,m{tk,m}
and then t0 � 0.

Suppose that t0 = 0 and then some tk,m = 0. In terms of the result in the final state-
ment of Theorem 7.2.10, Dk,m = Ek, that is to say Wk ≡ 0 in Ek, but this contradicts
(7.3.19), noting that Ck ⊂ Ek. We prove t0 > 0.

It is clear that uk(z) = Wk(z) � t0 in the set {z ∈ Ek : Wk(z) < U(z)}, while in the
set {z ∈ Ek : Wk(z) = U(z)}, uk(z) = Wk(z) = U(z) > 0. Thus uk(z) > 0 for z ∈ Ek,
that is to say, the support of uk is Ek.

In view of (7.3.13), U(0) = 0 and hence the set {z : U(z) < t0} has a component
D(t0) containing 0. Since the subharmonic function U is upper semi-continuous,
D(t0) is an open set. The maximum principle for subharmonic functions yields that
D(t0) must be simply connected. Set D = D(t0). If z ∈ Ek ∩D, then U(z) < t0 and
furthermore z �∈ {z ∈ Ek : Wk(z) < U(z)} and this deduces uk(z) = U(z) = UEk(z).
An application of Lemma 7.2.4 to D and U(z) yields that uk(z) is subharmonic in D
and we have the following decomposition
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U(z) =
q

∑
k=1

uk(z), z ∈ D. (7.3.21)

Let μk be the Riesz charge of uk and ηk be the Riesz charge of Wk. We want to
prove that the restriction of μk and μ to D satisfies (7.2.2) in Lemma 7.2.3. From
(7.3.21) it follows that 2μ = ∑q

k=1 μk. Thus it is sufficient to prove that for each k,
μ � μk. We know that μ[Wk, j]+ weakly converges to η+

k as j → ∞ and

(ΔWk, j)+ =
1

T (r j, f ) ∑
f (r jz)=b

δr jz =
1
2
(ΔÛn, j)+

for some n with bn = b, that is, Ûn, j(z) is the function in (7.3.12) with f ′ replaced by
F ′, Recalling that each Ûn, j(z) has the limit function U , then we have μ = η+

k . From
the definition of uk, in view of Lemma 7.2.5 we have μk|Ek = ηk|Ek and μk|Em = 0
for m �= k. E = C \ ∪Ek = {z : U(z) � 0} is a Borel set and uk(z) = 0 in E and
uk(z) � 0 on C. Then using Lemma 7.2.2 yields μk|E � 0 and thus we get μk � η+

k
so that μk � μ . This immediately implies (7.2.2).

Now we can use Lemma 7.2.3 to get a Riemann surface Σ with a two-sheeted
ramified covering p : Σ → D and a function h harmonic on Σ such that U ◦ p =
|h|. As in the proof of Lemma 7.3.1, we get q = 2β . Since β can be chosen to be
arbitrary positive number between μ∗ and λ ∗, we immediately have μ∗ = λ ∗ = q/2.
Furthermore, we have λ = λ ( f ) = μ( f ) = q/2. Hence we have proved result (1) in
the Nevanlinna conjecture.

And it together with the Denjoy-Carleman-Ahlfors Theorem also produces that
for each t > 0, {z : U(z) > t} has at most q fine components, while {z : U(z) > 0}
has just q fine components. Then {z : U(z) > t} has just q fine components. Since
each fine component of the set {z ∈ Ek : Wk(z) < U(z)} (k = 1,2, · · · ,q) is a fine
component of {z ∈ Ek : U(z) > tk} for some tk > 0, therefore Dk = {z ∈ Ek : U(z) >
tk} (k = 1,2, · · · ,q) has only one fine component, that is, Dk is finely connected. It
is easy to see that uk(z) = U(z) � tk for z ∈ Ek \Dk and in terms of Theorem 7.2.9,
uk(z) = Wk(z) = tk for z ∈ Dk so that uk(z) � tk,z ∈ Ek.

Employing (7.3.19) deduces that uk(z) = Wk(z) � MU (R),z ∈ Ck so that tk �
MU (R). Now for t = mink{tk}> 0 we define D = D(t) which is the component of {z :
U(z) < t} containing 0. Then D contains the disk B(0,R). The previous argument is
used to this D, by noting that R can be chosen to be arbitrarily large, to show that
the assumption of Lemma 7.3.1 is satisfied by U . Therefore, we have (7.3.6)

U(reiθ ) = |a|rλ |cosλ (θ −θ0)|

for some complex number a and some θ0 ∈ [0,2π).
Since in terms of (7.3.10)

m
(

r j,
1
f ′

)
−m(r j, f ′) = N(r j, f ′)−N

(
r j,

1
f ′

)
+O(1)

= 2T (r j, f )+o(T (r j, f )),
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we have

1
2π

∫ 2π

0
Uj(eiθ )dθ =

1
T (r j, f )

(m
(

r j,
1
f ′

)
−m(r j, f )) → 2,

so that
1

2π

∫ 2π

0
U(eiθ )dθ = 2, j → ∞.

This immediately yields |a| = π , that is, we have

U(reiθ ) = πrλ |cosλ (θ −θ0)|. (7.3.22)

Then for any fixed t > 0, we have

1
2π

∫ 2π

0
Uj(teiθ )dθ → 1

2π

∫ 2π

0
U(teiθ )dθ = 2tλ , j → ∞.

On the other hand, we have

1
2π

∫ 2π

0
Uj(teiθ )dθ =

1
T (r j, f )

(
N(tr j, f ′)−N

(
tr j,

1
f ′

)
+O(1)

)
=

2(1+o(1))T (tr j, f )
T (r j, f )

+o(1).

This implies that
T (tr j, f )/T (r j, f ) → tλ , as j → ∞. (7.3.23)

Since λ ∗ = μ∗, every sequence of positive numbers tending to infinity satisfies
the requirement of the sequence {r j} in the above discussion and so contains a sub-
sequence, denoted by {r j}, such that Uj(z) →U(z) in L 1

loc as j → ∞ and U(z) has
the form (7.3.22). Furthermore we also have (7.3.23) and therefore every unbounded
sequence of positive numbers contains a subsequence such that (7.3.23) holds. Thus
it is not difficult to see that

T (tr, f )
T (r, f )

→ tλ , r → ∞.

Write h(r) = T (r, f )r−λ , and the above limit yields that h(tr) ∼ h(r),r →∞ uni-
formly with respect to t ∈ [1,2].

Denote by X the set of all subharmonic functions of the form

u(reiθ ;θ0) = πrλ |cosλ (θ −θ0)|,θ0 ∈ [0,2π ].

Set
Ut(z) =

1
tλh(t)

log
1

| f ′(tz)| , t > 0.
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The result we have previously obtained yields that for each sequence {t j} tending to
infinity, Ut j(z) converges to an element in X in L 1

loc. Letting ut(z) = u(z;φ(t)) ∈ X
be the closest element to Ut , then we have

d(Ut ,ut) = d(Ut ,X) → 0, t → ∞

so that
Ut(z) = u(z;φ(t))+o(1), t → ∞, (7.3.24)

where d(u,v) denotes the distance of u and v in L 1
loc and o(1) stands for a function

which tends to 0 in L 1
loc as t → ∞ and thus

log
1

| f ′(tz)| = πrλ tλh(t)|cosλ (θ −φ(t))|+o(1), z = reiθ . (7.3.25)

In terms of Theorem 7.2.4, (7.3.25) holds uniformly with respect to 1-Carleson mea-
sure, that is, uniformly with respect to θ outside a C1

0 set E.
Now we prove that φ(t) satisfies the requirement of Theorem 7.3.1. It is sufficient

to prove that
d(ut ,uct) → 0, t → ∞. (7.3.26)

In fact, if (7.3.26) holds, then we find a r > 0 and a θ0 such that ut(reiθ0) −
uct(reiθ0) → 0 as t → ∞. This immediately implies that

λ (φ(ct)−φ(t)) → 0 modπ . (7.3.27)

Now suppose that (7.3.26) fails. There exist a sequence cn ∈ [1,2] and a sequence
tn → ∞ such that for some fixed ε > 0

d(utn ,ucntn) � ε > 0.

Since c−λu(cz) = u(z) for all u ∈ X and c > 0, we have

ucntn(z) = Ucntn(z)+o(1)

= c−λn Utn(cnz)+o(1)

= c−λn utn(cnz)+o(1)
= utn(z)+o(1),

which contradicts our assumption for cn and tn and hence (7.3.27) holds.
Therefore we have (7.3.3) in terms of (7.3.25) and h(ct) ∼ h(t) and (7.3.27).
Next we want to prove the asymptotic formula (7.3.4) and results (2) and (3) in

the Nevanlinna conjecture. Consider the domain

Vk =
{

z = reiθ :
π

2λ
(2k−1) � θ −φ(r) � π

2λ
(2k +1)

}
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k = 1,2, · · · ,2λ and curve γ(ϑ) = {reiθ : θ − φ(r) = ϑ} for ϑ ∈ [0,2π). Let Γϑ
be the curve which is constructed from γ(ϑ ) by replacing the part of γ(ϑ) inside
exceptional disks in E with parts of their circles so that Γϑ is outside all the excep-
tional disks in E. It is clear that Γϑ = {reiθ : θ −φ(r) = ϑ +o(1)}. Take a complex
number zk and a curve Γ from zk to ∞ in Vk outside all exceptional disks in E and
define

ak =
∫
Γ

f ′(ζ )dζ + f (zk).

In terms of the asymptotic representation (7.3.3) of log | f ′(z)|, ak is in fact indepen-
dent of choice of Γ and zk. For any point z = reiθ ∈ Vk outside all the exceptional
disks in E, it is easy to see that

1
T (t, f )

log+
∣∣∣∣ f (zt)−ak

f ′(zt)

∣∣∣∣� 1
T (t, f )

log+
∫
Γϑ (zt )

∣∣∣∣ f ′(ζ )
f ′(zt)

∣∣∣∣ |dζ | → 0, t → ∞,

where ϑ = θ −φ(r) ∈ [ π
2λ (2k−1), π

2λ (2k +1)] and Γϑ (zt) is the part of Γϑ from zt
to ∞ and zt ∈ Γϑ , |zt | = tr, argzt = ϑ +φ(tr)+o(1). Therefore,

1
T (t, f )

log
1

| f (zt)−ak| −
1

T (t, f )
log

1
| f ′(zt)|

=
1

T (t, f )
log+

∣∣∣∣ f ′(zt)
f (zt)−ak

∣∣∣∣− 1
T (t, f )

log+
∣∣∣∣ f (zt)−ak

f ′(zt)

∣∣∣∣→ 0, t → ∞

in L 1
loc and furthermore, we have

1
T (t, f )

log
1

| f (tz)−ak| = Ut(z)+o(1), tz ∈Vk, t → ∞

in L 1
loc. This implies that

log
1

| f (reiθ )−ak| = πrλh(r)|cosλ (θ −φ(r))|+o(rλh(r)), (7.3.28)

uniformly for z = reiθ ∈Vk outside E as r → ∞. From this it follows that for a ∈ Ĉ,

m
(

r,
1

f −a

)
=

1
2

p(a)rλh(r)
∫ π/2λ

−π/2λ
cos(λθ)dθ +o(rλh(r))

=
p(a)
λ

rλh(r)+o(rλh(r))

=
p(a)
λ

T (r, f )+o(T (r, f )), r → ∞,

where p(a) is the number of ak’s equal to a and hence Δ(a, f ) = δ (a, f ) = p(a)/λ ;
the total sum of deficiencies is 2 and all deficient values are asymptotic values of
f (z).
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In general case, we choose a complex number b such that F = ( f −b)−1 satisfies
the above requirement for f (z), that is, all b-points of f (z) are simple and Δ(b, f ) =
Δ(∞,F) = 0. Then employing the above argument to F we get the results in the
Nevanlinna’s conjecture for F and further for f and Δ(∞, f ) = δ (∞, f ).

Assume that δ (∞, f ) = 0 and so Δ(∞, f ) = 0. Therefore using the above argument
yields (7.3.3) for f (z).

We have completed the proof of Theorem 7.3.1. ��
The following consequence is immediate from the final part of the above proof.

Corollary 7.3.1. If f (z) is a meromorphic function with the finite lower order.
Then (7.3.1) is equivalent to (7.3.2).

Below let us make a simple survey on the development of the Nevanlinna’s con-
jecture. Dealing with the derivatives, Yang and Zhang [28] established the following

Theorem 7.3.2. Let f (z) be an entire function with finite lower order μ . If

∞

∑
j=−∞

∑
a�=0,∞

δ (a, f ( j)) = 1,

then
∞

∑
j=−∞

p j � μ ,

where p j is the number of finite and non-zero deficient values of f ( j). Furthermore,
every deficient value of f ( j) ( j = 0,±1,±2, · · ·) is its a asymptotic value and the
deficiency is the multiple of 1

μ .

It is natural to ask if the results stated in the Nevanlinna’s conjecture is true
when the derivatives are dealt with. Another approach develops the Nevanlinna’s
conjecture by considering a in (7.3.1) as small function with respect to f . For an
entire function with finite lower order μ , Li and Ye [22] extended some of the re-
sults of Pfluger [23], that is to say, they proved that if λ = λ ( f ) is not an integer,
∑δ (a, f ) � 2− k(λ ) where the sum is taken over all deficient small function of
f and consequently if (7.3.1) holds for all small functions with respect to f , then
λ ( f ) = μ( f ) is a positive integer. Under (7.3.1) for all small functions with respect
to f , Jin and Dai [19] [20] proved that the number of deficient small functions of
entire function f does not exceed μ( f ) and every deficiency is the multiple of 1

μ .
Eremenko and Sodin [12] solved the problem on the Nevanlinna conjecture deal-

ing with the small functions. They proved that if f (z) is a meromorphic function of
the finite lower order and satisfies (7.3.1) for an at most countable number of small
functions a of f , then the results in Theorem 7.3.1 holds without (7.3.3), where
a(z) is an asymptotic small function of f means that 0 is an asymptotic value of
f (z)−a(z).

Finally, let us take the singular directions of the function into account under the
condition of the Nevanlinna’s conjecture. According to the method which was used
by F. Nevanlinna to study his conjecture, we consider the case when N1(r, f ) ≡ 0,
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that is, f (z) has no multiple points. Since the Schwarzian derivative of f has poles
only at multiple points of f ,

S f =
f ′′′

f ′
− 3

2

(
f ′′

f ′

)2

is an entire function and from the lemma on logarithmic derivative, T (r,S f ) =
m(r,S f ) = O(logr). This yields that S f is a polynomial and from Theorem 3.7.5
we have that the Julia, Borel and T -directions coincide and the number of these sin-
gular directions equals to 2λ . However, the author do not know if this result is true
for the general case and therefore this leads us ask the following conjecture.

Conjecture 7.3.1. Under the condition of the Nevanlinna’s conjecture, does the
number of the singular directions of f equal to 2λ .
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Pólya order, 7
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periodic point, 262
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Riemann surface, 228
Riesz charge, 270
Riesz Representation Theorem, 267

Schröder equation, 177
Schwarz-Pick Lemma, 253
Schwarzian derivative, 170

shared value, 109
signed measure, 266
singular value, 236
singularity, 237
spread relation, 106
Stokes ray, 167
subharmonic, 269

test function, 267
transcendental singularity, 237
Tsuji characteristic, 58
Tsuji deficiency, 104
type function, 3

Unique Theorem, 109
universal covering, 229
upper semi-continuous, 269

Valiron deficiency, 103
Valiron deficient value, 103
variation, 266

weakly* converge, 267
Wronskian determinant, 61
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